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Abstract

The problem of performing functional linear regression when the response vari-
able is represented as a probability density function (PDF) is addressed. PDF's
are interpreted as functional compositions, which are objects carrying primarily
relative information. In this context, the unit integral constraint allows to single
out one of the possible representations of a class of equivalent measures. On
these bases, a function-on-scalar regression model with distributional response
is proposed, by relying on the theory of Bayes Hilbert spaces. The geometry
of Bayes spaces allows capturing all the key inherent features of distributional
data (e.g., scale invariance, relative scale). A B-spline basis expansion combined
with a functional version of the centred log-ratio transformation is utilized for
actual computations. For this purpose, a new key result is proved to characterize
B-spline representations in Bayes spaces. The potential of the methodological
developments is shown on simulated data and a real case study, dealing with
metabolomics data. A bootstrap-based study is performed for the uncertainty
quantification of the obtained estimates.

Keywords: Bayes spaces, regression analysis, density functions, B-spline
representation

1. Introduction

Distributional data in their discrete form frequently occur in many real-
world surveys. For instance, frequencies of occurrence of observations from a
continuous random variable — aggregated according to a given partition of the
domain of observation — are typically represented by a histogram, which in turn
approximates an underlying (continuous) probability density function (PDF).
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In general, PDFs are Borel measurable functions that are constrained to be
non-negative and to integrate to unity. One may think at the unit-integral con-
straint as a way to single out a proper representation of the underlying measure
rather than an inherent feature of PDFs themselves. Indeed, when changing
the value to which the PDF integrates, to a general positive constant ¢ (i.e., the
measure of the whole), the relative information carried by PDFs is preserved,
this property being called scale invariance of PDFs. Here, relative information
is to be interpreted in terms of the contributions of Borel sets of real line to
the overall measure of the support of the corresponding random variable (Hron
et al) 2016). Due to the peculiar features of PDFs (e.g., the aforementioned
scale invariance and additional properties such as the so-called relative scale)
the standard L2 space of square integrable functions appears to be inappropri-
ate for their representation. For instance, the sum of two PDFs according to
the geometrical structure of the L? space leads to a function that is not a PDF
anymore. Even more interestingly, multiplication of a PDF by a real constant
yields a scaled PDF, which carries the same relative information as the original
PDF according to scale invariance. The relative nature of PDFs indicates that
ratios between values rather than absolute values represent the relevant source
of information. Accordingly, instead of absolute differences, ratios between them
should be considered to measure distances and dissimilarities.

In this context, Bayes (Hilbert) spaces provide a well-defined geometrical
framework to represent PDFs (van den Boogaart et al.l 2010} 2014; [Egozcue
et al.l |2006). The idea motivating the introduction of Bayes spaces was to gen-
eralize the well-known Aitchison geometry for finite-dimensional compositional
data (i.e., positive observations carrying exclusively relative information, |Aitchi-
son| (1986)); Pawlowsky-Glahn et al.| (2015)) to the infinite-dimensional setting.
In fact, any PDF can be seen as a composition with infinitely many parts.

Although the general problem of functional regression has been extensively
studied in the literature on functional data analysis (FDA, e.g., [Ramsay and
Silverman, 2005)), to the best of the authors’ knowledge none of the available
works propose a concise methodology for regression analysis in the presence of a
distributional response. In this context, this work aims to develop a general the-
oretical and computational setting allowing for the estimation and uncertainty
assessment in linear models with a distributional response. This is relevant from
both the methodological and the application-oriented viewpoints. Indeed, hav-
ing at one’s disposal a statistical methodology for the regression of PDF data
would enable to assess the entire distribution of the response variable, rather
than few statistical moments, such as the mean and the variance. Besides, it
would constitute a valuable alternative to quantile regression, with the signif-
icant advantage of (a) assessing all the distribution’s quantiles jointly and (b)
guaranteeing that the ordering among quantiles is preserved by the estimation
procedure.

The key point of the proposed approach is to consider PDFs as elements
of a Bayes space, and accordingly work with the geometry of the latter space.
The centred log-ratio (clr) transformation — that allows representing the PDFs
through zero-integral elements of L? — is then used to ease computations while



using the Bayes space geometry (van den Boogaart et al.,|2014; |Hron et al., [2016;
Menafoglio et al.l 2014} |2016a.b). A B-spline representation of clr-transformed
data (Machalova et al.[(2016))) is employed to express discretely observed PDFs
as smooth functions. On these bases, effective computational procedures are
proposed to perform the estimations and assess their uncertainty. The potential
of the proposed method shall be demonstrated through a real case study dealing
with metabolite concentrations. Further, a simulation study will be introduced
to assess the sensitivity of the methodology to the parameters associated with
the B-spline representation (e.g., number of knots).

The remaining part of the work is organized as follows. Section [2| recalls
the basic notion of Bayes spaces as mathematical spaces for PDF data. The
function-on-scalar regression model is briefly recalled in Section [3| for data in
L2. A function-on-scalar model for distributional responses in Bayes spaces is
discussed in Section[d Section [f] proposes a novel computational setting — based
on a B-spline representation for PDF's in Bayes spaces — which can be employed
for actual computations of the proposed estimators, while Section [] relates our
findings with previous works on compositional regression for multivariate data.
Section [7] tests the performances of the method through an extensive simulation
study. Section [§]illustrates the application of the methodological developments
to real data on metabolites concentrations, and Section [J] finally concludes the
work.

2. Probability densities as elements of Bayes spaces

As for finite-dimensional compositional data, a proper choice of the sample
space for PDFs is essential. Indeed, as shown in [Delicado| (2011 and [Hron
et al.| (2016), analysing PDFs within the usual L? space may lead to meaningless
results. Instead, the peculiarities of densities can be captured through Bayes
spaces, which rely upon an appropriate Hilbert space structure to deal with the
data constraints.

We consider two positive functions f and g with the same support to be
equivalent if f = c- g, for a positive constant c¢. Recalling the scale invariance
of PDF's, this implies that densities (not necessarily unit-integral densities, i.e.,
PDFs) within an equivalence class provide the same relative information, or,
equivalently, which contributions of Borel sets to the whole mass measure do
not change. For a density f, we denote by C(f) the unit-integral representative
within its equivalence class, also named closure. The Bayes space B?(I) consists
of (equivalence classes of) densities f on a domain I for which the logarithm
is square-integrable. Although the theory of van den Boogaart et al. (2014)) is
general and allows dealing with unbounded supports I, its construction for non-
compact supports relies on reference measures different from the Lebesgue one.
The latter general case raises foundational issues — both methodological and
practical — which are still open. For the purpose of this work, the focus is here
on the case of a compact support I = [a,b] C R, which was demonstrated to
be of broad applicability by several authors (Delicadol 2011; [Hron et al.l 2016;
Menafoglio et al 2014} [2016alb).



In B2(I), the counterparts of sum and multiplication by a scalar are called
perturbation and powering, and are defined, for f,g € B*(I) and ¢ € R, as

L =CUas 00 = O =eu

where t € I = [a,b]. Note that e(t) = ;- (uniform density on [a,b]) is the
neutral element of perturbation. The Bayes inner product is finally defined as

9)s = 271/ / Z Et))dtd

where 7 stands for the length of interval I, i.e., n = b — a. The corresponding
norm and distance are

(feg)) =

1fllg =7/ fg: ds(f.g)=IfSglg.

respectively, where © stands for perturbation-subtraction of f by g, (f © g) (t) =
[f®(—1)©g](t), for t in I. [Egozcue et al| (2006) and van den Boogaart
et al., (2014) showed that the Bayes space (B*(I),®,®, (-,)y) forms a sepa-
rable Hilbert space.

For a given compact support I there exists an isometric isomorphism between
the Bayes space B?(I) and the space L?(I) of square integrable real functions
on I. An instance of such isometric isomorphism is called centred log-ratio (clr)
transformation, defined, for a PDF f € B%(I),

£(t) = clr [ ] (t) = In £(£) — %/Ilnf(s) ds, tel. (1)

The clr representation of a PDF is featured by a zero-integral constraint on
I, ie. f ; fe(t)dt = 0. When analyzing clr transforms of densities, the latter
mtegral constraint may give rise to computational issues and thus needs to be
properly accounted for. Given a clr transform f. € L?(I), the corresponding
density f € B*(I) can be obtained through the inverse transformation, f(t) =
clr M fe)(t) = Clexp [f])(t), t € I, C denoting the closure. Finally, we point out
that the following important properties of the isometric isomorphism hold

Ch‘(f@g)(t) :fc(t)+gc(t)7 ClI‘(C@f)(t) :C'fc(t)v <fag>B = <fc>gc>27

where (-,-),, |||, and da (-,-) denote the inner product, norm and distance in
L?(I) respectively. Intuitively, the clr transformation translates operations and
metrics of the Bayes space into the usual operations and metrics of the L2 space.

3. Functional regression model for unconstrained data in L2

A large body of literature has been developed on both theoretical and ap-
plied issues related to functional linear models (Faraway, [1997; Ramsay and



Silverman, 2005; [Shena and Xubl [2007)). We here review the key notions on
function-on-scalar regression that are deemed useful for our developments, by
following [Ramsay and Silverman| (2005, Chapter 13), to which readers are re-
ferred for further details.

A function-on-scalar regression model relates a functional response y(t) with
independent scalar covariates ; for j = 0,...,r, the first regressor z¢ indicating
the intercept, g = 1. Consider an N-dimensional vector of functional obser-
vations y(t) in L?(I), a design matrix X of dimension N x p (the first column
being (1,...,1)" € RY if the intercept is included) and a p-dimensional vector
of unknown functional regression parameters 3(¢) in L?(I). Call e(t) an N-
dimensional vector of i.i.d. (functional) random errors with zero-mean in L?(I).
The functional linear model for the i-th observation y;, i = 1, ..., IV, associated
with the regressors z;;, j =0, ...,r, is expressed as

yi(t) = Bo(t) + Zmijﬁj(t) +&(t), i=1,...,N, (2)

or, in matrix notation, y(t) = X3(t) + e(t), where p =r + 1 and z;0 = 1. The
estimators 3;, j = 0, ...,r, of the coefficients 3;, j = 0, ...,7, can be obtained by
minimizing the least square fitting criterion,

SSE(8) = / y(t) = XB®)] [y(t) — XB(t)] dt. (3)

I

The smoothness of the resulting estimations may be controlled by adding a
differential penalization to the SSE criterion, i.e.,

PENSSE(3) = [ v(t) = XB(0) [y(t) ~ X80}t + A [ [LA()] [LA(:)] ds.
(4)
with L a linear differential operator and A a smoothing parameter.

Several computational methods have been proposed in the literature to min-
imize or ([4). In Ramsay and Silverman| (2005) methods relying upon basis
expansions of the functional observations y;(t), ¢ = 1,..., N, and regressors
Bi(t), 5 = 0,...,r, are broadly discussed. The latter are briefly recalled in
Appendix A.

4. Functional regression when the response is a density

In this section, a functional regression model in B%(I) is introduced as a
counterpart of the model (2). We assume the dependent variable y(t) to be an

element of B?(I) and consider scalar covariates zj, j = 0,...,r. Each observa-
tion of the distributional response y;(t), i = 1,..., N, is thus associated with a
vector of p covariates, 0, ..., Z;, with z;0 = 1 for i = 1,..., N. We consider a

functional linear model in B2(I) of the form

yi(t) = Bo(t) & @ [zij © B (t) ® &i(t) (5)



where ¢; denotes a zero-mean functional error (or residual) in B%(I),i = 1,..., N,
and the unknown functions 3;, j = 0, ..., 7, belong to B2(I) as well. To estimate
the coefficients §;(¢),7 = 0,...,r, we minimize the functional sum of square-
norms of the error in B%([)

2
N T

N
SSE(B) = Z le:llz = Z @ [zi; © Bi] S wil| - (6)

i=1||j=0 5

Note that @ is the counterpart of SSE in the Bayes Hilbert space; in fact,
it also represents the analogue of compositional SSE (Egozcue et al., 2012) in
infinite dimensions. Applying the clr transformation to both sides of the
model yields

clr(y;)(£) = clr(Bo) (¢ +Z zij - clr(B,)] (t) +clr(e) (), i=1,...,N, (7)

Jj=1

that enables one to reformulate the objective SSE @ equivalently in the L?
sense as

2
T

SSE(B8 Z lelr(ea) 5 = Z D lwiy - clx(B))] = clr(y)|| - (8)

=1 ||7=0 9

In this work, the focus is on SSE, since one may control the smoothness of
the estimated functions for clr(5;(¢)) through the smoothness of the B-spline
representation of the response, as shall be discussed in Section [6] Note that
alternatively one could develop PENSSE, by closely follow the arguments here
presented.

Both the clr of observed functions clr(y;)(¢), ¢ = 1,..., N, and of regres-
sion coefficients clr(3;)(t), j = 0,...,r, in need to follow the zero-integral
constraint, i.e.,

/clr(yi(t)) dt = 0; /clr(ﬁj(t)) dt=0,57=0,..,m 9)

I I

In the following, we will use a basis representation for both clr(y;(t)), i =

N, and clr(B;)(t), 5 = 0,...,r, as detailed in Section Let {pk, k =
1,..., K} be a given basis system and let us express clr(y;)(t), ¢ =1,..., N, and
clr(B;)(t), 7 =0,...,r, on such basis as

clr(y;(t Zczkcpk ;o clr(B;(¢) Zb]kgak (10)

or, in matrix notation, clr(y;(t)) = cjp(t) and clr(3;(t)) = bje(t). Then, the
zero-integral constraints in @ read

K
/Iclr yi(t /IZ%% t)dt = 0; /Iclr(ﬁj(t))dt: -/I;bjkgok(t)dt—

k=1
(11)



These constraints need to be carefully taken into account when estimating the
linear model , as they may turn in linear constraints on the coefficients
{cir},{bjr} and consequently on model singularities. We discuss this point
and its implications in the next Sections, in the light of the key result proved

in Section [B.11

5. Function-on-scalar regression for densities represented via B-splines
in Bayes spaces

In this section, we briefly recall the basic notions on smoothing B-splines
for density functions following Machalova et al.| (2016), and show that the zero-
integral constraint on clr induces a constraint on B-spline coefficients which is
characterizing of this class of B-splines. This will be used to propose a method
to overcome the problem of singularity in the regression model.

5.1. The B-spline representation for density functions in Bayes spaces

In most practical situations, the PDFs under study are discretely sampled
in terms of histogram data. That is, for each of the densities y;(¢), t € [a, ],
i=1,..., N, one usually observes a positive real vector W; = (W;1,...,W;p)’,
whose components correspond to the (absolute or relative) frequencies of the
classes in which the interval I is partitioned; possible count zeros can be effec-
tively replaced by using methods from |[Martin-Fernandez et al.| (2015). Note that
vectors W;, i = 1,..., N, are constrained similarly as the PDFs y;,i =1,..., N.
They can be interpreted as compositional data, and analysed by using similar
ideas as in Bayes spaces (Pawlowsky-Glahn et al 2015)). In order to express
these vectors in a standard Euclidean space, one may employ the discrete ver-
sion of the clr transformation (e.g., Pawlowsky-Glahn et al., [2015]). Denote
by Z = (Z;;) the matrix of clr-transformed raw data. To estimate the underly-
ing continuous density from raw data we here consider the smoothing splines of
Machalové et al.| (2016).

To set the notation, call AX :={Ag =a <A <... <Ay <b=Ag41}agiven
sequence of knots, and denote by SkA)‘ [a, b] the vector space of polynomial splines
of degree k > 0, defined on I given the knots AX. Every spline s (z) € S2*[a, b]
has a unique representation as (see [de Boor| (1978]), [Dierckxl (1993) for details)

sk (x) = > biBF (2). (12)

i=—k

Here, one needs additional knots to build all basis functions of S~ [a, b]. Indeed,
given the sequence of knots A\, one can only build g—k+1 linearly independent
B-splines of degree k (see, e.g., Dierckx! (1993), p.4). To obtain a complete basis
for the vector space ‘S’,€A>‘[a7 b], one needs a set of 2k linearly independent splines
in addition to the latter, Bf“ fori=—k,...,—landi=g—k+1,...,g, which
are precisely generated according to the additional knots. Note that the addition
of knots to obtain a complete basis is a common practice, widely documented in



the literature on B-spline bases (e.g., |[Dierckx| (1993)), p.10-11 or de Boor| (1978)),
p- 99). Without loss of generality, we here assume that those additional knots
are at the boundary, i.e., A = = A_1 = Ao, Ag41 = Agr2 =+ = Agqht1-

For the purpose of this work, we focus on smoothing splines with zero-
integral constraints — i.e., suitable to approximate clr-transformed data. As
proved in|[Machalova et al.| (2016)), the optimal smoothing spline admits a unique
representation

g
sp, (x) = Z Y i1 BET () (13)

j=—k
where the vector of B-spline coefficients Y ;) = (Yi1,. .., Yig1rs1) is given by
Y(i) ZVZ(Z-), 1= L...,n. (14)

Here Vis a (g+ k + 1) x D matrix which depends only on the position of spline
knots and on the possible smoothing parameter (see Appendix C for further
details). If the same B-spline basis system is used for all the data, can be
expressed in matrix notation as

Y = ZV/, (15)

where Y, Z are the N x (g + k + 1) matrices
Y Zq)
Y = N R Z = .

Y Z(n)

In (Machalové et al., [2016)), the explicit expression for the optimal smooth-
ing B-spline is given. As an element of innovation, the following Theorem
characterizes all the B-splines with zero-integral (not necessarily a smoothing
spline), through a necessary and sufficient condition on the vector b of B-spline
coefficients.

g
Theorem 5.1. For a spline sp(z) € SAa,b], sp(x) = ) b;BF (), the
i=—k

b g
condition [ s(z) de =0 is fulfilled if and only if Y. b (Niyr+1 — i) = 0.

a i=—k

The proof of Theorem [5.1] is provided in Appendix B. In the light of The-

orem [5.1] it is easy to see that vector b is orthogonal to the vector n =
(A1 — Ak, .., Agtrt1 — Ag)’, which only depends on the knots positions. Fur-
ther, for the vectors Y;y, i = 1,...,n, of B-spline coefficients, one has the linear

constraints
g+k+1

D V(A = Xk1) =0. (16)
j=1

Whenever the same B-spline basis is employed for all the data — as it is usually
the case — the linear constraint turns into a model singularity, as we shall
show in the next Subsection.



5.2. Regression modeling of B-spline coefficients

By considering the B-spline representations of the clr-transformed response
functions clr(y;)(t), ¢« = 1,..., N, we can express the model in the form
of a multivariate regression model. For the purpose of regression modeling,
the spline coefficients for the i-th observation y;(t) are denoted by Y(; =
(Yia,- o, Yigyrs1)'s @ = 1,2,...,N. Vectors Y(y),..., Y(n) form the rows of
the N x g+ k + 1 (random) response matrix Y. On this basis, we consider in
place of the multivariate linear regression model of the form

Y (vu(grri1)) = X(Nxp)Box(g+h+1)) T E(Nx (g+h+1)) (17)

or, equivalently,

(Y17Y27 ce 7Yg+k+1) = X(ﬁlaﬁZa v 7/8g+k+1) + (617€2a s 7€g+k+1)'

Here, the design matrix X is assumed to be of full column rank, 3, = (Bjo, - - -, Bj)’,
j=1,2,...,g+k+1, is a vector of unknown regression coefficients and g is a ma-
trix of random errors. The multivariate responses Y ;) = (Y1,4,...,Yg4r41,i)"
1 =1,2,..., N, are independent with the same unknown variance-covariance
matrix 3, Le., cov(Y ), Y (5)) = O((ghs1)x (g+ht1))s § 7 J5 Var(Y () = B(gratnyx(g+rt);
fori=1,...N.

The best linear unbiased estimator (BLUE) of the parameter matrix B is
found as R

B=(X'X)"'X'(Y1,Ys,.... Yyiht1), (18)

which is invariant to 3. Under the assumption that Y is of full column rank, the
multivariate model can be simply decomposed into g+ k£ + 1 univariate multiple
regression models that implies an alternative estimation of columns of B as

B;=(XX)"'X'Y;, j=1,...g+k+1 (19)

~ ~/ ~/

The variance-covariance matrix of the vector vec(B) = (81,35, - - ,,@;+k+1)’ is
var [VGC(E)] =Y (X'X) ",

where the symbol @ denotes the Kronecker product. The unbiased estimator of
Yis ¥ =Y MxY/(n—p), where Mx = I-X(X'X)~ !X’ is a projector on the
orthogonal complement of the vector space M(X) generated by the columns of
the matrix X, i.e., M(X) = {Xu: u € RP}.

As the realization of multivariate response Y ;) is the vector of B-spline coef-

ficients b = (b_g, ..., by)" of the clr-transformed data, the variables Y; 1, ..., Y] g4r41
are linearly dependent. Indeed, one has that Zgif“ Yii(Aj —Aj—k—1) =0, due

to Theorem Accordingly, one may expect that a similar constraint applies
to the corresponding estimated coeflicients, as stated by the following result.

Proposition 5.2. If Z?if“ Yii(Aj = Aj—g—1) =0 for all i = 1...,n, then

ST By (A = Aj—k—1) =0 for all s =0,...,7.



The latter constraint introduces a singularity into the regression model ,
which may affect parameter inference. Similarly as in univariate regression (e.g.,
Fiserova et al., |2007), the model singularity may be an issue when statistical
inference is performed based on B-spline coefficients, e.g., when testing for the
significance of the coefficient 3; through parametric tests based on Fisher’s
statistics. In these cases, orthonormal representations of the B-spline coefficients
may be considered, in the light of the results of Section Indeed, vectors Y (),
1 =1,..., N, form a hyperplane H of dimension g + k, orthogonal to the normal
vector n = (A1 — A_g, ..., Agtk+1 — Ag)’. One may build an orthonormal basis
for H, express Y(;), ¢ = 1,..., N, through the coordinates of such a basis —
removing the singularity due to the linear constraints induced by @ — and
then use the regularized representation for the purpose of further statistical
inference. A basis for H can be easily obtained as the set of the first g + k&
principal components of the B-spline coefficient vector, which in turn correspond
to the Simplicial Functional Principal Components (SFPCs) of the smoothed
densities y1 (1), ..., yn (t) (Hron et al.l 2016)). However, the BLUE estimation
of the regression coefficients is not affected by the singularity constraint in the
response, and can be thus computed explicitly, without resorting to the SFPCA
or to orthonormalized representations.

It should be also noted that the number of knots for the B-spline basis
function cannot be chosen independently of the discretization used to build
vectors W; = (Wi,...,W;p) , i = 1,...,N (ie., the discrete compositions
which form the raw data). The number of knots and the number of classes
on I upon which W; are built are indeed related, as the former cannot exceed
the latter. The problem of setting the discretization on I and the number of
knots is affected from the bias-variance trade-off. Indeed, when building W,
a fine discretization yields minimum bias in estimating the point value of the
target density, but inflates the associated variance, and vice-versa. Similarly in
the B-spline representation — where the number of knots is concerned — a high
number of knots is associated with low bias and high variance, and vice-versa.
Clearly, no optimal choice is known a priori to set these parameters, but the
‘optimum’ is problem dependent. For instance, it depends on the sample size,
as well as on the signal-to-noise ratio. Several methods have been developed
in the theory of descriptive statistics to set an optimal number of classes when
building a histogram. Amongst these, we mention the Sturges’ rule (Sturges,
1926)), which will be used in the case study of Section Fixed the discretization,
the number of knots can be then set as to balance the fitting to the raw data and
the smoothness of the estimates, possibly based on a cross-validation analysis
as in the case study here presented.

6. Smoothing splines and regression: the relation with the multivari-
ate setting

A natural question which may arise in the proposed context regards the
smoothing properties of the regression estimates, and particularly if and how

10



the data smoothing reflects on the estimates. The key point that we here aim
to investigate is whether equivalence results can be stated for the following al-
ternative procedures: (a) the data are smoothed and the Bayes space regression
of Section [| is applied (hereafter named “regression-smoothing”), and (b) a
compositional regression (Egozcue et al., |2012) is applied, the model

j=1

is estimated and the estimates (or predictions) of Z are smoothed afterward
(hereafter named “smoothing-regression”). In particular, we here show that,
under specific conditions, the following scheme represents the relation between
the model here presented and that proposed in (Egozcue et al., 2012)

smoothing
— Y

Z
regressionl lrcgrcssian (21)
Z

|

o

smoothing
From , the matrix of predicted coefficients Y is obtained as
Y =X (X'X) ' XY, (22)
while for model one has

7Z=X(X'X)"'X'zZ.

(23)

Plugging-in in we obtain Y = X (X'X)"' X'ZV’. On the other
hand, when smoothing splines for Z;, ¢ = 1,...,n, are considered, the matrix
of the corresponding B-spline coefficients is obtained as

593

= ZV),. (24)

In order to guarantee that Vz coincides with the matrix V in , one needs
to build the smoothing spline upon the same sequence of knots, the same degree
of spline and the same objective functional (e.g., the same penalization). In this

case, and using , the matrix i can be written in the form
Y = X(X'X)'X'ZV/,

that directly implies the target assertion, i.e., i = i As a consequence, when
smoothing splines are considered, the smoothness of the observations induces a
corresponding degree of smoothness on the estimates, even if this is not explicitly
imposed through the use of a PENSSE criterion as that introduced in Section

Bl
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It should be noted that, although under particular conditions the “smoothing-
regression” and “regression-smoothing” approaches are equivalent, the proposed
framework provides a more flexible setting to perform the analysis. For instance,
to carry out the analysis in the “regression-smoothing” setting, one would need
to estimate all the histograms according the same set of classes, which may not
be optimal for all of them. In the “smoothing-regression” setting, one can freely
estimate the histograms with their own optimal classes and then fit the basis
expansion to each of those. In other cases, one may be already provided with
densities defined over a fine grid (e.g., with particle-size data, [Menafoglio et al.
(2014} 2016alb))). Dealing with high-dimensional (compositional) data from a
discrete viewpoint may yield issues related with the curse of dimensionality,
which are completely overcome with a functional viewpoint.

7. A Simulation study

7.1. Assessing the effects of smoothing on regression

A simulation study is here presented to test the performances of the proposed
methodology. Attention will be paid to the sensitivity of the results to the main
parameters — number of classes, of knots and of starting data. To generate the
functional dataset, y; € B?,i = 1,..., N = 30, the following reference model was
considered,

yi(t) = Bo(t) & [z: © u] (F) @ &i(t), tel=[=3,3], i=1,...,30, (25)

where ¢ is the random error, whose mean is the neutral element of pertur-
bation in B2, i.e., the uniform distribution. Specifically, for each observation
i, 500 realizations were generated from a uniform distribution on I = [—3, 3]
and then smoothed to represent the errors ¢; through a B-spline basis. The
smoothing procedure was designed to reproduce the estimation strategy which
will be applied in the case study of Section [§] and was based on quadratic
splines (k = 2,1 = 1), with smoothing parameter a = 0.99 and five equally
spaced knots. The regression parameters were set to truncated Gaussian densi-
ties N(pi,02), i = 0,1, with support on I. For the intercept 8y, the parameters
were set to ug = 0,09 = 2, and, for the slope parameter 51, to uy = —1,07 = 1.
For brevity, the latter model is hereafter named Model 500, 500 indicating the
number of sampled data.

To test the robustness of the method to the number D of classes upon
which histogram data are built, the model was estimated for three different
parameter settings, one of which determined by using the Sturges’ rule, the
others by a higher/lower number of classes. Specifically, with the previous
model settings, the Sturges’ rule suggested an optimal value of D = 10 classes.
The two additional values considered were D = 7 and D = 14. For each set
of parameters, the functional dataset was generated from the model ; the
regressors x; were set to 30 equally spaced values in the interval [0.01,10]. To
assess the performances of the method, the simulation was replicated K = 30
times. Figure [1| represents the observed response for the first sample, together
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Figure 1: Dataset used for the simulation study: simulated (true) density response and model
errors. Vertical dashed grey lines indicate the partition of the interval I in 10 classes.

with raw and smoothed error model data, with D = 10 classes and 3 knots. To
compare the quality of the obtained estimates, the integrated square error (ISE)
between the true and estimated density parameter functions, ISE = ||}, ©
Blk %, 1=0,1, k=1,...,30, was considered. The top panels of Figuredisplay
the boxplots of the integrated square errors for D = 7,10,14. Simulations
show that the Sturges’ rule can be considered as a reasonable choice, since the
estimates of both coefficients do not appear to be sensitive to that parameter
setting.

Having fixed the number of classes according to Sturges’ rule, sensitivity of
the result to the number of knots was assessed in the same simulation setting,
only varying the number of equally spaced knots in {3,5,7}. The bottom panels
of Figure [2] seem to suggest the use of a moderate number of knots, as higher
number of knots may lead to overfitting the data. Note that the parameters
Bo, f1 are two-dimensional in the Bayes space (they belong to an affine space
of dimension 2, Hron et al.|(2016)), compatible with the low number of knots
suggested by simulation results.

Finally the experiment was repeated with different numerosity of the initial
sampled error data, taking 300 (Model 300) and 700 (Model 700) of them.
Results are consistent with the previous ones, hence omitted. They confirm the
overall good performances of Sturges’ rule, and suggest a moderate number of
classes in all the cases. In particular, they suggest that the number of sampled
data does not have a strong influence on the results (see Figure|3]). Note that all
the simulation settings here considered are based upon a relatively high number
of data, as our proposal is deemed to address this situation rather than the case
of small datasets (see also the discussion in Section E[)

7.2. Comparison of the Bayes approach with competitors in L?

In this subsection, the proposed approach is compared with two alterna-
tive methods to fit a linear model based on the same distributional responses
{yi,i = 1,...,30} (Figure |l)) and the same scalar regressors {z;,i = 1,...,30}
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Figure 2: Boxplots of ISE between the true density parameter functions Bo (left) and S1
(right) and their estimates. The boxplots are built upon K = 30 repetition of the estimation
of Model 500. Top panels: sensitivity to the number of classes (cl.): 7, 10 (Sturges’ rule) and
14. Bottom panels: sensitivity to the number of knots in {3, 5, 7}.
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as in Subsection To this end, the following models are considered: (a) a
function-on-scalar model in L2

yi(t) = ao(t) + a1 (t)z; + (1), (26)

with ¢; random errors in L?, with zero mean; and (b) a function-on-scalar model
in L?, but for the log-transformation of the response

log(yi(t)) = 0(t) + 71 (t)zi +ni(t), (27)

with 7; random errors in L?, with zero mean. Note that using a logarithmic
transformation is very common for data on a relative scale, and preserves posi-
tiveness, but does not guarantee that the resulting estimates integrate to unity.
Estimation of the models and was obtained by ordinary least squares,
and computed numerically on a fine discretization of the data.

Note that the regression coefficients of the proposed model and of the al-
ternative ones cannot be directly compared, and so their estimates. Thus, the
results of the three methods were compared in terms of (i) goodness of fit on
the (simulated) response in Figure |4h and (ii) quality of predictions in corre-
spondence of 20 equally spaced new values of the regressors z in [0, 30] (Figure
4b).

Figure [4 shows the results obtained when using the Bayes space methodol-
ogy. In particular, it shows that the proposed method reproduces precisely the
parameters 3 generating the model (Figure |4e).

In fact, very different results are obtained when using the geometry of L2
(Figure [5). The model in L? clearly provides poorer estimations since fitted
(Figure [5al) as well as predicted responses (Figure do not follow the integral
constraint and exhibit negative values. Moreover, the difference between pre-
dicted curves in L? and in B2 is evident, the latter being much more precise in
representing the reference realizations. Here, predictions have greater variance
around the mean for increasing values of the regressor x and they are more
elongated in their amplitude which is also a consequence of analysing densities
on an absolute scale.

Using a log-transformation allows to improve the re