ON A FOURTH-ORDER EQUATION
OF MOORE-GIBSON-THOMPSON TYPE

FILIPPO DELL’ORO AND VITTORINO PATA

ABSTRACT. An abstract version of the fourth-order equation
8ttttu + Oéatttu + ﬂ@ttu - ’yAattu — 5A3tu — QA’LL =0

subject to the homogeneous Dirichlet boundary condition is analyzed. Such a model
encompasses the Moore-Gibson-Thompson equation with memory in presence of an ex-
ponential kernel. The stability properties of the related solution semigroup are inves-
tigated. In particular, a necessary and sufficient condition for exponential stability is
established, in terms of the values of certain stability numbers depending on the strictly
positive parameters «, 3,7, 9, 0.

1. INTRODUCTION

1.1. Motivations. Let 0 C R? be a bounded domain with smooth boundary 9. We
consider for every t > 0 the Moore-Gibson-Thompson (MGT) equation with memory
treated in [3, 7, §]

t
(1.1) Ot + a0pu — bAOu — cAu + / g(s)Au(t — s)ds =0
0

in the unknown variable v = wu(ax,t) : Q x [0,00) — R subject to the homogeneous
Dirichlet boundary condition

u(w7t>\m€89 =0.
Here a, b, c are strictly positive constants complying with the structural constraint

u::b—EZO,
a

while the so-called memory kernel g € W1!(RT) is a (nonnegative) nonincreasing abso-
lutely continuous convex function on Rt = (0, 00) of total mass

(1.2) / g(s)ds < ¢,
0
satisfying for some ¢ > 0 the relation
(1.3) g (s)+Llg(s) <0, VseR".
The equation is supplemented with the initial conditions assigned at time ¢t = 0
u(x,0) = ug(x), Oyu(z,0) = vo(x), Opu(x,0) = wo(x),
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being wug, vg, wy : 2 — R prescribed data.
e When g = 0, the model boils down to the MGT equation arising in acoustics
(1.4) Ot + a0yu — bAOyu — cAu = 0,

accounting for the second sound effects and the associated thermal relaxation in viscous
fluids [5, 10, 11, 13, 14]. The asymptotic properties of the solutions to (1.4) have been
studied by several authors (see e.g. [4, 6, 9]). Summarizing the earlier literature, such an
equation generates a semigroup on the natural weak energy space which is exponentially
stable if and only if u > 0, whereas the energy is conserved when p = 0. It is worth
mentioning that the semigroup exists also if ;1 < 0, but in that case the energy blows up
as time goes to infinity.

e When ¢ # 0, the memory term introduces further dissipation. Hence, as expected, for
w > 0, the energy Q(t) associated to (1.1) and defined as

Qt) = IVu®) L2 + IVOu) 12 (0) + [0t 120

t
= [ @IV~ ule = 5D
decays exponentially to zero as well (see [7, 8]), that is,

Q(t) < CQ(0)e ™,

for some w > 0 and C' > 1. Nevertheless, since the dissipation mechanism of (1.1) is
stronger than the one of (1.4), one might think that exponential stability occurs also in
the case 1t = 0. On the contrary, as shown in the recent paper [3], when p = 0 the memory
contribution is capable to drive the system to zero, i.e. for every fixed initial energy Q(0)
it is always true that

lim Q(¢) =0,

t—o00
but the decay is not exponential.

1.2. The fourth-order equation. From the physical viewpoint, the most relevant case
in connection with (1.1) is the one of the (negative) exponential kernel

g(s) = de™,
where the strictly positive constants d, ¢ fulfill the relation

4o
/ 9

in compliance with (1.2)-(1.3). In this situation, equation (1.1) reads
t
(1.5) Ot + a0pu — bAOu — cAu + d/ e’ZSAu(t —s)ds = 0.
0

Then, taking the sum
0,(1.5) + £(1.5),

we obtain

(16) 3ttttu + (a + ﬁ)@tttu + aﬁ@ttu — bA(?ttu - (C + b@)A@tu - (Cg - d)AU = 0.
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Motivated by the discussion above, we consider in more generality the boundary value
problem

(1.7)

(9ttttu + ozatttu + Bﬁttu — yAﬁttu — 5A8tu — QAU = 0,
upn =0,

for some parameters
a, f,7,0,0> 0.
As we will see, problem (1.7) is well-posed in the natural weak energy space

H = HNQ) x HL(Q) x HY(Q) x L*(Q)

for any choice of the (positive) structural parameters. At the same time, the associ-
ated solution semigroup S(t) exhibits an extremely rich dynamics, which turns out to be
dramatically influenced by the two stability numbers

) o«
1.8 n=v—— and w=p0—-—,

(1.8) T2 f—=

and by the first eigenvalue A; > 0 of the Laplace-Dirichlet operator —A. In this work, we

are interested in establishing necessary and sufficient conditions on s and w in order to

ensure stability of the solutions to (1.7). More precisely, we focus on the growth bound
of S(t). We recall the definition.

Definition 1.1. The growth bound of the semigroup S(t) is the number w, € [—00, 0)
defined as

w, =inf {w e R: ||S(t)|| < Ce'}
for some C' = C(w) and every ¢t > 0. Here, the norm ||.S(t)|| is understood in the space of
bounded linear operators on H.

The most interesting case is when w, < 0, yielding exponential stability. In this situa-
tion, there exist w > 0 and C' > 1 such that

IS < Ce™".

Instead, when w, > 0, there are solutions with energy growing exponentially fast. The
limit case w, = 0 corresponds either to a bounded semigroup, possibly stable but not
exponentially stable, or to a semigroup whose energy blows up at infinity, but slower
than any exponential (e.g. polynomially). The aim of the present paper is to give a
complete characterization of (the sign of) w, in terms of the stability numbers s and w.
In particular, we will show that S(t) is exponentially stable if and only if

x>0 and w > — A

1.3. On the comparison between (1.5) and (1.6). Writing » and w in terms of the
numbers a, b, ¢, d, ¢ of the “concrete” fourth-order equation (1.6), we find the relations
ap apl* + d(a + 0)
= and w = .
a+? c+ bl
Hence, when p > 0, both s and w are positive, meaning that (1.6) is exponentially
stable. In this situation, the energy Q(t) associated with the Volterra-type equation (1.5)
decays exponentially as well. On the other hand, when p = 0, the semigroup S(t) is not
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exponentially stable, nor is Q(¢) as shown in [3]. Still, the latter conclusion cannot be
drawn directly from the knowledge that S(¢) is not exponentially stable. Indeed, let us
consider the generalization of (1.5) to the case of infinite memory, i.e.

(1.9) Ot + a0y — bAOu — cAu + d/ e’ésAu(t — s)ds =0,
0

where u(t) is understood to be an assigned datum for ¢ < 0. Within the so-called history
space framework of Dafermos [2], equation (1.9) can be shown to generate a solution
semigroup X(¢) acting on a suitable Hilbert space V. It is also possible to prove that such
a X(t) is exponentially stable on V if and only if the same is true for the semigroup S(t)
on H. On the other hand, since (1.5) is just a particular instance of (1.9) corresponding
to null initial past histories of u, the lack of exponential stability of ¥(¢) does not imply
that Q(t) is not exponentially stable (see [1] for an example in this direction).

1.4. Plan of the paper. In the forthcoming Sections 2 and 3 we reformulate the problem
in an abstract setting, and we establish the existence of the solution semigroup S(t). In
Section 4, we provide a detailed description of the spectrum of its infinitesimal generator
and its relation with the growth bound w,. The subsequent Sections 5-6 are devoted to
the main results on the asymptotic properties of S(t).

2. THE ABSTRACT FORMULATION

In order to reformulate (1.7) in an abstract framework, let (H, (-,-), || - ||) be a separable
real Hilbert space, and let
A:D9(A)cH—H

be a strictly positive unbounded linear operator of domain ©(A) densely (but not neces-
sarily compactly) embedded into H. For ¢ > 0, we consider the fourth-order equation in
the unknown variable u = u(t)
(21) 5’ttttu + oc@tttu + Bﬁttu + ’)/Aattu + (5A6’tu + QAU =0.
It is apparent to see that (1.7) is just a particular realization of (2.1) corresponding to
the choice H = L?(2) and

A=-A with D(A) = H*(Q) N Hy(Q).

2.1. Functional setting. For r € R, we introduce the hierarchy of nested Hilbert spaces
(the subscript r will be always omitted whenever zero)

T

H, =9(4%),  (u0), = (A%, A%0),  |ul, = [|Azu].
The symbol (-, -) will also stand for duality product between H, and its dual space H_,.
Moreover, we have the Poincaré inequality
(2.2) Mllull® < flullf, Vu € Hy,
where
A =min{\: A €g(A4)} >0,
being o(A) the spectrum of A. The phase space of our problem is
H:HIXH1XH1XH,



endowed with the standard Euclidean product norm
1w, v,w, 2) 13, = [} + [l + llwll + [|2]1%
2.2. The operator A. Introducing the state vector

U(t> = (u<t>7 U(t)v w@)? Z(t))a
we view (2.1) as the ODE in the space H

d
(2.3) EU(}?) =AU (t)
where A is the (closed) linear operator defined as
u v
NE- w
w z
z —az — pw — A(yw + 0v + ou)

with dense domain

D(A) = {(u,v,w,z) eH

z € Hy
yw+ov+pou € Hy [
The equation is complemented with the initial condition U (0) = U, € H.

3. THE SOLUTION SEMIGROUP
The first step is an existence and uniqueness result for (2.1).

Theorem 3.1. The operator A is the infinitesimal generator of a Co-semigroup
S(t) =e™ :H = H.

Such a semigroup is w-contractive with respect to an equivalent norm |- |,,, namely, there
exists w > 0 such that

(3.1) |S(t)Uogl,, < e'|Uoly,
for every Uy € H and every t > 0.

The proof of Theorem 3.1 can be carried out by exploiting one’s favorite method, e.g.
the Hille-Yosida or the Lumer-Phillips Theorems (see [12]), or via direct energy estimates
within a Galerkin scheme. However, no matter which is the proof one could have in mind,
the natural product norm || - ||z of H does not seem to be appropriate for the analysis
of (2.1). Reason why we now consider a different, albeit equivalent, norm that is tailored
to the structure of the problem. To this end, we introduce the (nonnegative) number m
as follows:

ax )

m > —— if <0,
Y

m =20 if >0,

where ¢ is the stability number defined in (1.8), together with the strictly positive con-
stants 5

QU "= +m and My =Y — —.
&m
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For all U = (u,v,w, z) and U = (a, 0,0, Z) in H, the function

- 0 O, Um Ky O, -
U,U)y = —(w+ a,v+ Qu L+ U+ —— Qs )1 + Q(U,U>1
O, ) ) 1)
+ 2, (W, W)1 + (2 + aw + 60'0 z—l—amw—l—%gﬁ)

is an inner product on H, with induced norm

o QU 0 K, Ol 0
UL, = = lhw + amo + ==} K loll

+ st llw||F + ||z + amw +

S0l

6

This is a direct consequence of the next result.

Lemma 3.2. There exists a structural constant ¢ > 0, depending also of the choice of m,
such that

1
Ul <UL, < <|U 3, VU €.

Proof. We limit ourselves to prove the estimate from below (the other one is much simpler
and left to the reader). In what follows, the Poincaré inequality (2.2) will be used several
times without explicit mention. For all 0 < ¢ < 1, an application of the Young inequality
yields the control

O, > S o ZmE 2 s o]+ 2
> eagg2||u“% N [%m;)zmg _ 12_56(5a 52)\ )} [l
[ = o (2 5+ <

Being s, > 0 it is apparent to see that, fixing € > 0 small enough, there exists ¢ > 0 such
that the right-hand side of the inequality above is greater then or equal to ¢||U|j3,. O

Remark 3.3. When s = 0, we can choose m to be any positive real number. Later on,
we will be interested in taking m suitably small and, at the same time, in knowing the
behavior of the corresponding constant ¢ = ¢(m) as m — 0. From the proof above one
can see that ¢(m) goes to zero, but not faster than m. More precisely, choosing € = ¢(m)
in a proper way, the relation

(3.2) lim sup < 0

m—0t c(m)

holds. The details are left to the reader.
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General agreement. From now on, if not explicitly stated, the space H is understood
to be endowed with the equivalent inner product (-, ) and norm | - |,,.

Proof of Theorem 3.1. For a fixed T' > 0, we consider a regular solution to (2.1)
U(t) == (u(t), @;u(t), attu(t), atttU(t)) & C([O, T], H)

on the time interval [0, 7], and we set
1
() = U

176 am 0 AmOm 0
= [a—H@ttU(t) o dyu(t) + =5=u(t)|[F+ = o)1

+ 2|8} + 1 0u(t) + andheu() + FE0u()|].

Our aim is to provide the basic energy estimate
(3.3) E(t) < E(0)e*!

for some w > 0. Being the problem linear, this suffices for well-posedness (see [4] for
details). In particular, (3.1) holds true. In order to prove (3.3), we take the inner product
in H of (2.3) with U(¢). By means of direct calculations, we obtain the energy identity

d O
(34) EE —+ Oém%mHattUH% = m(@tttu, (9tttu -+ ozmattu —+ 5 Qﬁtu>
m (075
+ (TQ — W) ((‘9ttu, &mu + ozmﬁttu + 5 Qatu>

Exploiting Lemma 3.2, together with the Young and the Poincaré inequalities, there exists
w = w(a, 5,7,9,0,A1,m) > 0 such that the right-hand side is less than or equal to 2wE.
Recalling that sz,, > 0, we end up with

d
—E < 2wE.
=

Finally, an application of the Gronwall lemma yields (3.3).

4. THE SPECTRUM OF A

Before stating our main results on the asymptotic properties of S(t), we provide a complete
characterization of the spectrum of (the complexification of) the operator A. Such a
description will play a crucial role in the sequel. To this end, for every fixed A > 0, we
consider the fourth-order polynomial in the variable ( € C defined as

PA(¢) = ¢ +a¢® + (B +7A)C* + 0AC + oA
Theorem 4.1. The spectrum of A is given by
oh)= |J {ceC: P =0}u{¢.¢},
A€o (A)
where (1, (s are the two complex solutions of the second-order equation

Y +6C+0=0.
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Proof. Let F' = (f1, fo, f3, f1) € H be arbitrarily fixed. We look for a unique solution
U = (u,v,w, z) € D(A) to the resolvent equation

¢U—-AU =F

which, written componentwise, reads

CU_U = f17
CU—UJ = f27
(1) Cw—2z = fs,

(z+az+ pw+ A(yw+ dv + ou) = fy.
From the system above, we infer that
Cru+ aCu+ BCu + v Au+ §CAu + 0Au = Af,
having set
f=AT(CHal+BO [+ (CH+aC+B) fat+ (C+a)fs+ fa] + (¢ + ) fr +7fa

It is apparent to see that f € H;. Moreover, by the functional calculus

A
‘e /U(A) PA(¢) AEAN 1,

where Ey is the spectral measure of A. Therefore, u € H; for every given f € H; if and
only if

sup
A€o (A)

<.

A
Pr(¢)
Being 0(A) C R a closed set, the latter occurs if and only if

Y H+6C+0#0  and  P(CQ) #0, YAeo(A).

In which case, from system (4.1), one concludes that U € D (A) is the unique solution to
the resolvent equation. In turn, ¢ belongs to the resolvent set p(A). O

Definition 4.2. The spectral bound of A is the number o, defined as
o, =sup{Re(:( €o(A)}.

Being A the infinitesimal generator of S(¢), it is well known from the general theory of
linear semigroups that o, does not exceed the growth bound w,, namely,

(4.2) 0. < Wy.

In particular, if S(¢) is exponentially stable it follows that o, < 0.

We conclude with a technical result needed in the course of the investigation of the
decay properties of (2.1). To this end, for every fixed A € o(A), we introduce the (real)



function
(4.3) Ry(z) = ' + az® + (B +yA)2* + dAx + oA
N <4x3 + 3az® + 2(8 + Nz + 6)\>2
o+ 4x
 (42° 4 3ax® + 2(8 + 4Nz + 0N) (62° 4 3ax + B+ 7))
a+4x '

Lemma 4.3. Let A € 0(A) be fizred. Assume there exist p # —a/4 and q > 0 such that

o AP 4 3ap® +2(8 +y\)p + 0A
q = .
a—+4p

Ryx(p)=0 and

Then the numbers
(+ =p=xiq
belong to o(A).

Proof. By direct calculations,
Re[Pr(C2)] = p* + ap® + (B + AP + 6Ap + oA + ¢*(¢* — 6p> — 3ap — (B + )
and
Im[P(¢)] = =+ [4(292 — " )pg + a(3p® = ¢*)q + 2(8 + A )pg + (5)\(1] :
Substituting the expression of ¢? into the formulae above, we get
Im[P(C)] =0 and  Re[P\(¢x)] = Ra(p) = 0.

The claim follows from Theorem 4.1.

5. EXPONENTIAL STABILITY

Our main result provides a necessary and sufficient condition for the exponential stability
of S(t) in terms of the values of the stability numbers » and w defined in (1.8).

Theorem 5.1. The semigroup S(t) is exponentially stable if and only if
x>0 and w > — A

The remaining of the section is devoted to the proof of Theorem 5.1.

5.1. Proof of Theorem 5.1 (Sufficiency). As customary, we agree to work with (reg-
ular) solutions

U(t) = (u(t), du(t), Ouult), duu(t)) = S(H)U,

arising from initial data U, belonging to the domain of the infinitesimal generator A.
In what follows, C' > 0 will denote a generic positive constant depending only on the
structural quantities of the problem, but independent of U. Besides, the Holder, Young
and Poincaré inequalities will be used several times, often without explicit mention.

Due to the assumption s > 0, we have

m = 0, ay, = Q, ’,, = .
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As a consequence, the energy identity (3.4) takes the simpler form

d Q
&E + a%H@ttuH% + w(@ttu, 8tttu + a@ttu + Tg({?tu) = O,

where now

1o p %049
E(t) = 5 [ S 10uu(t) + adiu() + “Lu()| + 2220}

+ 52| Opu(t) [T + [|Owru(t) + adyu(t) + atu( il }

In addition, since

d Q
= [10uull? + 22 9pull?] + azljoul?

(6% (v
w(@ttu, &mu + oz(?ttu + Tgaﬂw = 5

we arrive at the equality
tF + Oé%“@ttU/“l + Ozw||8ttu||2 =0
having set
w ap
F(t) = E() + = Iau(®) |2 + 10w ()]?
Being @w > — A\, there exists v > 0 such that
W=V — A\ 2.
Hence, estimating
| Oul§ + | Ouur]|* > 6|0l §
with
0 i { - } >0
= min ¢ », —
7)\1 Y
we end up with

d

By the same token, we achieve the control

116 0
F(t) > 5 | = 9nu(t) + adru(t) + —Cu(t)]} + == 0w(t)}

+ 0)|0wu(t)[|F + [|0wu(t) + adyu(t) + —&tu( il ]

As a consequence, arguing as in the proof of Lemma 3.2 (with 6 in place of s,), we infer
that

(5:2) %HU(t)Hi < F(t) < Clu®ls
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Our next aim is to reconstruct the term ||U||3, on the left-hand side of (5.1). To this end,
we introduce three auxiliary functionals

1
&(t) = 5 0uu(®)|? + LB 012 + (30eu(t) + ou(t), Ouu(t))r
U(t) = (Quu(t) + adyu(t), Opu(t)) + SHU(QH%?
By direct calculations, the functional & fulfills the identity

d
dt(I) -+ oz||(9tttu||2 = 5||8ttu||1 <8ttu, &mu) + Q(@tu, 8ttu>1.

It is also immediate to see that

[0
0]|0uul| — B(Ouu, Oupu) + 0{Opu, )y < §HatttUH + —HatuH1 + C||Owul|7.

Thus, we get
d o O 2 2
(5.3) a‘b + = ||8mu|| < ZHatqu + C||Osu]|7-
Concerning the functional ¥, we have
d
dtqj + 5||atUH1 = OéHattqu + (Ouet, Opur) — B(Oru, Opu) — (O, Q)
«Q
Z”&tttuﬂ2 —||8tu||§ + C|Ogeul]F.
Hence, we obtain
d 2 _ O 2 2
(5.4) &‘I’ + 5 ||6tuH1 < ZHatttU” + C||Opu][1-

Finally, the functional T satisfies the equality

d
dtT + QHU’HI = (atttu aﬂl) (ozatttu + Baﬁu, U> — <7(9ttu + 55’tu, U)l.

Estimating the right-hand side as
(O, Opu) — (aOppu + BOyu, u) — (yOuu + 00u, u),
< g!IUII? + CllOueull® + CllOwullt + Cllowully,

we conclude that

d
(5:5) It —HUHf < CllOweull* + CllOwull; + CllOpully.

At this point, for every ¢ > 0, we set

A(t) = F(t) +e[®(t) + U (t)] + 2T ().
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In the light of (5.1) and (5.3)-(5.5), the functional A, fulfills

d o
A+ €<Z - cg) uul]? + (ab — Ce — Ce?)|| Oy

) 20
+2(5 —Ce)llwll} + Sl < 0.
Hence, for all € > 0 sufficiently small, we arrive at

d
A+ U < 0.

Exploiting now (5.2) it is readily seen that, possibly reducing ¢ > 0,
1
(5.6) MU < A() < CIU @)l

In conclusion, fixing € > 0 small enough, from the differential inequality above we learn

that
d
A+ 2wA. <
T +2wA, <0
for some w = w(e) > 0. An application of the Gronwall lemma, together with (5.6), yields

the desired exponential decay.

5.2. Proof of Theorem 5.1 (Necessity). Due to (4.2), in order to prove the lack of
exponential stability it is enough showing that o, > 0. We shall treat separately four
cases. In what follows, the function R, is given by (4.3).

¢ Case 1: w < —Ajp. It is immediate to see that

A
Ry (0)=—"(w+ M) >0 and  lim Ry, (z) = —o0.

(8% T—r00

Being R, continuous on [0, 00), there exists a real root p > 0. In the light of Lemma 4.3,
the complex numbers

o= pti 4p3 + 3ap? + 2(f + v 1)p + I\
+ =D a+ 4p

belong to o(A), and thus o, > 0.

¢ Case 2: o = — 1. We have
R,,(0) =0.

According to Lemma 4.3, the spectrum of A contains the two purely imaginary numbers
oA
T I
a

¢ Case 3: » < 0. For any given A € g(A),

R\ (0) = —6—/\(w + Ax) and lim Ry(z) = —o0.

[0 T—00

and therefore o, > 0.
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Being A an unbounded operator, A can be taken arbitrarily large. Since
N3¢
o

the value R)(0) eventually becomes positive. Arguing as in Case 1, we conclude that
o. > 0.

RA(0) ~ —

>0 as A — oo,

o Case 4: » = 0. It is sufficient to analyze only the situation when w > 0, since the
case w < s = 0 has been already addressed. Choose \,, € o(A) such that A\, — oo (this
is possible since A is unbounded). In particular, for any fixed n, we have

B O\,

Ry, (0) = <0.
7 (0) o
Moreover, taking
aw
M > —
27y
and exploiting the assumption s = 0, by direct computations we obtain
1 M 0(2yM —
lim —RAn<——>: (27 aw)>0‘
n—oo0 A\, )\n o?
Therefore, for all n sufficiently large, the equation R),(p) = 0 admits a real solution
M, ,
pn:—)\—<0 with 0< M, <M.

In particular, p,, — 0 as n — co. By the same token,

2 4p3 + 3ap? + 2(8 + Y n)pn + 0 Y
tn o+ 4p, a

— OQ.

Hence, for every n large enough, the hypotheses of Lemma 4.3 are satisfied, meaning that
Pn £ iq, € 0(A).
Since p, — 0, we conclude that o, > 0. O

Remark 5.2. From the proof of the necessity part of Theorem 5.1 we learn that, if Case 1
or Case 3 hold, the spectral bound o, is strictly positive. Accordingly, the semigroup S(t)
has solutions with energy growing exponentially fast.

6. THE REMAINING CASES

From the discussion above, w, is greater than or equal to zero if
(i) 5> 0and @w = —Ay s, or
(ii) » =0 and @w > 0.
Actually, in these situations, w, turns out to be exactly zero. To see that, for an arbitrarily
fixed € > 0, we consider the problem
d

(6.1) ZU(t) = AU() = U (1)

It is well known that the operator A — <l generates the Cy-semigroup

S.(t) = e 'S(t)
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on the space H (see e.g. [12]). In particular,
1S-(O)I = e[S @]

Lemma 6.1. Assume that (i) holds. Then, for every fized € > 0, the semigroup Se(t) is
bounded.

Proof. As usual, we work with (regular) solutions to (6.1)
U(t) - (u(t)7atu(t)a attu(t)> 8tttu<t)) = Sa<t)UD
arising from initial data U belonging to the domain of A. First, we take the inner product

in H of (6 1) with U(t). Recalling that the constant m equals zero, we obtain the identity

(67
5 dt'UlH +e |U|H + a%”@ttuﬂl a)\1%||0ttu||2 — )\1%<3ttu, @ttu + Tgaﬂw = 0.

Applying the Poincaré inequality (2.2), we infer that
as|| O3 — adys||Oyul* > 0.
Thus, writing
ap
— )\1%<(9ttu, atttu + 7&%)
(I/ — )\1%) d

a (6]
= TE [Hattu”Q + TQ||8tU||2j| _ V<8ttu7 8tttu —I— TQatu>

for some 0 < v < Aq2¢ to be fixed later, we arrive at

d
dtG +€|U|'H < l/<8ttu ﬁmu—i— Tatlo

having set

G(t) =

Exploiting Lemma 3.2, it is immediate to see that the right-hand side is controlled by
o
l/(f)ttu, 8tttu + Tgﬁtm S VC|U|,2H,

U )5, + (v = Ao |0u()|* + (v — A1%)¥H6’w(t)l|2

w|>—l

where C' > 0 is a structural constant depending on the parameters of the problem but
independent of v. Accordingly,

d
G+ (e —vO)Uf5, <0,

Due to (2.2), the functional G fulfills
116 ap
G(t) 2 5|~ 0u(t) + adu(r) + “Fu(t)|} + 57 |Our)

+§ﬂ%ﬂMﬁH@ww+a%w>-—@mm]

ya@

Hence, making use of the inequality above and arguing as in the proof of Lemma 3.2 (with
v/ in place of s,,), we find

U, < 61) < SIUOL,
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for some ¢, > 0 depending on v. At this point, fixing

—(e) = {5 /\1%}
v =v(e) = min 50 9 |
we end up with

d

—G+2wG <

T + 2wG <0,

for some w = w(e) > 0. The Gronwall lemma completes the argument.

Lemma 6.2. Assume that (ii) holds. Then, for every fized ¢ > 0, the semigroup Sc(t) is
bounded.

Proof. Let Uy € ©(A) be any (regular) initial datum. Along the proof, C,, > 0 will
denote a generic positive constant depending on m > 0 (besides the other structural
quantities of the problem) but independent of Uy. A multiplication in H of (6.1) with
U (t) leads to the equality

1d
5 dt|U|H + €|U|H + Ozm%mHattqu + Ozme(?ttqu + w(@ttu atttu + S aﬂl)
m(Ouett + gattU, Opett + v Opus + glgatU)-
Writing

w(@ttu, 8tttu +

w
2

d Qi 0
in [||(9ttu||2 + THatUHQL

and recalling that @ > 0, we obtain

(6.2)

d O,
dtL + €|U|'H, < m(@tttu + 58ttu @ttu —+ amﬁttu + 5 Q@u)

having set
w Oém Y

L(t) = 2 [0+ @l + Z22 o)
The differential inequality (6.2) above holds true for m = 0 as well. In this situation,
since o, = o and sz, = 3 = 0, it turns into
d
dt
where E(t) denotes the pseudoenergy

[e + —||at,fu||2 =20 H@tuH ] 4 2:€ <0,

1o a
E(t) = 5 | ZN0nu(t) + adyu(t) + ZLu(®) [} + |Garu(t) + adu(t) + SLom(t)|?].
Being £(t) > 0, an integration over [0, t], together with (2.2) and Lemma 3.2, gives
w
(6.3) E(t) < &(t) + Fl|ouu(t)[I” T HatU( )I* < CnlUoli,,

where the dependence on m of the constant Cm comes from the inequality of Lemma 3.2.
Coming back to (6.2), the right-hand side is estimated as

am
“200u) < cimVEU | + erm? U

m(@tttu —+ gattu, 5’tttu —+ ozm@ttu +
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where ¢; > 0 is a structural constant depending of «, 3,7, 9, 0, A1, but independent of m
and Uy. Invoking (6.3), we get

c
amVE|U |y + exm?®|U |2, < 2e:m?||U |2, + Zlé' < 2em?|U |3, + Con|Uol,-

Therefore, inequality (6.2) takes the form

d
FTl elU; < 2em? (U3, + Con|Uoly-

At this point, we have
2c1m?
e, |U < * U,
where ¢ = ¢(m) > 0 is the constant of Lemma 3.2. Recalling (3.2), there exists ¢; > 0
independent of m and U such that

2 2
N\UR, < em|UL,

c
provided that m > 0 is sufficiently small. Accordingly,

d
&L + (e — czm)|U|i < C’m|U0|i.

Exploiting once more the assumption w > 0, together with Lemma 3.2, we also find the
controls

1
(6.4) SIUM[G < L) < CulU)];,
In conclusion, fixing m = m(e) > 0 small enough, there exists w = w(e) > 0 such that

d 2
L+ 2l < CulUoly,

Owing to the Gronwall lemma and (6.4), we arrive at

U2
|U(t)]5, < 2L(t) < 2L(0)e > + % < Cn|Uol,

By density, the control above holds true for every initial datum U, € H as well, yielding
the sought boundedness of S.(t). O

We are now in a position to show that w, = 0. Being S.(¢) bounded, for all € > 0 there
exists C' = C(e) > 0 such that

1S(t)|| = e ||S=(t)]| < Ce™.
Since € > 0 can be chosen arbitrarily small, the conclusion follows.

We subsume all the results obtained so far in a theorem.

Theorem 6.3. The following hold.

- wy < 0 whenever x> 0 and @ > —Aj2.
- Wy > 0 whenever x < 0, or whenever w < —\;s.
- wy = 0 whenever » > 0 and w = — A2, or whenever 3 =0 and w > 0.
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We conclude by analyzing in more detail the case w, = 0, namely, the borderline
situation between exponential stability and blow up of solutions. In several equations of
physical interest, in cases of this kind the semigroup is stable, namely, every trajectory
goes to zero. As a byproduct, it turns out to be bounded. Here, we will show that stability
does not occur when both s and w equal zero. Nonetheless, we cannot exclude that the
semigroup S(t) is bounded.

Theorem 6.4. Assume that c = w = 0. Then S(t) is not stable, namely, there exists an
matial datum Uy € H such that

S(t) Uy 4 0.
In order to prove Theorem 6.4, a preliminary result is needed.

Lemma 6.5. Let c = w =0, and let u(t) be the solution to equation (2.1) corresponding
to the initial datum Uy = (ug, vo, wo, 20) € H. Then, the following mutually disjoint'
sttuations occur.

o if a? > 403, then u(t) solves the Cauchy problem

rit _ arat A B it ot A
Onu(t) + yAu(t) = (€' —e™") (20 + yAv) — (ree™ — re™")(wo + 7 u0)7

L — Ty
(6-5) u(0) = uo,
Oyu(0) = vy,
where
rlz_a+\/2m<0 and 7“2:_&_ 2a2—45<0‘

o if a® = 483, then u(t) solves the Cauchy problem

e~ % (2 4 at)(wy + v Aug)
2 )

A (t) + yAu(t) = te= % (29 + yAuvg) +
(6.6) w(0) = uo,
Oru(0) = w,
o if a? < 403, then u(t) solves the Cauchy problem
Au(t) +yAu(t) = =% f(t)(20 + yAvo) + €% g(t) (wo + Y Aup),
(6.7) u(0) = o,
(9tu(0) = Vo,
where
B 2 /48 — a?
f(t) = \/ﬁ sin (Tt),
4P — a? a /48 — a?
g(t) = cos (Tt) + g sin ( 5 t>.

1t is apparent to see that all the three cases are possible.
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Proof. When s = w = 0, equation (2.1) can be rewritten in the simpler form
Ond + add + Bo = 0,

having set
o(t) = Oyu(t) +vAu(t).
Solving the differential equation above and imposing the initial conditions we conclude

that, in dependence of the value of the discriminant o> —4/ to the associated characteristic
equation, the function ¢ is a solution to (6.5), (6.6) or (6.7).

Proof of Theorem 6.4. Let ug,vg € Hy be arbitrarily fixed. In the light of Lemma 6.5, the
solution to (2.1) corresponding to initial data of the form

Uo = (ug, vo, —yAug, —yAvg) € H
solves the conservative wave equation

Opu(t) + yAu(t) =0,
u(0) = o,
0yu(0) = wy.

In particular, for all ¢ > 0, the equality
1Beu(t) [ + Allu®)[IF = llvoll* +uoll?
holds. Hence, exploiting Lemma 3.2, we conclude that

1S(OUol3; > emin{1/7, A }([[0,u(t) > + y[lu®)]]})
= cmin{1/y, A} (/lvoll* + vlluolF).-
The proof is finished.
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