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ABSTRACT. We present methods for computing the explicit decompo-
sition of the minimal simple affine W-algebra Wy(g, ) as a module for
its maximal affine subalgebra Vk(gh) at a conformal level k, that is,
whenever the Virasoro vectors of Wy (g,0) and Vy(g¥) coincide. A par-
ticular emphasis is given on the application of affine fusion rules to
the determination of branching rules. In almost all cases when gh is a
semisimple Lie algebra, we show that, for a suitable conformal level k,
Wi(g,6) is isomorphic to an extension of Vi (g?) by its simple module.
We are able to prove that in certain cases Wx(g,0) is a simple current
extension of Vi (g?). In order to analyze more complicated non simple
current extensions at conformal levels, we present an explicit realiza-
tion of the simple W-algebra Wy(sl(4),0) at k = —8/3. We prove, as
conjectured in [3], that Wi (sl(4),0) is isomorphic to the vertex alge-
bra R®, and construct infinitely many singular vectors using screen-
ing operators. We also construct a new family of simple current mod-
ules for the vertex algebra Vi (sl(n)) at certain admissible levels and for
Vie(sl(m|n)),m # n,m,n > 1 at arbitrary levels.
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1. INTRODUCTION

Let g = g5 @© g7 be a basic simple Lie superalgebra. Choose a Cartan
subalgebra h for g and let A be the set of roots. Choose a subset of
positive roots such that the minimal root —6 is even. Let Wy(g,0) be the
simple minimal affine W-algebra at level k associated to (g, ) [30], [31], [10].
Let Vi(g%) be its maximal affine subalgebra (see ([8:2)) and Definition &.)). In
[10] we classified the levels k such that Vj(g?) is conformally embedded into
Wi(g,0), i.e. such that the Virasoro vectors of Wy(g,#) and Vi (g") coincide.
We call these levels the conformal levels. We proved that, if k is a conformal
level, then W;,(g,6) either collapses to V;(g?) or

hY —1

2 b
(see Section ] with review of main results from [10]).

In the present paper, we study the decomposition of Wy(g,0) as a Vk(gh)-
module when £ is a conformal level. It turns out that we can use methods
similar to those we developed for studying conformal embeddings of affine
vertex algebras in [9] (see also [7], [33]). Our main technical tool is the
representation theory of affine vertex algebras at admissible and negative
integer levels, in particular fusion rules for Vi (g?)-modules, as we shall ex-
plain below.

As in [9], it is natural to discuss the case in which g? is semisimple sepa-
rately from the case in which g has a nontrivial center. In the latter case,
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one has the eigenspace decomposition for the action of the center:

€L
and we prove the following result (see Theorems and [6.0)).

Theorem 1.1. Consider the conformal embeddings of Vi(g?) into Wi(g, 0):

(1) g = sl(n) or g = sl(2ln) (n > 4), g = sl(m|n), m > 2, m #
n+3,n+2nn—1, conformal level k = —%;

(2) g =sln) m=5o0rn>7),g=sl2n) (n>3),g=sl(mn),
m>2 m#n+6,n+4,n+2n, conformal level k = —%hv.

(3) g =sl(4), conformal level k = —2hY = —5.

Then Vi (g%) is simple and, in cases ), (@), each Wi(g,0)® is an irre-

ducible Vi(g*)-module, while in case [3) each Wi (g,0)?) is an infinite sum

of irreducible Vi.(g%)-modules.

It is quite surprising that there is only one case when each Wk(g,H)(i)
is an infinite sum of irreducible Vi (g?)-modules, namely the conformal em-
bedding of Vi (gl(2)) into Wi(sl(4),0) and k = —Zh" = —8/3. This is
related to the new explicit realization of Wy (sl(4),6), conjectured in [3], as
the vertex operator algebra R(3). This conjecture is proven in Section [7] of
the present paper. Our realization is based on the logarithmic extension
of the Wakimoto modules for V_53(gl(2)) by singular vectors constructed

using screening operators. The simplicity of R®) is proved by construct-
ing certain relations in the corresponding Zhu algebra. A generalization of
this construction, together with more applications related to vertex algebras
appearing in LCFT will be considered in [4].

Theorem [[Tis proved by studying fusion rules for Vj(g?)-modules. Recall
that fusion rules (or fusion coefficients) are the dimensions of certain spaces
of intertwining operators. The fact that a certain fusion coefficient is zero
implies that a given Vk(gh)-module cannot appear in the decomposition of
Wi(g,0)®. In many cases this is the only information we need to establish
both the simplicity of Vi(g?) and the semisimplicity of Wy (g,6) as a Vi (g%)-
module: see Theorem[G.2l This information, very often, is obtained just from
the decomposition of tensor products of certain simple finite dimensional gi-
modules.

In the cases when we are able to compute precisely the fusion rules, we
are also able to describe explicitly the decomposition of Wy (g, 6) as a Vi (g%)-
module. Indeed, we prove that the modules Wy (g, ) are simple currents
in a suitable category of Vi (g?)-modules in the following instances: either
when Vi(g") contains a subalgebra which is an admissible affine vertex al-
gebra of type A (cf. Theorem B]), or in the case of the affine W-algebras
W_5(sl(5),80) (cf. Corollary B3], W_a(sl(n+ 5|n),0) (cf. Corollary @3] Re-
mark [@0.2)). We believe that this property of the modules W;,(g, 8)® holds in
all cases (Il) and (@) from Theorem [[1]



As a byproduct, we construct a new family of simple current modules for
the vertex superalgebra Vi (sl(m|n)) which belong to the category KLy (cf.
Theorem [9.1]).

Next we consider the cases when g? is a semisimple Lie algebra. Then we
have a natural decomposition

Wi(g,0) = Wi(g,0)° © Wi(g,0)",

according to the parity of twice the conformal weight.

The subspaces Wy (g, )" are naturally Vi(g%)-modules, so we are reduced
to compute the decompositions of the Wk(g,e)z. We solve our problem in
many cases by showing that the subspaces Wi/(g, 9)2 are actually irreducible
as Vi, (g%)-modules:

Theorem 1.2. Consider the following conformal embeddings of Vi(g%) into
(1) g =s0(n) (n =28, n#11), g =osp4n) (n = 2), g = osp(m|n)
(m>5 m#n+r,re{-1,23,4,6,7,8 11}) or g is of type G2, F}
Eg, E7, Eg or g is a Lie superalgebra D(2,1,a) (a = 1,1/4), F(4)
and k = _hV2—1.
(2) g =sp(n)(n >6), g = spo(2lm) (m >3, m #4), g = spo(n|m)
(n>4, m#n+2,nn—2n—4)and k=—32h".
Then Vi (g') is simple and each Wy(g,0)", i = 0,1, is an irreducible Vi (g?)-
module.

In most cases, the proof of this theorem follows quite easily combining
information on fusion rules coming from tensor product decompositions of
g?-modules with basic principles of vertex algebra theory, such as Galois
theory: see Theorem In some cases our proof is technically involved
and it uses the representation theory of the admissible affine vertex algebra
V_1/5(s1(2)): see Theorem

We also believe that the conformal embeddings listed in Theorem
provide all cases where W},(g,#) is isomorphic to an extension of Vi(g?) by
its simple module. This result is also interesting from the perspective of
extensions of affine vertex algebras, since it gives a realization of a broad
list of extensions which (so far) cannot be constructed by other methods.

In our forthcoming papers we shall consider embeddings of Vk(gu) into
Wi (g,0) when critical levels appear.

Acknowledgments. Drazen Adamovié¢ and Ozren Perse are partially
supported by the Croatian Science Foundation under the project 2634 and by
the Croatian Scientific Centre of Excellence QuantixLie. Pierluigi Moseneder
Frajria and Paolo Papi are partially supported by PRIN project “Spazi di
Moduli e Teoria di Lie”.

Notation. The base field is C. As usual, tensor product of a fam-
ily of vector spaces ranging over the empty set is meant to be C. For
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a vector superspace V = V5 @ V7 we set DimV = dim Vj|dimV; and
sdimV' = dim Vj — dim V7.

2. PRELIMINARIES

2.1. Vertex algebras. Here we fix notation about vertex algebras (cf.
[28]). Let V be a vertex algebra, with vacuum vector 1. The vertex op-
erator corresponding to the state a € V' is denoted by

Y(a,z) = Z a(n)z_”_l, where a(,) € EndV.
nez
We frequently use the notation of A-bracket and normally ordered product:
/\i
[a)\b] = Z —(a(l)b), tab = a(_l)b.

4]
>0

If V' admits a Virasoro(=conformal) vector and A, is the conformal weight
of a, then we also write the corresponding vertex operator as

Y(a,z) = Z "R

meZ—~NAq

so that
A(n) = An—~Ag+1, N E Ly G = Qmyn,—1), M E L — A
The product of two subsets A, B of V' is
A-B = span(amyb|n€Z, a€ A, be B).

This product is associative (cf. [13]).
2.2. Intertwining operators and fusion rules. Let V be a vertex alge-

bra. A V-module is a vector superspace M endowed with a parity preserving
map Y from V to the superspace of End(M )—Valued fields

a YM (a,z) Z a -
nez
such that

(1) YM(’0>7Z) = IM;
(2) for a,b eV, m,n, k € Z,

m M
Z < . >(a(n+j)b)(m+k—j)

jeN J

M
=2 (-1 < ) Tlmtn—) Pl ) ~ P00 1) bi ) Glm )

JjeN



Given three V-modules My, My, Ms, an intertwining operator of type
M. . e
[Ml ?\42} (cf. [22], [23]) isamap [ : a +— I(a,z) = Enezafn)z ! from
M to the space of End(Ma, Ms)-valued fields such that for a € V, b € My,
m,n € 7,

my\ . M I
> < ; > (@) omeri—)

jeN
(T M I nyl M:
= (-1 < j) (@nsn—s) Vi) ~ PO O (=) Vg )y y))
jeN

_ . M;
We let 1 ( Miw?\lg) denote the space of intertwining operators of type [ M, ?\42} )
and set

M . M3
NM13,M2 =dim /[ (Ml M2> .

When N %3 A, 18 finite, it is usually called a fusion coefficient.
Assume that in a category K of Z>¢-graded V-modules, the irreducible
modules {M; | i € I}, where I is an index set, have the following properties
(1) for every i,j € I N}\Z\iij is finite for any k € I;
M, .
(2) Nyin, =0 for all but finitely many k € I.

Then the algebra with basis {e; € I'} and product

_ My,
e ej = E N M Ck
kel

is called the fusion algebra of V, K. (Note that we consider only fusion rules
between irreducible modules).

Let K be a category of V-modules. Let My, Ms be irreducible V-modules
in K. Given an irreducible V-module M3 in K, we will say that the fusion
rule

(21) M1 X M2 = M3

holds in K if N JJ\‘J/[;” m, = 1and N ]ﬁh A, = 0 for any other irreducible V-
module R in K which is not isomorphic to Mj.
We say that an irreducible V-module M is a simple current in K if M;

is in K and, for every irreducible V-module M5 in K, there is an irreducible
V-module M3 in K such that the fusion rule (21) holds in K (see [19]).

2.3. Commutants. Let U be a vertex subalgebra of V. Then the commu-
tant of U in V' (cf. [22]) is the following vertex subalgebra of V:

Com(U,V)={veV|[Y(a,2),Y(v,w)] =0, Vae€ U}.
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In the case when U is an affine vertex algebra, say U = Vi.(g) (see below),
it is easy to see that

Com(U,V)={v eV |[zuv=0Vrecg, n>0}

2.4. Zhu algebras. Assume that V is a vertex algebra, endowed with a
conformal vector w such that the conformal weights A, of v € V are in %Z.
Then

V=P Vvr), Vi)={veV|a,=r}

TG%Z

Vi=Pve), vi= P v

TEZ re1+7

We define two bilinear maps x: V xV — V,o0:V xV — V as follows:
for homogeneous a,b € V, let

Set

(2.2) asb— Reis(a,x)%b ifa,be VO,
' ifaorbe V!
(2.3) ) Rest(a,x)(l—Jer)A—ab if a e VO,
. a o =

1 -
Rest(a,x)Wb if a € V9.

Next, we extend * and o to V ® V linearly, and denote by O(V) C V the
linear span of elements of the form a o b, and by A(V) the quotient space
V/O(V). The space A(V) has a unital associative algebra structure, with
multiplication induced by *. The algebra A(V) is called the Zhu algebra of
V. The image of v € V, under the natural map V — A(V) will be denoted
by [v]. In the case when VY = V we get the usual definition of Zhu algebra
for vertex operator algebras.

An important result, proven by Zhu [38] for Z-graded V and later by
Kac-Wang [35] for %Z—graded V', is the following theorem.

Theorem 2.1. There is a one-to-one correspondence between irreducible
+70-graded V-modules and irreducible A(V')-modules.

2.5. Affine vertex algebras. Let a be a Lie superalgebra equipped with
a nondegenerate invariant supersymmetric bilinear form B. The universal
affine vertex algebra VZ(a) is the universal enveloping vertex algebra of the
Lie conformal superalgebra R = (C[T] ® a) @ C with A\-bracket given by

[axb] = [a,b] + AB(a,b), a,b€ a.

In the following, we shall say that a vertex algebra V is an affine vertex
algebra if it is a quotient of some V¥ (a).

If a is simple or is a one dimensional abelian Lie algebra, then one usually
fixes a nondegenerate invariant supersymmetric bilinear form (-|-) on a. Any
invariant supersymmetric bilinear form is therefore a constant multiple of

(:|"). In particular, if B = k(-|-) (k € C), then we denote VE(a) by V*(a).
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Let h) be half of the eigenvalue of the Casimir element corresponding to
(-|-); if hY # —k, then V*(a) admits a unique irreducible quotient which we
denote by Vi(a).

In the same hypothesis, V*(a) is equipped with a Virasoro vector

1
2.4 A E s bia; -,
( ) Wsug 2(k + hél/) - a

where {a;} is a basis of a and {b;} is its dual basis with respect to (-|-). If
a vertex algebra V is some quotient of V*(a), we will say that k is the level
of V.

A module M for a is said to be of level k if K acts on M by kI;. Finally
recall that an irreducible highest weight module L()), over an affine algebra
a is said to be admissible [26] if

(1) (A4 p)(a) ¢ {0,—1,—-2,...}, for each positive coroot «;
(2) the rational linear span of positive simple coroots equals the rational
linear span of the coroots which are integral valued on A + p.

2.6. Heisenberg vertex algebras. In the special case when a is an abelian
Lie algebra, V5(a) is of course a Heisenberg vertex algebra. If this is the
case, we will denote VZ(a) by M,(B). In the special case when a is one
dimensional, then we can choose a basis {a} of a and the form (:|-) so that
(aJa) = 1. With these choices we denote V*(a) by M, (k) or simply by
M (k) when the reference to the generator « need not to be explicit. The
vertex algebra M (k) is called the universal Heisenberg vertex algebra of
level k generated by «. Recall that, if & # 0, M,(k) is simple and that
M(k) =2 M(1). The irreducible M, (k)-modules are the modules M, (k,s)
(or simply M (k,s)) generated by a vector vs with action, for n € Z., given
by Q(n)Vs = Op,08Vs.

The irreducible modules of the Heisenberg vertex algebra M (k) are all
simple currents in the category of M (k)-modules. Indeed we have the fol-
lowing fusion rules (cf.[22]):

(2.5) M(k}, 81) X M(k}, 82) = M(k, S1 + 82) (81, So € (C)

If a is simple or one-dimensional even abelian with fixed nondegenerate
invariant supersymmetric bilinear form (-|-), the affinization of a is the Lie
superalgebra @ = (C[t,t™!'] ® a) @ Cd & CK where K is a central element,
and d acts as td/dt. We choose the central element K so that

[t° @z, t" @y] =t @ [z, y] + 6 —sr K (zy).
Let b be a Cart/z}n subalgebra of a and 6 = hPCK @ Cd a Cartan subalgebra
of a. Let Ay € h* be defined by Ag(K) =1, Ag(h) = Ao(d) = 0. We fix a set

of simple roots for a and denote by p € h* a corresponding Weyl vector. We
shall denote by Lq()) the irreducible highest weight V*(a)-module of highest

weight A € 6* Sometimes, if no confusion may arise, we simply write L(\).
Similarly, we shall denote by V;(\) or simply by V()\) the irreducible highest
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weight a-module of highest weight A\ € h*. Note that in the case when a is
a one dimensional abelian Lie algebra Ca, then M, (k,s) = L(kAg + sA\1)
where \; € (Ca)* is defined by setting A\j(a) = 1.

2.7. Rank one lattice vertex algebra Vz,. Assume that L is an integral,
positive definite lattice; let L° be its dual lattice. Set Vi to be the lattice
vertex algebra (cf. [28]) associated to L.

The set of isomorphism classes of irreducible Vz-modules is parametrized
by L°/L (cf. [16]). Let V5 denote the irreducible Vz-module corresponding
to A=A+ L € L°/L. Every irreducible Vz-module is a simple current.

We shall now consider rank one lattice vertex algebras. For n € Z,
let M(n) be the universal Heisenberg vertex algebra generated by « and
let F), denote the lattice vertex algebra Vz, = M (n) ® C[Za] associated to
the lattice L = Za, (o,a) = n. The dual lattice of L is L° = 1L. For
i€{0,...,n—1} set Fi =V, Then the set

n

a+Za*
{F!|i=0,...,n—1}

provides a complete list of non-isomorphic irreducible Fj,-module. We choose
the following Virasoro vector in Fj,:

WE, = —:1aq:.
2n
As a M (n)-module, F,, decomposes as
(2.6) F, = @M(n)eja = @ M(n, jn)
JEZ. JEZ
The following result is a consequence of the result of H. Li and X. Xu [37]
on characterization of lattice vertex algebras.
Proposition 2.2. Assume that V = @,., V; is a Z-graded vertex algebra
satisfying the following properties

(1) V is a subalgebra of a simple vertex algebra W ;
(2) there exists a Heisenberg vector o € Vi such that Vi = My(n), and
Vi &2 My(n,in) as a Vy-module.

Then V is a simple vertex algebra and V = F,,.

Proof. The Main Theorem of [37] implies that a simple vertex algebra satis-
fying condition (2) is isomorphic to F),. To prove simplicity, we first observe
that

(2.7) Y(w,2)w#0 VYo,weV,

which in our setting holds since W is simple. Now (2.7)) and the fusion rules

23) imply that
ViVi=Vi,  (ijez).

This implies that V is simple, and the claim follows.
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3. MINIMAL QUANTUM AFFINE W-ALGEBRAS

In this section we briefly recall some results of [30] and [I0]. We include an
example which contains explicit A\-bracket formulas for W¥(sl(4),6) which
we shall need in Section [71

We first recall the definition of minimal affine W-algebras.

Let g be a basic simple Lie superalgebra. Choose a Cartan subalgebra
h for gz and let A be the set of roots. Fix a minimal root —6 of g. (A
root —@ is called minimal if it is even and there exists an additive function
¢ A — R such that pja # 0 and ¢(0) > ¢(n), Vi € A\ {#}). We choose
root vectors ey and e_y such that

leg,e_g] =z €1, [, ex9] = Fetp.

Due to the minimality of —0, the eigenspace decomposition of adx defines
a minimal $Z-gradation ([30, (5.1)]):

(3.1) g=0-1909-1/2D 90D g1/2 D g1,
where g+ = Ce4y. One has
(3.2) go=g"®Cz, ¢"={acgl(alz)=0}

For a given choice of a minimal root —6, we normalize the invariant bilinear
form (-|-) on g by the condition

(3.3) (6]6) = 2.

The dual Coxeter number hY of the pair (g,60) is defined to be half the
eigenvalue of the Casimir operator of g corresponding to (-|-).

The complete list of the Lie superalgebras g?, the gi-modules g4 /2 (they
are isomorphic and self-dual), and h" for all possible choices of g and of 6
(up to isomorphism) is given in Tables 1,2,3 of [30], and it is as follows

Table 1
g is a simple Lie algebra.

9 o g1/2 hY g | o g1/ | hY
sl(n),n > 3 gl(n — 2) cC" 2@ (C" %) n Fy | sp(6) Aa C° 9
so(n),n >5 | sl(2) ® so(n —4) c?ecCct? n—2 Es sl(6) A°C® 12
sp(n),n > 2 sp(n — 2) cn2 n/2+1 || E7 | so(12) spinia 18
G2 s1(2) S3¢C? 4 Es Er dim = 56 | 30

Table 2

g is not a Lie algebra but g° is and g+1/2 is purely odd (m > 1).

g o 91/ hY g g g1/ hY
sl(2|m), gl(m) Cc™ o (C™)” 2—m D(2,1;a) | sl(2) @ sl(2) C? @ C? 0
m # 2

psl(2]2) s1(2) C?gC? 0 F(4) s0(7) spiny —2
spo(2]m) so(m) c™ 2 —m/2 G(3) Go Dim =07 | —3/2
osp(4|m) | sl(2) @ sp(m) CPeC™ 2—m

Table 3



Both g and g® are not Lie algebras (m,n > 1).
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g g 91/2 hY
sl(m|n), m #n,m > 2 gl(m — 2|n) cm2n g (cm 2Ty * m-—n
psl(m|m), m > 2 sl(m — 2|m) cm—2m g (2T * 0
spo(n|m), n > 4 spo(n — 2|m) cr—2m 1/2(n —m) +1
osp(m|n), m > 5 osp(m — 4|n) & sl(2) cm—in g C2? m—n—2
F(4) D(2,1;9) Dim = 6[4 3
G(3) 0sp(3]2) Dim = 4[4 2

In this paper we shall exclude the case of g = sl(n + 2|n), n > 0. In all
other cases the Lie superalgebra g’ decomposes in a direct sum of ideals,
called components of g?:

(3.4)

¢ =P,

el

where each summand is either the (at most 1-dimensional) center of g? or
is a basic classical simple Lie superalgebra different from psi(n|n). We will
also exclude g = sl(2).

It follows from the tables that the index set I has cardinality r =0, 1, 2,
or 3. The case r = 0, i.e. g' = {0}, happens if and only if g = spo(2|1). In
the case when the center is non-zero (resp. {0}) we use I = {0,1,...,r —1}

(resp. T ={1,...,7}) as the index set, and denote the center of g# by gg.

Let an_ be the Casimir operator of g? corresponding to ("’)\g“.xg“.' We

define the dual Coxeter number h&i of gE as half of the eigenvalue of C’gg
u 1

acting on g; (which is 0 if gE is abelian). Their values are given in Table 4

of [30].

Let WF(g,e_g) be the minimal W-algebras of level k studied in [30]. It is
known that, for k non-critical, i.e., k # —h", the vertex algebra W*(g,e_g)
has a unique simple quotient, denoted by Wy(g,e_g).

To simplify notation, we set

Wh(g,0) = WH(g,e—9), Wi(s,0) = Wi(g, ).
Throughout the paper we shall assume that & # —h". In such a case, it
is known that W¥(g, f) has a Virasoro vector w, [30, (2.2)] that has central

charge [30, (5.7)]

_ ksdimg

= TR —6k+hY — 4.

(3.5) c(g, k)

It is proven in [30] that the universal minimal W-algebra W¥(g, 0) is freely
and strongly generated by the elements J{o} (a runs over a basis of g7), Giu}
(u runs over a basis of g_; /2), and the Virasoro vector w. Furthermore the
elements J{% (resp. G1*}) are primary of conformal weight 1 (resp. 3/2),
with respect to w. The A-brackets satisfied by these generators have been
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given in [30] and, in a simplified form, in [I0]. This simplified form reads:

(3.6)  [Jiy g = JUP LN (k+ Y /2)(alb) — Lro(a, b)), a,b € ¢,
37 et =alel acghueg
(3.8)
dim gf
(GG = —2(k + BY) (epl[u, v])w + (eg[u,v]) Y+ JEgtuat
a=1
dimgl/g

£ S gl ) g 1)g o)
y=1

p(k) eg,ul,v E 2
+4)\§ k—iJ{H WL 9X2 (g [u, v])p(k)1.

Here ry is the Killing form of go; {ua} (resp. {v,}) is a basis of g (resp.
g1/2) and {u“} (vesp. {u7}) is the corresponding dual basis w.r.t. (-[-) (resp
w.rt. (- ne = (e_g|[,-])), a® is the image of a € gy under the orthogonal
projection of gy on g? , aE is the projection of a? on the ith minimal ideal g?
of g°, ki = k+ 3(hY — hy,), and p(k) is the monic polynomial given in the
following table [10]:

Table 4
g p(k) g p(k)
sl(mln), n #m (E+1)(k+ (m—mn)/2) Es (E+3)(k+4)
psl(m|m) k(k+1) Er (k+ 4)(k + 6)
osp(m|n) (E+2)(k+ (m —n—4)/2) Eg (k +6)(k + 10)
spo(n|m) (k+1/2)(k+ (n—m+4)/4) Fy (kE+5/2)(k+3)
D(2,1;a) (k—a)(k+1+a) Go (k+4/3)(k+5/3)
F(4), g% = s0(7) (k+2/3)(k — 2/3) G@3), g° =G> | (k—1/2)(k+3/4)
F(4), ¢ = D(2,1;2) (k+3/2)(k+ 1) G(3), 8" = 0sp(3]2) | (k+2/3)(k +4/3)

Note that the linear polynomials k; always divide p(k) so the coefficients

in (3.8)) depend polynomially on k.
Example 3.1. Consider g = sl(4). Set

1 0 0 0
C_l 0 -1 0 0
2|10 0 -1 0
0 0 0 1
In this case gh:ggﬁégi with
0 0 O
g=Cc, g¢={10 A4 0] |Aecsl(2)}~
0 0 O

so g? ~ gl(2), while g_1/2 = span(ez1,€31,€4,2,€43)-

sl(2),
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The A-brackets [G1#}G1"}] are as follows:

Gle21} G{62 1} [G{ea 1} G{@g 1}] —0

[ I =

[Gleszt gleazt) — [glesst gleash) = ¢

[Gle2al glesat) = [G{e4 shaleazh] = ¢

[Gleatygleast) = 9. glet jleasd . (g 4 2)a le23t — \o(k 4 2)glc2}
[ I =

[ J=

Glesilygleas) Jleh jleseb . (k4 2)agte82F — \o(k 4 2) Jies.2}

G{ez 1 G{64 2}

(4 4)w — 2 71e28) glesed s _ L plesamess) plesamess)
2

- g sytebgtel: o pted pleae—esal. 4 (g 4 1ot — gaﬂm—m}

+ 22(k 4+ 1)Jt — Nk 4 2)Jte227e3 _\2(k 4 1) (k 4+ 2)1

[Glesshglesat) =

— (k + 4)w + 2 : Jlezsd jlesz}, 41 plezamens) plesa—eash,
2

+ g syt ptel o ptel pleee—esal. ok 4 1ol 4 gaﬂm—m}

F 20k + 1) I 4 Nk + 2) 1223t £ \2(k 4 1)(k + 2)1.

4. A CLASSIFICATION OF CONFORMAL LEVELS FROM [10]

In this section we recall the definition of conformal embeddings of affine
vertex subalgebras into minimal affine W—-algebras and review results from
[10] on the classification of conformal levels.

Let V*(g%) be the subalgebra of the vertex algebra W*(g, §), generated by
{J{e} | a € g7}, By @8), V*(g?) is isomorphic to a universal affine vertex
algebra. More precisely, the map a — J {a} extends to an isomorphism

(4.1) VE(g®) =~ R) V().

el
Definition 4.1. We set Vi (g?) to be the image of V¥(g%) in Wy(g, 0).

Clearly we can write

)~ Q) Vi (0)),

el

where Vi, (gf) is some quotient (not necessarily simple) of V% (gf)
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b
If k; + h&i #£ 0, then Vi (gf) is equipped with the Virasoro vector wgag
(cf. @4)). If k; + hy; # 0 for all i, we set

o
Wsug = § Wstg-

el
Define
K={keC|k+h"#0,k+hy; #0 whenever k; # 0}.

If k € IC we also set h
Waug = Z Wstig-

1€1:k;#0
We define
Coug = central charge of wy,,,.

Definition 4.2. Assume k € K. We say that V;(g?) is conformally embed-
ded in Wi(g,0) if wl,, = w. The level k is called a conformal level.

sug

If Wi(g,0) = Vi(g?), we say that k is a collapsing level.

Remark 4.3. The above definition of conformal level is slightly more gen-
eral than the one given in the Introduction. Indeed it makes sense also when
ki =hy,; =0.

Next we recall the classification of collapsing levels from [10].

Proposition 4.1. [10, Theorem 3.3]
The level k is collapsing if and only if p(k) = 0 where p is the polynomial
listed in the Table 4.

The classification of non-collapsing conformal levels is given in Section 4
of [I0]. It may be summarized as follows.

Proposition 4.2.
(I). Assume that g* is either zero or simple or 1-dimensional.
If g = sl(3), or g = spo(n|n+2) withn > 2, g = spo(n|n—1) with n > 2,
g = spo(n|n — 4) with n > 4, then there are no non—collapsing conformal
levels. In all other cases the non-collapsing conformal levels are
(1) k= —252 if g is of type G, Fy, Eg, B, Es, F(4)(g" = s0(7)),G(3)
(6" = Ga,08p(3]2)), or g = psi(m|m) (m > 2);
(2) k = —2hY if g = sp(n) (n > 6), or g = spo(2lm) (m > 2), or
g = spo(n|m) (n > 4).

(II). Assume that g* = gg @ gi with gg ~ C and gi simple.
If g = sl(m|m—3) with m > 4, then there are no non—collapsing conformal
levels. In other cases the non—collapsing conformal levels are

(1) k=—2n" ifg = sl(m|m+1) (m >2), and g = sl(m|m—1) (m > 3);



15

(2) k=—2n" and k = —hVQ_l in all other cases.

(IT1). Assume that g* = S_, gE with gi ~ sl(2) and r > 2. Ifg =
osp(n+5|n) withn > 2 or g = D(2,1;a) with a = %, —%, —%, then there are
no non—collapsing conformal levels. In the other cases the non—collapsing

conformal levels are
(1) k = _hvg_l ng = D(2,1,a) (a ¢ {%7_%7_%})} g = OSp(TL + 8|’I’L)
(n=>0), g=osp(n+2n) (n=2), g=osp(n—4n) (n =8);
(2) k= —%hv ifg=osp(n+7n) n>0), g=osp(n+1n) (n >4);

(3) k=—2n" and k = —hVQ_l in all other cases.

It is important to observe that, if k£ is a conformal level, we have the
following identification of the Zhu algebra of Wy(g,0).

Proposition 4.3. Assume that k is a conformal non-collapsing level. Let
J be any proper ideal in Wk(g, ) which contains w — wgyg. Then there is a
surjective homomorphism of associative algebras

AVE(gh) — AW (g.0)/).
In particular, A(Wy(g,0)) is isomorphic to a certain quotient of U(g?).

Proof. Recall first that if a vertex algebra V' is strongly generated by the set
S C V, then Zhu's algebra A(V) is generated by the set {[a], a € S} (cf. [1]

Proposition 2.5], [I7]). Since W¥(g,0)/J is strongly generated by the set
{61, wegpyu{Jt e g,
we have that A(W¥(g,0)/J) is generated by the set
{61, we gyt V{1, o € g}

On the other hand, since G} = Gi"} o1 € O(W*(g,0)/J), we have
(G = 0in A(W¥(g,0)/T) for every u € g_1/2- Therefore, A(W*(g,60)/7)
is only generated by the set {[J1*}], = € g'}. This gives a surjective homo-
morphism A(VF(g")) = U(g?) — A(WF(g,0)/7). O

We should also mention that a conjectural generalization of our results
to conformal embeddings of affine vertex algebras into more general W-—
algebras have been recently proposed by T. Creutzig in [15].

5. SOME RESULTS ON ADMISSIBLE AFFINE VERTEX ALGEBRAS

Assume g is a simple Lie superalgebra. Let OF be the category of g-
modules from the category O of level k. Let K L* be the subcategory of OF
consisting of modules on which g acts locally finitely. Note that modules
from K L* are V¥(g)-modules. Moreover, every irreducible module M from
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K L has finite-dimensional weight spaces with respect to (wyg)o and admits
the following Z>—gradation:

nEZZO

(cf. [34]; such modules are usually called ordinary modules in the the ter-
minology of vertex operator algebra theory [20]). The graded component
M (0) is usually called the lowest graded component.

5.1. Fusion rules for certain affine vertex algebras. The classification
of irreducible modules in the category OF for affine vertex algebras Vj(g) at
admissible levels was conjectured in [5] and proved by Arakawa in [12]. We
need the classification result in the subcategory K L* of the category OF.

Definition 5.1. We define K Lj to be the category of all modules M in
K L* which are Vj,(g)-modules.

The classification of irreducible modules in the category K Lj coincides
with the classification of irreducible Vj(g)-modules having finite-dimensional
weight spaces with respect to (wiyg)o [B], [12].

We restrict our attention to g = sl(n) with (-|-) the trace form. We choose
a set of positive roots for g and let w; € h* (i = 1,...,n — 1) denote the
corresponding fundamental weights. Set A; = Ag 4+ w;. Recall from the
definition of fusion rules.

Proposition 5.1. Let k= % —-n,n>2.

(1) The set
(5.1) {le(2n—2) (kAo +Ai) [1=0,...,2n — 3}
provides a complete list of irreducible Vi11(sl(2n — 2))-modules in the cate-
gory KLj4q.

(2) The following fusion rule holds in K Lyy:
Lyian—2)(kAo + Aiy) X Lgan—2)(kAo + Aiy) = Lgan—2) (kAo + Aiy)

where 0 < iy,i9,13 < 2n — 3 are such that iy +is = i3 mod(2n — 2).
In particular, the modules in (B.1l) are simple currents in the category
KLy

Proof. First we notice that the set of admissible weights of level k£ + 1 which
are dominant with respect to sl(2n —2) is {kAg + A; | i = 0,...,2n — 3}.
Now assertion (1) follows from the main result from [12].

Assertion (2) follows from (1) and the fact that the tensor product

Vii(an—2)(wiy) @ Viyan—2)(wiy)
contains a component Vi (9, _9)(wis) if and only if i1 +i2 = i3 mod (2n —
2). O

The proof of the following result is completely analogous to the proof of
Proposition (.11
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Proposition 5.2. Let k = %(n —2)¢7Z. Then
(1) The set

(52) {le(n)(_(k + 2)A0 + AZ) | t=0,...,n— 1}
provides a complete list of irreducible V_j_1(sl(n))-modules in the category

KL_;_4.
(2) The following fusion rules hold in KL_j_q:

Ly (—=(k+2)Ao+ Ay ) X Lggny(—(E+2)Ao+Aiy) = Lgggn)(—(k+2)Ao+Asy)

where 0 < i1,12,i3 < n — 1 are such that iy +i2 = i3 mod (n).
In particular, the modules in (5.2)) are simple currents in the category
KL_j_q.

Remark 5.2. It is also interesting to notice that the fusion algebra gener-
ated by irreducible modules for V3 /5_,,(sl(2n —2)) in the category K Ls/s_,,
(resp. for V_L:;l(sl(n)) in the category KL_%) is isomorphic to the
fusion algebra for the rational affine vertex algebra Vj(sl(2n — 2)) (resp.
Vi(sl(n))). Moreover, all irreducible modules in the K Lj category for these
vertex algebras are simple currents.

5.2. The vertex algebra Vj(sl(2)). Recall that a level & is called admis-
sible if kAg is abmissible. If g = si(2) then k is admissible if and only if
k+2= %, p,q €N, (p,q) =1, p>2[32]. Let e, h, f be the usual Chevalley

generators for sl(2).

Theorem 5.3. Assume that k = % — 2 is an admissible level for S/l\g Then
we have:

(1) [32, Corollary 1]. The mazimal ideal in J* in V*(sl(2)) is generated by
a singular vector vy of weight A = (k —2(p — 1))Ao + 2(p — 1)A;.

(2). The ideal J* is simple.

Proof. We provide here a proof of (2) which uses Virasoro vertex algebras
and Hamiltonian reduction. This result can be also proveci\by using embed-
ding diagrams for submodules of the Verma modules for sis.

Assume first that k ¢ Zso. Let VV"(c,,) be the universal Virasoro

(p—q)?

vertex algebra of central charge ¢, , = 1—6 . Then the maximal ideal in

VVir(c, ,) is irreducible and it is generated by a singular vector of conformal
weight (p—1)(g—1) (cf. [24], Theorem 4.2.1). So V'V (¢, ,) contains a unique
ideal which we shall denote by I, ,. Then LY (c,,) = VV(c, )/ Lpq is a
simple vertex algebra.

Recall that by quantum Hamiltonian reduction

Wk(s1(2),0) = VYV (e, ).

Let Hy; be the corresponding functor (denoted in [I1] by H f? +0), which

maps V¥(sl(2))-modules to V'V (¢, ,)-modules. Assume that I is a non-
trivial, proper ideal in V¥(sl(2)). By using the main result of [I1], we get
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that Hy;(I) # 0, Hy;(I) # VV"(cpq). So Hyi(I) = I, Since the
functor Hy ;- is exact, we get that

HVir(Vk(Sl@))/I) = Vwr(cp,q,o)/lp,q = LWT(Cp,q)-

By using again the exactness and non-triviality result of the functor Hy;,
we conclude that V*(sl(2))/I is simple. So I is the maximal ideal.

If k € Z>0, then the maximal ideal is J* = V¥(sl(2)) - (e(_1))**'1 and we
have

Hyir(J7) = WH(s1(2),0) = VY7 (cpsa1) = LV (chsa1).-

Since Hy,(J*) is irreducible, the properties of the functor Hy;, imply that
J¥ is a simple ideal. O

It follows from [24], Theorem 9.1.2, that, if g is a simple Lie algebra
different from sl(2), then the maximal ideal in V¥(g) is either zero or it is
not simple.

5.2.1. Representation theory of V_;5(sl(2)). We now recall some known

facts on the representation theory of the vertex algebra V_; s(sl(2)) (cf.
[5] and Theorem B.3)).

We first fix notation. Let Lg2)(A) be a highest weight V—12(51(2))-
module with highest weight A, and let vy be the corresponding highest weight
vector. Writing A = —1/2A¢ + p with 1 € h*, we let Ng9)()\) denote the
generalized Verma module induced from the simple s/(2)-module Vi (9)(1).

Let wifg) be the Sugawara Virasoro vector for V=1/2(sl(2)). For i € Z>g
we define the following weights:

A\ = —(i + 1/2)A0 + 1A = —1/2A0 + iw1.

Then one has:
(1). The maximal ideal of V~1/2(sl(2)) is generated by the singular vector
vy, € V™12(51(2)) of weight As. In particular,

Voa(sl(2) = V2(s1(2) JV 12 (51(2)) - o,
Moreover V~1/2(sl(2)) - vy, is simple.
(2). There is a singular vector vy, € Ng9)(A1) of weight A3 such that
L(A\1) = Ny (M) /VT2(s1(2)) - vp,.
Moreover V~=1/2(sl(2)) - vy, is simple.
(3). Lg2)(Xi), i = 0,1, are irreducible V_; /5(sl(2))-modules.
Every V_; 5(sl(2))-module from the category KL _ 1is completely reducible
and isomorphic to a direct sum of certain copies of Lg2)(A:), i =0, 1.

(4). The following fusion rule holds in K L_1:

(5.3) Lyg2)(M1) X Lgey(A1) = V_q2(sl(2)).

N
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This fusion rule follows from the tensor product decomposition
Vi) (w1) @ Vo) (wi) = Vi) (2w1) + Viy2) (0)

and the classification of irreducible modules for V_; /5(sl(2))-modules from
[5]). In particular, we only need to note that L 2)(A2) is not a V_; 9(sl(2))-
module.

6. SEMISIMPLICITY OF CONFORMAL EMBEDDINGS

The main goal of this section is to give criteria for establishing the simplic-
ity of Vi,(g") together with the semisimplicity of Wy(g,6) as a Vi (g?)-module
when k£ is a non-collapsing conformal level. We will give two separate cri-
teria: one for the cases when g? has a nontrivial center and another for the
cases when g7 is centerless.

6.1. Semisimplicity with nontrivial center of g’. The next result col-
lects some structural facts proven in [10, Proposition 4.6] describing the
structure of g_;/5 as a g?-module.

Lemma 6.1. Assume that g° is a Lie algebra and gg # {0} (which happens
only for g = sl(n) or g = sl(2|n), n #2). Then
(1) Dim g} = 1/0.
(2) A basis {c} ofgg can be chosen so that the eigenvalues of ad(c) acting
on g_q/2 are £1.
(3) Let U™ (resp. U~ ) be the eigenspace for ad(c)y_, , corresponding
to the eigenvalue 1 (resp. —1). Then g_i/9 = Ut @ U™ with Ut
irreducible finite dimensional mutually contragredient g?-modules.

By ([3.7) and the above Lemma, J({Oc)} defines a Z-gradation on Wy(g,6):

Wi(g,0) = D Wi(e.0)?, Wi, 0)D = {v € Wi(s.0) | Ji}v = iv}.

Recall that a primitive vector in a module M for an affine vertex algebra
is a vector that is singular in some subquotient of M.

In light of Lemma [6.I], we have that, in the Grothendieck group of finite
dimensional representations of gh, we can write

UreU™ =V(0)+ > V().
v; #0

Theorem 6.2. Assume that the embedding of Vi.(g%) in Wi(g,0) is confor-
mal and that Wi,(g)*) does not contain Vy(g")-primitive vectors of weight
7
Then Wi(g)® = Vi(g"), Vi(gh) is a simple affine vertex algebra and
Wi(g,0)® are simple Vi, (g%)-modules.
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Proof. Let UF = span(Gt | w € UF). Let A* = Vi (g") - U*. We claim
that

(6.1) A AT C V(gh).

To check this, it is enough to check for all n € Z, u € U™, and v € U™,
that G{“}(n)G{”} € Vi(g%). Assume that this is not the case. Then we

can choose n maximal such that there are v € UT, v € U~ such that
G{“}(H)G{”} ¢ Vi(g"). Since the map

¢ Ut QU™ — Wilg)/Ve(e®), ¢:u@v GG +V(gh)

is gl-equivariant, we can choose a weight vector w = Su;@v; € Ut @
U~ of weight v such that ¢(w) is a highest weight vector in ¢(UT @ U™).
Since, by maximality of n, ¢(w) is singular for Vj(g?), we have that y =
> G{“i}(n)G{”i} is primitive in Wy(g, @) so, by our hypothesis, v = 0. Since
the embedding is conformal, y is an eigenvector for w;ug and since ¢(w)
is singular for Vi (g?) of weight 0, we see that its eigenvalue is zero. Since
the embedding is conformal we have that y has conformal weight zero in
Wi(g,0) so y € C1 C Vi(g?), a contradiction.
Since the embedding is conformal, Wy(g,0) is strongly generated by

Span{J{“} | a€ gu} +UT+U.

It follows that Wy (g,#)©® is contained in the sum of all fusion products of
type A - Ag - ... A, with A4; € {A+, A=, V;(g")} such that
il Ai=AT)=g{i| A=A}

By the associativity of fusion products, we see that (GII) implies that A; -

Ay ... A C Vilgh), so Wi(g,0)© = Vi(gh). Tt follows that Vi(g?) is a
simple affine vertex algebra and Wy (g, 8)® is a simple V. (g?)-module for all
i. O

If V(u), p € (h%)*, is an irreducible gi-module, then we can write

(6.2) V() =) Ve (),

jel
h
J
(with respect to the positive system induced by the choice of positive roots
for g).

where ng (/) is an irreducible gg-module. Let ,06 be the Weyl vector in g
J

Corollary 6.3. If the embedding of Vi.(g%) in Wi(g,0) is conformal and,
for each irreducible subquotient V (1) with pu # 0 of the g'-module Ut @ U™,
we have

(1, 1 + 2pf)
(6.3) P L/
i€l ki #0 2(ki + hg;)



21

then Wi(9)© = Vi(g®), Vi(g%) is a simple affine vertex algebra and the
Wi(g,0)® are simple Vi, (g%)-modules.

Proof. In order to apply Theorem 6.2 we need to check that if u # 0 and
V(p) is an irreducible subquotient of U" ® U™, then there is no primitive
vector v in Wy(g,0)® with weight p. Since the embedding is conformal,

Sug acts dlagonally on Wy(g,0). In particular, we can assume that v is an
eigenvector for wy, . Let N C M C W;,(g,0) be submodules such that v+ N

is a singular vector in M/N. Then v + N is an eigenvector for the action

(11 +2ph)

of wy,, on M/N and the corresponding eigenvalue is > i ;g SaThy)

It follows that the eigenvalue for wy,, acting on v is >/ 0,k £0 %-

It is easy to check that the conformal weights of elements in Wy(g, 9)( ) are
positive integers hence, since w},, = w, Y ;_ —0,ki£0 W;ufm must be in Z,
a contradiction. O

We now apply Corollary to the cases where g% is a basic Lie super-
algebra with nontrivial center. These can be read off from Tables 1-3 and
correspond to taking g = sl(n) (n > 3), g = sl(2|n) (n > 1, n # 2) or
g = sl(m|n) (n #m > 2).

Theorem 6.4. Assume that we are in the following cases of conformal
embedding of Vi(g%) into Wi (g, 0).

n— hY—1.
(1) g =sl(n), n >4, conformal level k = —"5= = — 25— ;
(2) g =sl(n), n>5, n# 6, conformal level k = —27" = —%;
n—1 hY—1.
(3) g =sl(2[n) , n >4, conformal level k = "5~ = o
(4) g = sl(2|n), n > 3, conformal level k = 2("3_2) = —%.
(5) g = sl(m|n), m > 2 m # n+3,n+2,nn—1, conformal level
k= n= m+1 — _h’=
2
(6) g = sl(m\n) m > 2 m # n+6,n+4,n+ 2,n, conformal level
k= 2(n—m) _ _E
3

Then Vi(g?) is a simple affine vertex algebra and Wi (g,0)" is an irre-
ducible Vy(g")-module for every i € Z. In particular, Wy(g,0) is a semisim-
ple Vi.(g%)-module.

Proof. We verify that the assumptions of Corollary hold. In cases ()
and @), g* ~ gl(n — 2) = CId @ sl(n — 2), hence gg ~ C and gi ~ sl(n —
2). Moreover Ut = C™ and U~ = (C")*. The tensor product UT @ U~
decomposes as V' (0) @ V() with

:uo = 07 ,ul = w1 + Wp—3.

Moreover kg =k + hY/2# 0 and k1 = k+ 1 # 0. Since
1

i (MM+2P0 Z pht+20)  n—2

0t (kl+h - 2(ki + hy ) n+k—1
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we see that (€3] holds in cases () and (2I).

In cases (@) and @), g* ~ gl(n) = CId @ sl(n), hence gg ~ C and gi =
sl(n). Moreover Ut = C™ and U~ = (C™)*. The tensor product UT @ U~
decomposes as V(0) & V(u) with

:uo 207 ,ul = w1 + Wp—1.
Moreover kg =k + hY/2#0 and k1 = k+ 1 # 0. Since
r i i Looi i i
3 (', 1" + 2pp) :Z(u,u +20) __n
2(ki + hy ;) 2(ki +hg;)  ntk

i=0,k;#0 =0
we see that (@3] holds in cases [B]) and (@).
In cases (B) and (B) we have g? ~ gl(m — 2|n) = CId® sl(m — 2|n) (recall
that we are assuming m # n + 2), hence gg ~ C and gi = sl(m — 2|n).
Moreover Ut = C™=2I" and U~ = (C™"I")*. Then, as gi-modules

Ut ®@U™ ~sl(m—2|n) @ C.

With notation as in [25], choose {e; — &1, 91 —d2,...,0n—1 — Opn, O — €2, ...,
€m—1 — €m} as simple roots for g, so that the highest root is even. The
set of positive roots induced on g? has as simple roots {61 — 09, ...,0n—1 —
OnyOp — €2, ... €m—2 — €m—1}. Then we have pg = 0,41 = 01 — €,—1. Since
2p8)1 = —nlea+ ...+ €em1)+ (M —2)(01 +...+ ), 2(p})o = (m — 3)e2 +
(m—5)63+~'+(3—m)em_1+(n—1)51+(n—3)52+'~+(1—n)6n, we
have that

(01— €m-1,200) =—n+1+m+2—-B-m)—n=2m—n-—2).

In case (@), we have k = —hVQ_l. Then ki + hy, = m=t=L and (p, p +
2,05) = (61 — €m—1, 2,05) = 2(m — n — 2). Therefore

(o +20) _ym—n—2 1

= =2(1—
2(k1 + hy;) e )

m—-—n-—1

which is not an integer unless m =n+3,n+2,n,n — 1.
In case (@), we have k = —%hv. Then ki + hy, = m‘é‘—?’ and

204 —n—2 1
(Nlaﬂl +Vp0) — m n _ 3(1 +
2(k1 + hg 1) m—n-—3 m—n—3

which not an integer unless m =n+6,n +4,n + 2,n.

)

In Section 8 we will discuss explicit decompositions for some occurrences
of cases () and (@) of Theorem [6.4] exploiting the fact that some of the

levels k; may be admissible for Vi, (gE) We shall determine explicitly the
decomposition of Wy(g,8) as a module for this admissible vertex algebra.

We now list the cases which are not covered by Theorem Recall that,
if g = sl(m|n), then we excluded the case m = n + 2 from the beginning
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while the case m = n had to be excluded because g = sl(n|n) is not simple.
The remaining cases are

1) sl(n —1|n), k = 1;

2) sl(n+3n)n>0,k=—1;

3) slin+4|n), k=-5%;

4) sl(n +6|n), k = —4;

5) sl(2]1) = spo(2]2), k = —2.

If g=sl(n—1|n) and k = 1 then k + 1Y = 0, so we have to exclude this
case.

By Theorem 3.3 of [10] (stated in this paper as Proposition [{1]), k = —1
is a collapsing level for g = sl(n + 3|n). It follows that W_;(sl(n + 3|n)) =
V_1(gl(n+1|n)). If n = 0, we obtain W_;(sl(3)) = V_1(gl(1)), which is the
Heisenberg vertex algebra V% (Ce).

(
(
(
(
(

In the case g = sl(2|1), k = —%, Wj,(g,0) is the simple N = 2 supercon-
formal vertex algebra VN=2 (cf. [28], [30], [2]) with central charge ¢ = 1.
In this case Vi(gl(1)) is the Heisenberg vertex algebra M(—2), so we have
conformal embedding of M (—%) into Wy(g,0). It is well-known that VV=2
admits the free-field realization as the lattice vertex algebra Fj. Using this
realization we see that each Wj(g,0)® is an irreducible M (—2)-module.

Case (3) with n = 0 is of special interest: it turns out that Wi(g, ) is
isomorphic to the vertex algebra R(®) introduced in [3]. This will require a
thoughtful discussion which will be performed in Section [l There we will
prove the following

Theorem 6.5. Let g be of type As with k = —%. Then, for all i € 7,
Wi(9,0) is an infinite sum of irreducible Vi (gl(2))-modules.

Remark 6.1. The only remaining open case is g of type As with kK = —4.
It is surprising that this case (possibly) and the case discussed in Theorem
are the only instances of conformal embeddings into Wy(g,6) where
Wi (g,0)® is not a finite sum of irreducible Vi (g?)-modules.

6.2. Finite decomposition when g’ has trivial center. Recall that
Wi(g,0) is a %Zzo-graded vertex algebra by conformal weight. It admits
the following natural Zs-gradation

Wi(g,0) = Wi(g,6)° & Wi(g,6)*,

where )
Wi(9.0)" = {v € Wi(g.0) | A, €i/2+ Z}.

Similarly to what we have done in Section [6.I] we start by developing a
criterion for checking when V(g% = Wi(g,0)", so that Vi(g%) is a simple
affine vertex algebra, and Wj(g,#)! is an irreducible Vi(g?)-module. In
particular, in these cases, we have a finite decomposition of Wy(g,0) as a
Vi.(g%)-module.
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One checks, browsing Tables 1-3, that when g’ has trivial center, then
g_1/2 is an irreducible g?-module. Then, in the Grothendieck group of finite

dimensional representations of gu, we can write

g-1/2®9-172=V(0) + Z V(vi).
v; #0
Theorem 6.6. Assume that the embedding of Vi(g*) in Wi(g,0) is con-
formal and that Wi,(g)° does not contain Vi, (g?)-primitive vectors of weight
Vj. B
Then Wi(9)? = Vi(g"), Vi(g°) is a simple affine vertex algebra, and
Wi(g,0)" is a simple Vy(g?)-module.

Proof. Let U = span{G{"} | u € g_1/2) Let A= Vi(g?) - U. Arguing as in
the proof of Theorem 6.2, we have

(6.4) A-AcCVi(gh).

From (6.4) we obtain that Vj(g?) + A is a vertex subalgebra of W;(g, 6).
Since the embedding is conformal, Wy(g, ) is strongly generated by

span(J1 | a € gf) + U,
hence Vi (g%) + A contains a set of generators for Wy(g,0). Tt follows that
Wi(g,0) = Vi(e®) + A, Wi(0,0)" = Ve(g"), Wi(0,0)" = Va(e") - U,

The statement now follows by a simple application of quantum Galois
theory, for the cyclic group of order 2. O

The same argument of Corollary [6.3] provides a numerical criterion for a fi-
nite decomposition, actually, for a decomposition in a sum of two irreducible
submodules:

Corollary 6.7. If the embedding of Vi(g%) in Wi(g,0) is conformal and,
for any irreducible subquotient V(1) of 9_1/9 ® §_1/2 with p # 0, we have

(see €2))

(it 2p))
(6.5) Yoo e,
im0 kit o)

then Wi(9)° = Vi(g9), Vi(g?) is a simple affine vertex algebra and Wi(g,0)!
is an irreducible Vi,(g?)-module.

We now apply Corollary to the cases where g7 is a basic Lie super-
algebra. These can be read off from Tables 1-2 and correspond to taking
g=so(n) (n=>17),g=sp(n) (n>4), g=psl(22), g = spo(2jm) (m > 3),
g = osp(4Im) (m > 1), g = psi(m|m) (m > 2), g = spo(m|n) (n > 4),
g = osp(m|n) (m > 5) or g of the following exceptional types: Ga, Fy, Fg,
E7, Eg, F(4)7 G(3)7 D(Za 1;&).
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Theorem 6.8. Assume that we are in the following cases of conformal
embedding of Vi(g?) into Wy(g,0):
(1) g =so(n) (n > 8, n#11), g = osp(4|n) (n > 2), g = osp(m|n)
(m>5m#n+r,re{-1,234,67,811}) or g is of type Ga,
Fy Eg, Br, By, F(4) and k = —"21.
(2) g = sp(n)(n > 6), g = spo(2lm) (m > 3, m # 4), g = spo(n|m)
m>4, m#n+2,nn—2n—4) and k = —%hv.

Then Wi(g,0), i = 0,1, are irreducible Vi(g")-modules

Proof. We shall show case-by-case that the numerical criterion of Corollary
holds. We start by listing all cases explicitly.

(1) gis of type Dy, n > 5, k;:—hv2—1 =3 —n

(2) gis of type By, n >4, n#5, k= —1=L =1 n;
(3) g is of type G, k= 15 = =3/,
(4) g is of type Fy, k = _hV2—1 — 4
(5) g is of type Eg, k = — 2 —L — _11/2;
(6) g is of type Er, k = _hv2 L= _17/2;
(7) g is of type Eg, k = % — —29/2;
(8) 9= F(4), k= ~"51 =3/2
9) 9—0817(4\271) n>2k=-1=1_n_ 1)
(10) g is of type Cp41, n > 2, k;—_%h :_g(n+2);
(11) g = spo(2|2n), n > 3, k = —=2h" = 2(n — 2);
(12) g =spo(2]2n+1), n > 1, k‘——%h\/: 2(n —3/2);
(13) g—SpO(n|m)n>4 k= — %hV:m :? 2;
h¥Y—1 n—m+3
(14) g = osp(m|n) m > 5, k = —h'=l — nomt3

If V(1) is an irreducible representation of gf, we set

(1", ' + 2p)
h, = LB 2P
H i:%¢0 2(]%’ + h&l)

For each case listed above we give g%, g_; /2, and the decomposition of
9_1/2 ®g_1 /2 in irreducible modules for g%. Then we list all values h,, for all
irreducible components V' (u) of g_; /2®@0g_1/2 With o # 0, showing that they
are not positive integers. We also exhibit the decomposition of Wi(g,0) as
a Vi(g?)-module. In cases ([3)(I4) we will use the usual € — ¢ notation for
roots in Lie superalgebras explained e.g. in [25].

Case (): g of Type Ay X D, _o, g-1/2 = Va,(w1) ® Vp, ,(w1)

9-1/2®0-1/2
= (Va, (2w1) + V4,(0)) @ (Vp,,_,(0) + Vb, ,(w2) + Vp,,_,(2w1)).
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Values of h,’s:

how 0 =5, how _An— 12 0,2w _dn—#
vy 2 2n—57 T 2n -5’
h2w1w2:é+4n—12 howr :é+4n—8'
’ 3 2n—-5’ VLT3 2n -5
These values are non-integral for n > 5.
Decomposition:

Wi(Dn) = La; (—380) ® Lp, ,((5 = n)Ao)
® La, (—3A0 + A1) © Lp, (3 —n)Ao + Au).
Case [@): g° of Type A; x B,_s, g-1/2 = Va, (w1) ® Vig,_,(w1)

9-1/2®9-1/2
= (VA1 (2w1) + VA1 (0)) @ (Vanz (O) + Vanz (w2) + Vanz (2W1))'

Values of h,’s:

howi 0 =3, 0w, = %7 ho2u, = %7
o :é+2n—5 How 2 :é+2n—3.
e T - N )
These values are non-integral for n > 4, n # 5.
Decomposition:

Wi(By) = La, (—3M0) ® L, _,((3 — n)A)
@ La, (—3M+ A1) ®Lp, ,((2—n)Ao+ Ay).
Case [@): g' of Type Ay, g-1/2 = Va, (3w1),
0-1/2 @ g_1/2 = Va, (6w1) + Va, (dw1) + Va, (2w1) + Va, (0).
Values of h,’s:
B, = %z’(z’ Y1 EZ (1=1,2,3).
Decomposition:

1 5
Wi(Ge) = LA1(§A0) @ LAl(—§A0 + 3A1).

Case {@): g* of Type C3, g_1/2 = Vi (ws)
9172 ®@08_172 = Vi (0) + Vioy (2w1) + Vi (2w3).

Values of h,’s:

8 18
h2w1 = 57 h2w3 = g

Decomposition:

3 5
Wi(Fy) = LCS(_iAO) @ ch(—§A0 + A3).
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Case [): g of Type As, g-1/2 = Vaz(ws3)
9_12®0_1/2 = Va5 (0) + Vag (w1 + ws) + Vag(we + wg) + Vg (2ws).
Values of h,,’s:

12 20 24
hw1+w5 — 77 hw2+w4 — 77 h2w3 - 7

Decomposition:
5 7
Wi (Ee) = LA5(—§A0) ® LA5(_§A0 + As).

Case ([@): g° of Type D, g-1/2 = Vpg(we)
9-1/2®0-172 = Vg (0) + Vg (w2) + Vpg(wa) + Vi, (2w).

Values of h,’s:

36 32 20

= 77 hw4:ﬁ7 wz_ﬁ'

h2w6 11 )

Decomposition:
9 11
Wk(E7) = LDG(_§A0) D LDG(_EAO + AG).

Case ([): g* of Type Er, 9-1/2 = Vi, (wr)
9-1/2® 8172 = VE.(0) + Vg, (w1) + VE, (we) + Ve, (2w7).

Values of h,’s:
60 56 36

h2w7:1_97 hws :E7 w1 —E

Decomposition:
17 19
Wk(Eg) = LE7(—7A0) D LE7(—?A0 + A7).

Case [®): g* of Type Bs, 9-1/2 = Vi, (ws3)
9-1/2®9-1/2
= VB, (w3) ® VB, (w3) = VB, (2ws) + VB, (w2) + Vi, (wi) + VB, (0).
Values of h,’s:

24 20 12
77 th = 77 hwl = =

h2w3 = 7 )
which are not integers. Decomposition
13 17
Wi(F(4)) = Lps (= A0) @ Ly (= Ao + As).

Case ([@): g% of Type A1 x Cp, g_1/9 = Va, (w1) ® Ve, (w1)

9-1/2®09-1/2
= (Va, (2w1) + V4, (0)) @ (Ve (0) + Ve, (w2) + Ve, (2w1)).
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Values of h,’s:

4in dn 44

how 0= =0 hows = ——, hoou = ———
2w1,0 37 0,w2 2n+17 0,2w1 2n+17

L _%_'_ 4n L _4+4n+4
onwr Ty Moy TR T g Ton g1

which are not integers if n > 2.
Decomposition:

1 2n+3
Wi(osp(4|2n)) = La,(—5M0) ® Le, (—
2 4

3
® Lay (=580 + A1) ® Le, (=
Case (I0): g* of Type C, g-12=Vg, (w1),

912 ®08-1/2 = Ve, (2w1) + Ve, (w2) + Ve, (0).

Values of h,’s:

Ao)
2n+7

Ao + Aq).

6(n+1) _ 6n
n+17 2 2n 41’
For n > 2 we have that hg,, and h,, are non-integral.
Decomposition:

h2w1 -

4dn +5 In + 11
Ao) ® Le, (—

Case () g° of Type Dy, g_1/2 = Vp, (w1),
9-12®8-1/2=Vp,(0) ® Vp, (2w1) ® Vp, (w2).

Values of h,’s:

A(] + Al)

3 3
how, = — hy,=3-— :
20 =3 g T e =309
These values are non-integral for n > 3.
Decomposition:
in —5H in — 2
Wi(spo(2|2n)) = Lp, (— Ao) @ Lp, (— Ao + Ay).

Vp, (w1) ifn>2

C . g% of Type By, g_1/9 = ;
ase ([2): g of Type By, g-1/2 {VA1(2w1) =1

VB,(0) ® Vg, (2w1) ® VB, (w2) ifn>2
9-1208-1/2= _ .
Va,(0) ® Vy, (2w1) & Va, (dwy) ifn=1

Values of h,’s:

3 3
howy =3+ 5 hay =3 5

These values are non-integral for n > 1.
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Decomposition:

4
Wi (spo(22n + 1)) = Lg, (——

3A0) @ LBn(—Z%nAO + Aq),
and for n =1
Wi(5p0(213)) = L, (~380) & La, (~5 8o +2A1)
Case (I3) g° = spo(n — 2|m), g9_1/2 = C"2m. We have
(6.6) g-1/2®g1j2 = S°C" M @ A2CEM

As gl-module, the first summand in the r.h.s. of (6.0) is the adjoint rep-
resentation of g° (which is irreducible, since g? is simple), and the second
summand in the sum of a trivial representation and an irreducible summand.
Fix in g the distinguished set of positive roots llp if m is odd and IIpy if m
is even (notation as in [25, 4.4]). This choice induces on g% a distinguished
set of positive roots and, with respect to it, the nonzero highest weights of
the irreducible g*-modules appearing in (6.6)) are 283, d2 + d3. Values of hy’s:

1 1 )

- h -3(1 - ——

n_m_1)7 52“1‘53 3( n_m_l

This values are integers if and only if m =n 4+ 2,n,n —2,n — 4.
Case ([[@): g% = osp(m — 4|n) @ sl(2), g_1/2 = Cm4" ® C2. We have

(6.7) g 12 @9 12 = (NC"Un @ S2Cm~I") ® (s1(2) @ C).

As osp(m — 4|n)-modules, A2C™4" is the adjoint representation (which is
irreducible, since osp(m — 4|n) is simple), and S2C™ 4" is the sum of a
trivial representation and an irreducible summand. If m = 2t + 1 is odd, we
fix in g the set of positive roots corresponding to the diagram [25 (4.20)]
with a4 odd isotropic, the short root odd non-isotropic, and the other roots
even. If m is even we choose the set of positive roots corpsonding to the
diagram IIpo of [25]. With respect to the induced set of positive roots for
osp(m — 4|n) the highest weight of A2C™ 4" is e3 + ¢4 and the highest
weight of the nontrivial irreducible component of S2C™~4" is 2¢5. The
highest weight of sl(2) is €; — 2. Values of h),’s:

10 2 10 2
h263751—52 = ? ) h63+64,€1—62 - ? -

h252 = 3(1 +

)

m-—mn-—>5

1 4
— 5)7 h53+€470 = 2(1 - m—nm — 5)7 hO,el—Ez = 3

This values are not in Z, for m, n in the range showed in the statement. [

m—-—n-—>5

haes,0 = 2(1 + ——

We now list the cases that are not covered by Corollary We list here
only the cases Where there is a non-collapsing conformal level as described
in Proposition [£.2

()goftypeG()y =
(2) g=D(2,1;a) (a {

9

MI»—A#ICH
DO~

-3, k=
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(3) g =psl(2)2),k = 3;

(4) g = spo(m +r|m), (m >4, r € {0,2}), k= —7’—‘52;
(5) g =osp(n+rln), (r € {-1,3,4,6,8,11}), k = 3;’;
(6) g =osp(m|n), k= ?,}(n —m+2);

(7) g= F(4)7 k= —1;

(8) g=G(3), k= —3.

Sometimes Wi(g, ) still decomposes finitely as a Vj(g?)-module. More ex-
plicitly, we have the following result:

Theorem 6.9. V,(g%) zs a simple affine vertex algebra and Wk(g,H)z, =
0,1, are irreducible Vi(g%)-modules in the following cases:

%)
(1) 5= s0(8), k= ~3;
(2) 6=D(21;1) = o5
(3) a = D(2.1:1/4), k

The proof of Theorem requires some representation theory of the
vertex algebra V_j /5(sl(2)).

), k

D=

p(4

2
1
2°

Remark 6.2. Let k = % In the case when %, where a € Q, is an

admissible level for sly we also expect that Wi(g,0) is a finite sum of Vi (g?)-
modules, but the decomposition is more complicated. We think that the
methods developed in [2I] can be applied for this conformal embedding.
Here we shall only consider the cases a = 1 and a = 1/4, where we can
apply fusion rules for affine vertex algebras.

We will prove cases (1), (2), (3) of Theorem [ in Sections B.3.1] 6.3.2)

and [6.3.3] respectively.
The next result shows that in case () above we have an infinite decom-

position:

Theorem 6.10. If g = psi(2[2) and k = 3 then Vi (g°) is simple and Wy(g)
decomposes into an infinite direct sum of irreducible Vi, (g%)-modules.

Proof. In this case Wy(g,0) is isomorphic to the N = 4 superconformal
vertex algebra VV=* with ¢ = —9 (cf. [30]). The explicit realization of this
vertex algebra from [3] gives the result.

Remark 6.3. The remaining open cases are

e g of type G(3), k = %;

®g= D(2,1;a), (a Q {%7_%7_%7 7i})7 k= %;
e g=so(11), k = —4;

e g of type B, (n > 3), k= —%;

e gof type Dy, (n >5), k = -4,

[}

g=osp(4n) (n>2, n#8), k=122
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6.3. Proof of Theorem As in Theorem [6.6] we set
U = span{G | u e g_12 ), A= Ve(a®) - U.
In order to apply Theorem [6.6] we have to prove that
A-ACVi(gh).

We first prove that Vi (g?) is simple and that A is a simple V;(g?)-module.
Since Vi (g") is admissible, we have that A - A is completely reducible [32].
Let A-A = ), M; be its decomposition into simple modules. We have
to show that the only summands appearing are vacuum modules. This is
guaranteed by the fusion rules (5.3]) presented in Subsection (.21l Next we
provide details in each of the three cases.

—

6.3.1. Proof of Theorem [6.9, case (). We claim that, as si(2)-modules,
W_s5/9(s0(8),0) = Lygy2)(—3M0)®* & Ly (—3 A0 + A1)®2.

Recall that in this case g% ~ s1(2) @ sl(2) @ sl(2). Then A is a highest weight
V=12(51(2))®3-module with highest weight vector vy, ® vy, ® vy, .

Assume now that A is not irreducible. Then, as observed in Subsection
B2.T1(2), a quotient of Ny 2)(A1) is either irreducible or it is N9y (A1) itself.
It follows that

A2 Nyy(\) ® Lga) (M) @ Ly (M)

where Esl(g)(/\l) and Esl(2)()\1) are certain quotients of Ngoy(A1) -
Let
W3 = Vy; @ Vy; O Uy, Wy = U(gu)wg C A.
By using tensor product decompositions
Vai(2)(Bwi) @ Vi) (w1) = Vi) (dw1) & V2 (2wn),
Viz)(w1) @ Va)(w1) = Vyy2) (2w1) © Vi) (0),
and arguing as in the proof of Theorem [6.6] we see that U - W3 cannot contain
primitive vectors of conformal weight < 3. Since the conformal weight of
all elements of W3 equals the conformal weight of ws which is % and the
conformal weight of all elements of U is %, we conclude that
Z/[(n)Wg =0 (n > 1).

This implies that w3 is a non-trivial singular vector in W_55(s0(8),0). A
contradiction. Therefore W3 = 0 and A = L(\;)®3.
We will now show that V_j /g(gu) is simple. If not, since a quotient of

V=1/2(s1(2)) is either simple or V~1/2(sl(2)) itself, we have
Vosa(ah) = V2(51(2) @ Voga(s1(2)) © V1 a(s(2)),

where ‘7_1/2(8[(2)) and ‘7_1/2(.9[(2)) are certain quotients of V=1/2(sl(2)).
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Set
wyg =0y, ®1®1, Wy = U(gu)w4 - V_5/2(gu).
By using fusion rules again we see that U(;)Wy = W3 = 0. So wy is a singular
vector in W_5/9(s0(8),0), a contradiction.

Therefore V_5/2(gu) = V_12(s1(2))®3. By using fusion rules (G.3) we
easily get that

V_5/2(8%) & A = V_15(sl(2)®® & L(\)®?
is a vertex subalgebra of W_j5(s0(8),6). Since this subalgebra contains all
generators of W_s 5(s50(8),0), the claim follows. O
6.3.2. Proof of Theorem[6.4, case (2). The proof is similar to case ().
We claim that, as sl(2)-modules,

W1/2(03P(4’2)7 0)

= Ly(2)(—3A0) ® L2)(—2A0) & L) (—3A0 4+ A1) ® Lga)(—FA0 + A1),
Let U, A be as in Subsection [6.311 Then A is a highest weight V; /2(gh)—

module with highest weight vector vy, vy, where \; = —%Ao—FAl. Assume
now that V=1/2(sl(2))uvy, is not simple. Then

A= Nsl(2) ()‘1) ® 2:/sl(2) (5‘1)7

where Zsm)(il) is certain a quotient of Nsl(g)(:\l).
Set
w3 = Vy; & U3, W3 = U(gu)U)g C A.
The same argument of case (1), using fusion rules and evaluation of confor-
mal weights, shows that w3 is a non-trivial singular vector in Wy 5(0sp(4/2),
0), a contradiction. Therefore W3 = 0 and

AL\ ® E(:\l)
Assume next that V=1/2(sl(2)) - 1 is not simple. Then
Via(g®) = V2 (s1(2) © VO 4(s1(2)

where V ~5/4(sl(2)) is a certain quotient of V~%/4(sl(2)).
Set
wy = vy, ®1, Wy = U(g*)ws C V1/2(gu)'
By using fusion rules again we see that U)Wy = W3 = 0. So wy is a singular
vector in Wy 5(0sp(4]2),0). A contradiction.
Therefore Vl/g(gh) = V_1,(sl(2)) ® V—5/4(s1(2)). By using fusion rules
[E3) we easily get that

V1/2(9u) © A =Wy a(0sp(4)2),0).

In particular Vj o (g") is a simple vertex algebra and A is its simple module.
The claim follows. U
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6.3.3. Proof of Theorem[6.9, case ([B]). In case ([B]) we have
W1/2(D(27 1;1/4),0) =
Lg(2)(Ao) ® L2y (—EM0) @ L) (A1) ® Loy (—2 Ao + A1),
and the proof is completely analogous to that of case (2I).

7. THE VERTEX ALGEBRA R} AND PROOF OF THEOREM

In this section we will present an explicit realization of the vertex algebra
Wi (sl(4),6) and prove that it is isomorphic to the vertex algebra R from
[3]. In this way we prove Conjecture 2 from [3]. Then we apply this new

realization to construct explicitly infinitely many singular vectors in each

charge component W(i), proving Theorem [6.5]

7.1. Definition of R®). Let us first recall the definition of the vertex alge-
bra R®) introduced in Section 12 of [3]. Let V7 = M(1) ® C[L] be the gen-
eralized lattice vertex algebra (cf. [I4], [I8]) associated to the (non-integral)
lattice

L=Za+ 7B+ 7+ Zp,
with non-zero inner products

(aa)=—(8,8) =1, (6,6) =—(p,p) = g

Set oy = a+ 3, as = 3(6+ ), az = 3(6 — ), and
D =7Zay + Zag + Zas.
Then D is an even integral lattice. We choose a bi-multiplicative 2-cocycle
€ such that for every 1,7 € D we have
e(,72)e(r2, ) = (1)),
We fix the following choice of the cocycle:
elar, ;) = e(ay, 1) =e(ag, ) =1 (1 =1,2,3)
e(az, a3) = —€(a3,02) = 1.
This cocycle can be extended to a 2-cocyle on L by bimultiplicativity. Then
we have
ela+—30,a3) =c(a; —ag — az,a3) =1,
ela+ P —30,a0) =e(ag — ag —ag,az) = —1.
Let C.[D] be the twisted group algebra associated to the lattice D and
cocycle e. We consider the lattice type vertex algebra
V5T = M(1) ® Ce[D],
which is realized as a vertex subalgebra of Vz. (Note that V5™ contains
the complete Heisenberg vertex subalgebra M (1) of V7, and that the lattice

D has three generators.) All calculations below will be done in this vertex
algebra.
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For v € D we define the following elements of the Heisenberg vertex
algebra M (1):

1 1
Sa(v) = 5 ((v=1)? + =2, S3(0) = (7 1y + 3v—n)V—2) + 2v(=3))-

2 6
First we recall that the vertex subalgebra V of V5™, generated by
(7.1) e = eth,
h = =28+,
_ 2, 5 5 1 —a—f
fo= (=3l taey) —acnden + gaenhi-n)e™ ",

J = %
is an affine vertex algebra. More precisely, it is isomorphic to M,(—2/3) ®
V_5/3(s1(2)) (Note that k = —5/3 is a generic level, i.e. V_53(sl(2)) =
V=3/3(s1(2)), cf. [24]).
Let @Q = e(()g)rﬁ_?’é be the screening operator (cf. [3]). Note that @ is
a derivation of the vertex algebra V5. We also have that the Sugawara

Virasoro vector w;)ug of V maps to

1 3
<§(a%_l) — gy — 5(2_1) + B—9)) + 1(5%—1) —20(—g) — "D%—l))> L

We define R®) to be the vertex subalgebra of V5" generated by the gener-
ators of V and the following four even vectors of conformal weight 3/2:

E' = e%(5+<ﬁ)7

B2 = Qe%((S—SD) — 52(04 o 35)6—%(5+¢)+a+57
3

F' = foF = —arye 777200,

F? = foE?=(—o_S —38)+ S _ 35))e20+%)
= fo b= (—aS(a+p )+ S3(a+ ))e .

The vertex algebra R(3) satisfies the following properties:
e RO is integrable, as a module over sl(2).
e R®) has finite-dimensional weight spaces with respect to (w;)ug)o.
The conformal weights lie in %ZZO.

e R) is contained in the following subalgebra of V5
M ®11(0),
where M is the Weyl vertex algebra (i.e., the algebra of symplectic
bosons [28]) generated by

a=e"t? q* em o h

RS
and II(0) is the "half-lattice” vertex algebra

11(0) = M;,,(1) @ C[z 22+e))

9
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containing the Heisenberg vertex algebra M; (1) generated by ¢ and
e (cf. B]).

Let (M ®T1(0))™ denote the maximal sl(2)-integrable submodule of M ®
I1(0). It is clear that it is a vertex subalgebra of M © II(0).
We shall prove the following result.

Theorem 7.1.

(1) There is a vertez algebra homomorphism W¥(sl(4),0) — R(
(2) R®) is a simple vertex algebra, i.e, Wy (sl(4),0) = R®).

(3) RO = (M o TI(0))™.

3)‘

Remark 7.1. Theorem [[I] gives a positive answer to Conjecture 2 from [3].
The representation theory of R(®) for p > 3 and its relation with Cs-cofinite
vertex algebras appearing in LCFT (such as triplet vertex algebras) will be
studied in [4].

7.2. M-brackets for R®).

Proposition 7.2. We have the following A-brackets:

[E'A\E'] = [F'aF]=0 (i=1,2),
[E'\E?] = 3(de+3:je:)+6Ae,
[F'AF?] = —3(0f +3:jf:)—6Af,
[El)\Fl] = 07
1
[EZ\F?] = —3(wh,+ 5(0h+3:jh: =6 jj: —50])))
+3X(=h + 57) + 5A?,
1
[E°\F'] = =3(wk,+ 5(Oh =3 : jh: =6 jj : +50])))
—3\(h + 5j) + 52,
[E%\F? = 0.

Proof. The proof uses the standard computations in lattice vertex algebras
[28]. Let us discuss the calculation of [E')F?] and of [E?)F].
For [E')\F?], the only difficult part is to compute El(o) F?. We have

E'oF? = 10,
El(l)F2 = —h+5p=—h+5j,
EI(O)F2 = —904(_1)(5 + ) — Sa(_l)(a + B — 30),

+1052(%(5 +¢))1+ 9(0[(_1) + 5(_1) — 35(_1))(5 + )
+3S2(a + B —30)1
= —3(Wsug + 1/2(h(—a) + 31y h(—1) — 6971y — 5p(—2))1)-
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For the calculation of [E?,F'], we shall use the fact that @ is a derivation
in the lattice vertex algebra Vp. Set

' = 309

F 3
F2 = QFl = —(—Oz(_l)SQ(Oé + 38— 35) + 5’3(@ + 8- 35))6_2(6_<p),

Note that the minus sign in front of the r.h.s. of the formula above comes
from the cocycle computation

3
5(@4—5—35,—@—64—5(54—@)) =clog — g —az,—a; +az) = —1.
Next, we have
3 3 1
[B\FY) = QL2 9\ F!] - [209,\QF| = -[B'3F)

The calculation of [El ,\Fz] is essentially the same as for [E')\F?] (we just
replace j by —j). Now we have

(B2, F] = —[B'\F]
= (—3(wsug + %(8}1 —3:jh:—6:77:4+507))) +3\(—h — 5j) + 5)\?)
= —3(Wsug + %(Zﬁl —3:jh:—6:3j5:4505))) + 3\(—h — 55) + 5\?
The claim follows.

7.3. The homomorphism & : W¥(sl(4),0) — R®). Recall from Exam-
ple B that the vertex algebra W¥(sl(4),6) is generated by the Virasoro
vector w of central charge c(k) = 15k/(k + 4) — 6k, four even generators
Jle2s} Jleso}t jlez2—esst  jict of conformal weight 1, and four even vectors
Gle2nt Glesat Gleaz} Gleast of conformal weight 3/2.

By comparing A-brackets from Proposition and A-brackets for the
vertex algebra W —%/3(sl(4),6) we get the following result:

Proposition 7.3. Let k = —8/3. There is a vertex algebra homomorphism
®:Wk(si(4),0) — RO
such that

Jeasd e glesa) g gleamas) g gl

Gleead o Y2t Gleand s Y2p1, Gleas) o V22 gles) s Y2 g2
3 3 30 307

W why.
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Proof. Tt is enough to check A-brackets from Example Bl in the case k =
—8/3. In particular, taking into account that

3
_ — 29 . jleas} jles2} . _ g jleza—ess}
W= Weyg 2(2 2 J J :—0J
1 3
= . 7le2,2—e33} 7{e22—e33} .\ _ 2. 7{c} 7{c} .
+g J J ) 1 JYT TV

we get

[Glez}y glesn}) = gw — 2. gl e, +%8J{62’2‘63’3} - gaj{c}

+ . gle} jlezo—ess} . +g)\(_5J{C} + Jleza—essly _ Q}P
3 9
2 1
= —5(—3(w;’ug + 5(611 +3:jh: —65% —507))) + 3\(—h + 55) + 5A?).
2
= —§[E1AF2].

All other A-brackets are checked similarly.

Proposition implies that R®) is conformally embedded into a certain
quotient of W¥(sl(4),6). In the following subsection we will prove that R
is isomorphic to Wy(sl(4), ).

7.4. Simplicity of R and proof of Theorem [7.Il Our proof of sim-
plicity is similar to the proof of simplicity of the N = 4 superconformal
vertex algebra realized in [3]. As a tool we shall use the theory of Zhu alge-
bras associated to the Neveu-Schwarz sector of %Zzo—graded vertex algebras.

Let V is a 2Z>¢-graded vertex algebra and A(V) = V/O(V) the associated
Zhu algebra. Let [a] = a+ O(V) (cf. Subsection 2.4)).

Lemma 7.4.

(1) The Zhu algebra A(R®)) is isomorphic to a quotient of U(gl(2)).
(2) In the Zhu algebra A(R®)) the following relation holds:

€l(fe] + 5 — 1) = 0.

Proof. Since R®) is a quotient of W¥(sl(4),0), the first assertion follows
from Proposition Let us prove the second assertion. We notice that

. F'E? .=
(Sa(ar+ B —36) +652(3(6 + ) + g(a + 8= 36) 1) (0 + @) (1)) 7.

Lew =
3 e}
(=(or(-1) + B-n) By + B2y + (00 1) = 20(=2) — #{y)))e™*.

By direct calculation we get the following relation:
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cE'E? 43 ew =

(e(=3) + 3(h—nye—a) — h—pye—1)+5((¥{_1) + P(—2))e-1) + @1 e—2))1.
We have

E'oE? = (E_y + Ejp) E* =

3 9

=3e_nw + e(s) + 5 (hnee) — ko) + 5 () + ea)e
9

+§<p(—1)e(—2) + 3e(—2) + 9p(—1)€(-1)-

This gives the following relation in the Zhu algebra:

~3lellw] — 20e] + 5 (11 + [ ~ [)le] = ~3felf] — 2] + S [%1e] = .

The claim follows.

Proposition 7.5.
(1) R®) is a simple vertex algebra.
(2) RO = (M & TI(0))"™.

Proof. By using the fact that R®) is a subalgebra of M ® I1(0), we conclude
that if wg;n, is a singular vector for W¥(sl(4),0) in R®), it must have gl(2)-
weight (nwy, m) for n € Z>o and m € Z. This means that

h(O)wsing = NWsing;  P(0)Wsing = MWsing-

This leads to the relation

3n(n + 2 3
L(O)wsing = ((7) - _m2)wsing-
4 4
On the other hand, wg;,y generates a submodule whose lowest component
must be a module the for Zhu algebra. Now Lemma [.4] implies that

U(gl(2))wsing is annihilated by [e]([w] + 2 — 3[4]?). If n > 0, we get

3n(n+2) 3 2 3 a_ 3n(n +2) — 9m? _ _27

4 4 2 4 3
which gives a contradiction since m € Z. So n = 0. Then the fact that
conformal weight must be positive implies that m = 0. Therefore wgjp,q
must be proportional to the vacuum vector. We deduce that there are no
non-trivial singular vectors, and therefore R is a simple vertex algebra.
This proves (1). The proof of assertion (2) is completely analogous. (]

Proof of Theorem [7.1l Apply Propositions [[.3] and
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7.5. gT(E)—singular vectors in R,

Lemma 7.6. Let { € Z.
(1) If £ > 0, then for every j >0
v = Qje%(5+<p)+3j6
is a non-trivial singular vector in R®) .
(2) If £ <0, then for every j >0

g = Q’ L= (0—¢p)+350

is a non-trivial singular vector in R,

In particular, the set {ve; | j > 0} provides an infinite family of linearly

o —

independent gl(2)-singular vectors in the (-eigenspace of ¢q)-

Proof. The non-triviality of the singular vectors vy ; is well known (cf. [5]).
The assertions now follow from the fact vy ; belongs to a maximal sl(2)-
integral part of M ® II(0). O

7.6. Proof of Theorem Since we have proved that Wi(sl(4),0) is
isomorphic to the simple vertex algebra RG), Lemma shows that each
Wi(sl(4),0)) contains infinitely many linearly independent singular vec-
tors.

Remark 7.2. Assertion (3) of Theorem [Z1implies that Wy, (sl(4),6) = R®)
is an object of the category K Lgy1 of Vii1(sl(2))-module. In particular,
each Wy (sl(4),0)®) is an object this category. Since k+ 1 = —5/3 is a
generic level for g(?), and the category K L1 is semisimple (this follows
casily from [34], we skip details), we have that Wy (sl(4),6)® is completely
reducible. So we actually proved that each Wy (sl(4),6)® is a direct sum of
infinitely many irreducible Vj11(gl(2))-modules.

8. EXPLICIT DECOMPOSITIONS FROM THEOREM [6.4} g? 1S A LIE
ALGEBRA

In Theorem we proved a semisimplicity result for conformal embed-
dings of Vi (g?) in Wy(g, #) where g = sl(n) or g = s/(2|n). But this semisim-
plicity result does not identify highest weights of the components Wi(g, 9)(i).
In this section we shall identify these components in certain cases and prove
that then Wy (g, #) is a simple current extension of Vj(g%).

Recall from Section 27 that F), denotes a rank one lattice vertex algebra
and F! i =0,--- ,n—1, denote its irreducible modules. The following result
refines Theorem

Theorem 8.1. (1) Ifg=sl(2n) and k = 3 —n, n > 2, then
COHI(V]H_l(Sl(Q’I’L - 2))7 Wi (gv 0)) = F4n(n—1)-
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Moreover, we have the following decomposition of Wi(g,0) as a
Vier1(sl(2n — 2)) @ Fyp(n—1)-module:

2n—3
(8.1) Wi(g,0) = €D Loian—2) (kAo + X)) ® FLt, ).
1=0

(2) If g = sl(2|n) and k = —2h" ¢ Z, then
Com(V_g_1(sl(n)), Wi(g,0)) = Fsy,.

Moreover, we have the following decomposition of Wi(g,0) as a
V_k—1(sl(n)) ® Fs,-module:

n—1
(8.2) Wi(g,0) = €D Loy (—(k +2)A0 + Ay) @ Fi.
=0

Proof. (1) Let o = 2n.J{¢ and note that
Vil(g") = Vit (s1(2n — 2)) ® Ma(4n(n — 1)).
By Theorem we have that each Wy (g,8)® is an irreducible Vi(g?)-

module, and, by checking the action of J({Oc)}, we see that there is a weight A
such that

Wi(8,0)®) = Lyan_2)(A) ® M (dn(n — 1),2in).
Since
Wi(g,0)") = Lyan_n)(kAo + A1) ® My(dn(n — 1),2n),
Wi(g.0) Y 2 Ly oy(kAo + Asnos) @ My (4dn(n — 1), —2n),

the fusion rules result from Proposition 0.1l and the fusion rules (2.3]) imply
that

(8:3)  Wi(g,0)' 2 Lya,_9) (kAo + A7) @ M (4n(n — 1), 2in),

where
i€{0,...,2n -3}, i=imod (2n —2).

Since
Com(Vi11(sl(2n —2)), Wi(g,0)) = {v € W(g,0)] J({%}v =0,n>0,u € g},
we get that

Com(Vis1 (sl(2n — 2)), Wi(g,0)) = @D Mo (4n(n — 1), 4in(n — 1))

1EL
as a M, (4n(n — 1))-module. Now Proposition 2.2 implies that
Com(Viq1(sl(2n — 2)), Wi(g,0)) = Finn-1)-

The decomposition (81l now easily follows from (83]). This proves (1).
The proof of (2) is based on Proposition [5.2]and it is completely analogous
to the proof of assertion (1). O
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Remark 8.1. Decompositions (81]) and (82, together with the fusion rules
result from Propositions[EIland[BE.2limply that the minimal W-algebras from
Theorem BJ] are finite simple current extensions of the tensor product of an
admissible affine vertex algebra with a rank one lattice vertex algebra. It is
also interesting to notice that the r.h.s. of (81 and (82]) have sense for the
cases g = sl(n), n odd, and g = sl(2|n), k = —2h" € Z. But Corollary B3|
shows that most likely we won’t get lattice vertex subalgebra in these cases.

Remark 8.2. The computation of the explicit decompositions in Theorem
when Vi (g) does not contain an admissible vertex algebra of type A
needs a subtler analysis. Our approach motivates the study of the following
non-admissible affine vertex algebras:

Vi (sl(2n + 1)) for k' = —n,

Vie (sl(n)) for k' = —2%tL

Vi (sl(3n + 2)) for k' = —2n — 1,

Vie (sl(n)) for k' = =2 n > 4.

Their representation theory is known only for V_;(sl(3)) (cf. [8]):
Proposition 8.2. [8] For s € Z>( set
Us = le(g)(—(l + S)AO + SAl), U_s = le(g)(—(l + S)A() + SAQ).

e The set{Us | s € Z} provides a complete list of irreducible V_1(sl(3))
modules from the category KL_1.
e The following fusion rules hold in the category KL_q:

Usl X U52 = U31+S2 (81,82 S Z).

By using this proposition we get the following refinement of Theorem
(1) for the case n = b5:

Corollary 8.3. We have the following isomorphism of V_273/5(gh)—m0dules:
W_y(sl(5),0) = U, @ M(3/5, 5).

SEL
Proof. Set a = J{¢}. Then V_y(g?%) = V_1(sl(3)) ® M, (3/5). By Theorem
6.4, we have that each Wj(g,0)® is an irreducible V(g?)-module, and, by
checking the action of Jg{o(j)}, we see that there is a weight A such that

Wk(g7 9)(Z) = le(3) (A) ® Ma(3/57 Z)
The assertion follows as in the proof of Theorem Bl from the fusion rules
result from Proposition

Remark 8.3. In [28], the vertex algebra Uy and its modules Uy from Propo-
sition are realized inside of the Weyl vertex algebra M3 of rank three. It
was proved in [§] that

Ms = U, ® M(-3,s).
SEL
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Note that although W_5(sl(5),6) admits an analogous decomposition, one
can easily see that this W-algebra is not isomorphic to any subalgebra of
Ms.

We also believe that the modules which appear in the decomposition of

Wi(g,0) in Theorem (3) are also simple currents, so one can also ex-

pect the decomposition like in Corollary Indeed, we can show that

such decomposition holds but instead of applying fusion rules (which we

don’t know yet), we will apply results from our previous papers [9] and

[10]. In [9] we proved that the affine vertex algebra V ,i1(sl(n + 1))
2

(n > 4) is semisimple as a V n41(gl(n))-module and identified highest
2

weights of all modules appearing in the decomposition. In [I0] we proved
that V nq1(sl(n+ 1)) (n > 4,n # 5) is embedded in the tensor product
2

vertex algebra Wy (sl(2|n),0)® F_1. An application of these results will give
the branching rules.
For s € Z>q, we set

UM = Loy (— (5 + 5)Ag +581), U = Loy (—(25 + 5)Ao + 5A,).

Theorem 8.4. Let g = sl(2|n), k = 1_2hv, n=4orn>6. We have an
isomorphism as Vi,(g%)-modules:

n
Wi(g,0) = P UM @ M(—
SEZ

,8).

n—2

Proof. We first consider the Heisenberg vertex algebra M, (-"5) ® M,(—1)
generated by the Heisenberg fields v = J{¢ and ¢ such that

n
—2

[ana] = A, ] = A

Define

2—n( n n )
(0] .
2 n—2%

p=ate, p=

Then

)@ My(—1) = Mp(— ) © Ml —).

n

M
a(n—Z

Theorem [6.4] (3) implies that

n

Wi(g,0)) = Ly (AY) @ Ma(—

73)7
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where le(n)(A(S)) is an irreducible highest weight module from KL 1. It
~nfl
was proved in [I0, Theorem 5.6] that

2
Vg (sl(n 1)) @ Mp(=)
= @Wk 9,0 @ My(—1,—s)
SEZL
s n
= @le(n)(A( )) ®Ma(m,8)®M@(—1,—8).
SEZL
_ (s) _n 2
() sa5-59) 02052,

This implies that

Vg1 (sl(n+ 1)) = €D L (M) & ) ® Mp(—3,9).

SEL
Now results from [9] (see in particular [9, Theorem 2.4, Theorem 5.1 (2)])
imply that

The claim follows.

9. EXPLICIT DECOMPOSITIONS FROM THEOREM [6.4} g? IS NOT A LIE
ALGEBRA

In this section we describe the decomposition of W_s(sl(n + 5|n),0) as
Vi(g%)-module. We obtain, similarly to the results of Section B, that
W_o(sl(n + 5|n),6) is a simple current extension of Vi (g?). We expect this
to hold in general.

9.1. Simple current Vi, (sl(m|n))—modules. Let us first recall a few de-
tails on simple current modules obtained by using the simple current oper-
ator A(a, z).

Let V' be a conformal vertex algebra with conformal vector w. Let a be
an even vector in V' such that

wpa = Oy 00, Qo = On,171 (n>0),

where 7 is a complex number. Assume that g acts semisimply on V' with
eigenvalues in Z. Let [19]
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is a V-module, called a simple current V-module, and
(9.2) Yo(w,2) = Y(w,2) + 27 'Y (a,2) + 1/2y272

When V is the simple affine vertex algebra associated to sl(m|n), we will use
this construction to produce simple current modules in a suitable category.

Let g = sl(m|n) (m # n), ko € C. Let ¢, ; denote the standard matrix
units in sl(m|n); consider the following vector in Vi, (sl(m|n)):

m,n 1
Q™= —— n(nel,l + e+ Memt 1 ma1 + 0+ Memtnman) (-1 1
Note that
(9:3) g=g ' +g'+g", ¢ ={zeg ™" 2] =iz}

In particular, g° = sl(m) x sl(n) x Ca™" is the even part of g and g~! + g
is its odd part.
For i € {—1,0,1} and n € Z set

g'(n)=g' @t".
The decomposition ([@.3]) implies that a%n acts semi-simply on Vi, (sl(m|n))
with integral eigenvalues. Moreover

1

— C (n®mko — m2nko)\ =

nmkg

A

[am,n Y am,n]

m-—n
Set

U™ = Vi (9)**"") (s € 2),
By definition (@I), we see that Us"" is obtained from Vj,(g) by applying
the automorphism 7, of g (and Vi, (g)) uniquely determined by

(9.4) Ws(x(ir)) = x(irqcs) (aF € g*h),
(9.5) Ts(@y) = ) (x € sl(m) x sl(n) C g,
(9.6) ms(al") = "t — %8&70,

() (r) m-=n
where r, s € Z. Note that in Ug"" we have
gl n+s)1=0 (n>0).

Theorem 9.1. Assume that m,n > 1. We have:

(1) U™, s € Z, are irreducible Vi, (g)-modules from the category K Ly, .
(2) Let s = +1. Then the lowest graded component of Us"" is, as a vector
space, isomorphic to

A (°(0) 1.

, k
It has conformal weight —>==0 .

(3) U™, s € Z, are simple current Vi,(g)-modules in KLy, and the fol-
lowing fusion rules holds in K Ly, :

(9.7) Umn X Ut = g (51,52 € ).

S1+s2
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Proof. (1) Since U;n "= , we get that Ug"" is 1rredu01ble Vio (8)—
module. Relations 9 4) together w1th m ) imply that Us"" belongs
to K Ly,. In fact, the lowest graded component is contained in the vector

space
A @O+ +g's—1)1 (s>1)
A0+ +g ' (-s—1).1 (s<-1)

For s = +1 we get assertion (2). Assertion (3) follows from [36]. More pre-
cisely, for any irreducible Vi, (g)-module (M,Y),) from the category K Ly,
one can show that

(9.8) (Mg, Yar(+, 2)) = (M, Yar (A(@™", 2)-, 2))

is also an irreducible Vi, (g)-modules from the category K Ly, (this follows
from the fact that M; is essentially obtained by applying the automorphism
7s). Then [36, Theorem 2.13] gives the fusion rules

M x U™" = M,
In particular, this proves the fusion rules (Q.1).

Remark 9.1. Let us consider the case s = £1. Then the lowest weight
component Ug ""(0) of Us "™ is a irreducible (sub)quotient of the Kac module
K3, (ko) induced from the 1-dimensional (g°4g~*)-module C1 with action
g °1 = 0,
zl = 0 (x € sl(m) x sl(n)),
k
= -5 [ 1.
m—n
As a vector space K, (ko) = Ag®. If we take an odd coroot 8 = e;; +
em+jm+j, L <i<m, 1 <7 <n, by direct calculation we get
(9.9) .1 = —sko.1.

This implies that K3, , (ko) is typical iff ko ¢ {—(m —1),...,n —1}.

Recall that a weight A of a basic Lie superalgebra is said to be typical if
(A4 p)(B) # 0 for each isotropic odd root 3. To derive the above condition
on kg, we make computations in a distinguished set of positive roots; we
have

m,n 1

m

n
p=—gz | D2o(m—n—2+De+Y (n+tm—2j+1)3 |,
i=1 J=1

and from (@.9) we deduce that
A +p)(B) = —s(ko+m —i—j+1),

which is non-zero if kg ¢ {—(m —1),...,n —1}. Under this hypothesis, the
lowest graded component Ug""(0) of U™ is isomorphic to K}, (ko) as a
g-module.
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Now we specialize the previous construction to g = sl(4|1) and ko = —1.
So

1
a=a* = g(em + o Feqa tdess) -l € Voi(sl(4)1)).
and 4
[oxal =24 Uy = USL = V_ 1 (s1(41))0) (s € 7).

Corollary 9.2. We have:

(1) Us, s € Z, are irreducible V_1(sl(4|1))-modules from the category KL_1.
(2) The lowest graded component of Uy is isomorphic to CU' and that of
U_y is isomorphic to (C*)*.

(3) Us is an irreducible, simple current V_;(sl(4]1))-module and the follow-
ing fusion rules hold:

Usl X U82 = Ugy+s9 (81,82 S Z)

Proof. Proof follows from Theorem and the fact that top component of
Ui (vesp. U—1) has the same highest weight as the sl(4|1)-module C*" (resp.
(cHy~. O

Modules U; are actually obtained from the vertex algebra Vi, (si(4[1)) by

applying the spectral flow automorphism 7, of sl(4|1) which leaves sl(4)—
invariant.

9.2. The decomposition for Wy (sl(6]1),6), k = —2. We now consider the
minimal W-algebra Wy(g, ) for Lie superalgebra g = si(6|1) at the confor-
mal, non-collapsing level £k = —2. We shall prove that each Wk(g,H)(i) is a
simple current Vi (g?)-module. In order to see this, essentially it suffices to
prove that Wi/(g, 9)(11) are the simple current modules described in previous
section. Note that g’ = si(4]1) + C, and that

Vi(8) = Vi1 (s1(4]1)) © Mp(F (k + 1Y /2)),

where 8 = J19 [8,8] = 4 (k + hY /2) = 2.
By the irreducibility statement from Theorem we see that there are
weights A* such that

Wk(g7 9)(i1) = le(4\1) (Ai) ® MB(%? il)

The lowest graded component of L 1) (A™) (resp. Lgan)(AT) ) is isomor-

phic as sl(4|1)-module to C*' (resp. (C*)* ) and it has conformal weight
hi = % By Corollary [0.2] we get that

Wi(g,0)E) = Uy @ Ma(3, £1).

Since Uty and Mg(2, £1) are simple current modules we get that W (g, 0) is
a simple current extension. In this way we have proved the following result,
which gives a super-analog of Corollary (Arguments are essentially
the same, only the proof that Wj(g,#)*! are simple current modules uses
different techniques).
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Corollary 9.3. Let g = sl(6|1). We have the following isomorphism of
V_2,3/5(gh)—m0dules:

W_s(g,0) = U, ® Ms(3/5, ).
SEZ

Remark 9.2. By using similar arguments one can obtain analogous decom-
positions for g = sl(n+5|n) and conformal level & = —2. For decompositions
in the case of other conformal levels we need more precise fusion rules analy-
sis. This and related questions will be discussed in our forthcoming papers.
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