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Abstract
r deals with the problem of robust stability and robust stabilization for a class of continuous-time 

singular Takagi–Sugeno fuzzy systems. Sufficient conditions on stability and stabilization are proposed in 
terms of strict LMI (Linear Matrix Inequality) for uncertain T–S fuzzy models. In order to reduce the 
conservatism of results developed using quadratic method, an approach based on non-quadratic Lyapunov 
functions and S-procedure is proposed. Illustrative examples are given to show the effectiveness of the given 
results

1. Introduction
There have been several studies on analysis and design problems for Takagi–Sugeno models 
[1] based on Lyapunov theory and LMI (Linear Matrix Inequality) formulations [2]. These studies 
use quadratic Lyapunov functions to derive sufficient conditions for the stability and stabilization 
(see among others [6-8]) and non-quadratic Lyapunov functions [4,5,9–13] for less conservatism.
In the last few decades, there have been considerable research efforts on the study of singular 
systems. This is due to the extensive applications of singular systems in many practical systems,
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such as circuits, boundary control systems, chemical processes, and other areas. For more details 
on this, we refer the reader to [14–17] and the references therein. Singular systems are also 
referred to as descriptor systems, implicit systems, generalized state-space systems, differential-
algebraic systems or semi-state systems [14,15]. A great number of fundamental notions and 
results in control and systems theory based on state-space systems have been successfully 
extended to singular systems (see [18–28] and the references therein). Recently stability and 
stabilization of singular fuzzy systems [29–39] and singular linear systems have been addressed 
(see [40–42] and reference therein). However, up to date and to the best of our knowledge, the 
class of singular fuzzy systems has not yet been fully investigated and this will be the goal of 
this paper.
Most of the results developed for this class of systems are not easily tractable and often 

conservative. All these results are established using a quadratic Lyapunov function with common 
symmetric and positive-definite matrix that leads to some conservatism. In order to relax these 
previous derived constraints, our goal is to extend results on non-quadratic stability to the class of 
singular fuzzy systems. Both problems of robust stability and robust stabilization for a class of 
continuous-time singular fuzzy models with norm-bounded uncertainties are considered in LMI 
formulation. Finally, a numerical example is provided to demonstrate the effectiveness of the 
proposed methods.
The rest of this paper is organized as follows. In Section 2, the problem is formulated and the 

goal of the paper is stated. In Section 3, the main results are given and these include results on 
stability and robust stability.
Notation: The notation XZY (respectively, X4Y), where X and Y are symmetric matrices,

means that X�Y is positive semi-definite (respectively, positive definite), Rn and Rn�m denote,
respectively, the n dimensional Euclidean space and the set of all n� m real matrices. The
superscript “T” denotes matrix transposition, symbol ðnÞ denotes the transpose elements in the
symmetric position and I is the identity matrices with compatible dimensions and I ¼ f1; 2;…; rg.
For a matrix ZARn�m with rank Z ¼ nzon, let Z ? ARn�ðn�nzÞ be any matrix such that ZZ ? ¼ 0
and Z ? >Z?40. When Z is of full column rank matrix, we take Z ? ¼ 0 by convention.
2. Problem statement

T–S models are described by fuzzy rules of the type IF–THEN that represent local input
output models for nonlinear systems. The considered singular fuzzy systems with r-ðMi1;…;MirÞ
fuzzy sets are described as follows:
Plant rule i: IF z1ðtÞAMi1 and ⋯ and zrðtÞAMir

E _xðtÞ ¼ bAixðtÞ þ bBiuðtÞ; iAI
yðtÞ ¼CxðtÞ

(
ð1Þ

with bAi ¼ Ai þ ΔAiðtÞ and bBi ¼ Bi þ ΔBiðtÞ. Then, the overall singular fuzzy system is
described by

E _xðtÞ ¼ ∑
r

i ¼ 1
μiðzðtÞÞðbAixðtÞ þ bBiuðtÞÞ

yðtÞ ¼ CxðtÞ

8><>: ð2Þ



where

μi z tð Þð Þ ¼ wiðzðtÞÞ
∑r

i ¼ 1wiðzðtÞÞ
Z0; ∑

r

i ¼ 1
μi z tð Þð Þ ¼ 1 ð3Þ

with wiðzðtÞÞ ¼∏r
j ¼ 1MijðzjðtÞÞ, r is the number of sub-models and z(t) is the premise variable

depending on measurable variables. xðtÞARn is the state vector, AiARn�n are the ith state
matrix, ΔAiðtÞ and ΔBiðtÞ are time-varying matrices representing parametric uncertainties in the
plant model. The matrix E may be singular with 0r rankðEÞ ¼ nEon. When the matrix E is
nonsingular, the system (2) is referred to as regular system.

The considered uncertainties in this note are known in the literature as norm-bounded
uncertainties, they are admissibly norm-bounded, structured and satisfy

ΔAiðtÞ ¼DAiFAi ðtÞEAi ; ΔBiðtÞ ¼DBiFBiðtÞEBi

with Dni and Eni are known real matrices with appropriate dimensions and Fni satisfies
F>

ni
ðtÞFniðtÞrI, 8 iAI . When they are equal to zero, the system will be referred to as nominal

system.
Now consider the nominal part of descriptor fuzzy system (2) with uðtÞ ¼ 0 in the following:

E _xðtÞ ¼ ∑
r

i ¼ 1
μiðzðtÞÞAixðtÞ ð4Þ

The descriptor model (4) is said to be stable if dVðxðtÞÞ=dt r �α‖xðtÞ‖2; α40 for a given Lyapunov 
function candidate VðxðtÞÞZ0; 8xðtÞa0 and the following conditions are satisfied [14]:
(i)
 detðsE�AiÞ is not identically zero, i.e. nominal system (4) is said to be locally regular.

(ii) 
deg det sE A rank E , i.e. no minal system (4) is said to be locally imp ulse free.ð ð � iÞÞ ¼ ð Þ
In the rest of the paper, we will assume that the solution of the system (4) exits.
In this paper we are interested in developing sufficient conditions that can be used to check if the 
given system in Eq. (4) is stable and robust stable in case of the presence of norm-bounded 
uncertainties. Our methodology in this paper will be mainly based on the Lyapunov theory and 
LMI formulation.

The following useful lemmas [2,3] will be using in the rest of the paper.

Lemma 1. Let H and E be given matrices with appropriate dimensions and F satisfying
F > FrI. Then, we have for any ɛ40,

HFE þ E>F>H> rɛHH> þ 1
ɛ
E>E: ð5Þ

Lemma 2. Let F0ðxðtÞÞ;…;FqðxðtÞÞ be quadratic functions of the variable xðtÞARn. If there
exist positive scalars τ1, …, τq such that F0ðxðtÞÞ�∑q

i ¼ 1τiFiðxðtÞÞr0, then F0ðxðtÞÞr0 for all
x(t) such that FiðxðtÞÞr0, for iAf1; 2;…; qg.
Lemma 3. Condition ∑r

i ¼ 1∑r
j ¼ 1μiðzðtÞÞμjðzðtÞÞΓijo0 is fulfilled provided the following

conditions hold 8ði; jÞAI2 and ia j:

Γiio0 ð6Þ
2

r�1
Γii þ Γij þ Γjir0 ð7Þ



3. Main results

In this section, result assuring the global asymptotic stability of system (4) is proposed in 
terms of non-strict LMIs. Based on this result, strict LMI conditions are developed. Then, these 
results are extended to the case of uncertain T–S descriptor systems.

3.1. Stability analysis

The following theorem gives global asymptotically stable of nominal system (4).

Theorem 1. The singular fuzzy system (4) is stable if there exist nonsingular matrices Pi and
positive scalars τijk such that the following matrix inequalities hold for each ði; kÞAI2:

E>Pi ¼ P>
i EZ0 ð8Þ

A>
i Pk þ P>

k Ai þ ∑
r

j ¼ 1
τijkE

> ½Pk�Pj�o0 ð9Þ

Proof. Let us choose the following Lyapunov function:

VkðxðtÞÞ ¼ x> ðtÞE>PkxðtÞ; E>Pk ¼ P>
k EZ0; kAI

and define the Lyapunov function candidate as follows:

VðxðtÞÞ ¼maxfViðxðtÞÞg ¼maxfV1ðxðtÞÞ;V2ðxðtÞÞ;…;VrðxðtÞÞg; ð10Þ
The derivative of V(x) with respect to time t along the system trajectory (2) is given for all
kAI by

_V ðxÞ ¼ _V kðxðtÞÞ if E>PkZE>Pj; for all jAI ð11Þ
Therefore, when E>PkZE>Pj, for all jAI , we have

_V ðxÞ ¼ _x> ðtÞE>PkxðtÞ þ x> ðtÞE>Pk _xðtÞ ¼ x> ðtÞ ∑
r

i ¼ 1
μiðzðtÞÞ½A>

i Pk þ P>
k Ai�xðtÞ ð12Þ

>
k Aio0 when E>PkZE>Pj, we get _V ðxÞo0.Consequently if for all jAI we have

– 
Ai

> Pk þ P
Using Lemma 2, the conditions (8) (9) are obtained. □

Corollary 1. The nominal singular fuzzy system of Eq. (2) with uðtÞ ¼  0 is stable if there exist 
nonsingular matrices Pi and positive scalars τijk such that the following matrix inequalities hold
for each ði; kÞAI2:

EPi ¼ P>
i E> Z0 ð13Þ

AiPk þ P>
k A>

i þ ∑
r

j ¼ 1
τijkE½Pk�Pj�o0 ð14Þ

Proof. The proof is similar to the one of Theorem 1 by considering the dual system
E> _xðtÞ ¼∑r

i ¼ 1μiðzðtÞÞA>
i xðtÞ. □

Remark 1. The conditions of Theorem 1 include the quadratic conditions. In fact when Pi ¼ P;
8 iAI , we have VðxðtÞÞ ¼ maxfV1ðxðtÞÞ; V2ðxðtÞÞ; …; V rðxðtÞÞg ¼ x> ðtÞE > PxðtÞ and E > P ¼
P> EZ0.



The proposed result of Theorem 1 gives sufficient stability conditions in terms of non-strict 
LMIs which contain equality constraints [43]. This may lead to numerical problems since equality 

constraints are usually not satisfied perfectly. Thus, from the numerical point of view, strict LMI 
conditions are more suitable than non-strict ones. In order to avoid this problem, the following 
result gives strict LMI conditions.

Theorem 2. The nominal singular fuzzy system of Eq. (2) with uðtÞ ¼  0 is stable if there exist 
matrices Xi40 and Qi and positive scalars τijk such that the following matrix inequalities hold
for each ði; kÞAI 2:

A>
i ðXkE þ ZQkÞ þ ðXkE þ ZQkÞ>Ai þ ∑

r

j ¼ 1
τijkE

> Xk�Xj

� �
Eo0 ð15Þ

with E>Z ¼ 0 and ZARn�ðn�nEÞ.

Proof. Let Pi ¼ XiE þ ZQi. Then, it is easy to see that E>Pi ¼ P>
i E¼ E>XiEZ0 and

E> ½Pk�Pj� ¼ E> ½Xk�Xj�E. Consequently, conditions of Theorem 2 lead to the one of
Theorem 1. □

With the same reasoning, the following dual form of Theorem 2 could be proved:

AiðXkE
> þ ZQkÞ þ ðXkE

> þ ZQkÞ>A>
i þ ∑

r

j ¼ 1
τijkE½Xk�Xj�E>o0 ð16Þ

with EZ ¼ 0.
The conditions of Theorem 1 are bilinear in the variables Pi; 8 iAI , and τijk for all

ði; j; kÞAI 3. The solution in some cases cannot easily be found. To overcome this conservatism
another way to keep this relaxation, with transformation of the conditions of Theorem 1 in LMI
formulation in Pi; iAI , consists of fixing the real parameters τijk, and solving the resulting
coupled set of LMIs.

Now consider uncertain singular fuzzy models (2). Based on the results of Theorem 1, the
following theorem proposes robust stability conditions in strict LMI terms.

Theorem 3. The uncertain singular fuzzy system (2) with uðtÞ ¼ 0 is stable if there exist matrices
Xi40 and Qi, positive real numbers ɛAi and τijk such that the following matrix inequalities hold
for all ði; kÞAI 2:

Ωik ðXkE þ ZQkÞ>DAi

ðnÞ �ɛiI

" #
o0 ð17Þ

with E>Z ¼ 0, ZARn�ðn�nEÞ and

Ωik ¼ ðXkE þ ZQkÞ>Ai þ A>
i ðXkE þ ZQkÞ þ ɛiE>

Ai
EAi þ ∑

r

j ¼ 1
τijkE

> ½Xk�Xj�E ð18Þ

Proof. The dynamics of the uncertain singular fuzzy models (2) is stable if the conditions of
Theorem 2 hold where Ai is substituted by Ai þ ΔAiðtÞ, i.e.:

P>
k Ai þ A>

i Pk þ P>
k DAiFAiEAi þ E>

Ai
F>
Ai
D>

Ai
Pk þ ∑

r

j ¼ 1
τijkE

> ½Xk�Xj�Eo0 ð19Þ



Using Lemma 1, we have for any ɛi40, iAI :
Pk

> DAi FAi EAi þ EA
>
i 
FA

>
i 
DA

>
i 
Pk rɛi

� 1Pk
> DAi DA

>
i 
Pk þ ɛiEA

>
i 
EAi ð20Þ Applying the Schur complement 

on this inequality, the results for the robust stability is
obtained. 

Remark 2. The same procedures used to solve the conditions of Theorem 2 can be used to 
transform the conditions of Theorem 2 to a tractable problem that can be solved using classical 
numerical tools.

3.2. Robust stabilization

In this section robust stabilization of closed-loop model (2) is studied by considering the 
control law

uðtÞ ¼ ∑
r

i ¼ 1
μiðzðtÞÞKixðtÞ ð21Þ

where Ki are the gain parameters to be determined. Then, closed-loop model (2) becomes

E _xðtÞ ¼ ∑
r

i ¼ 1
∑
r

l ¼ 1
μiðzðtÞÞμlðzðtÞÞbAilxðtÞ ð22Þ

with bAil ¼ bAi þ bBiKl.

i

Note that a robust control law could be proposed by using directly the above results, i.e. 
Theorem 2 for the nominal case and Theorem 3 for the uncertain one. However the obtained 
conditions lead to nonlinear constraints very difficult to solve with existing numerical tools. In the 
following, sufficient stability conditions to design control law (21) are given by decoupling the 
product of Lyapunov matrices by Ki and introducing free variables G.

Theorem 4. The uncertain singular fuzzy system (22) is stable if there exist matrices Xi40, 
G and  Q , positive real numbers ɛi and τijk such that the following matrix inequalities hold for all
ði; kÞAI2 and iak:

Σ iko0 ð23Þ

2
r�1

Σii þ Σik þ Σkir0 ð24Þ

with EZ ¼ 0, ψ ik ¼∑r
j ¼ 1τijkE½Xk�Xj�E> þ ϕik þ ϕ>

ik þ ɛikðDAiD
>
Ai

þ DBiD
>
Bi
Þ, ϕik ¼ AiGþ

BiYk and

Σ ik ¼

ψ ik ðnÞ ðnÞ ðnÞ
ðXkE> þ ZQkÞ þ ϕ>

ik �G �G�G> ðnÞ ðnÞ
EAiG EAiG �ɛikI 0

EBiYk EBiYk 0 �ɛikI

266664
377775 ð25Þ

The control gains are calculated by

Ki ¼ YiG
�1 ð26Þ



Proof. Based on the dual condition of Theorem 2, the dynamics of the uncertain singular fuzzy 
models (22) is stable if the following conditions hold:

bAilðXkE
> þ ZQkÞ þ ðXkE

> þ ZQkÞ> bA>
il þ ∑

r

j ¼ 1
τijkE½Xk�Xj�E>o0 ð27Þ

In order to decouple the product of Lyapunov matrices Xi by Ki and introducing free variables G,
the following sufficient conditions are proposed:

∑
r

j ¼ 1
τijkE½Xk�Xj�E> þ bAilGþ G> bA>

il ðXkE> þ ZQkÞ> þ bAilG�G>

n �G�G>

264
375o0 ð28Þ

Note that to get Eq. (27), it suffices to pre-multiply Eq. (28) by ½I bAil� and post-multiplying it by

½I bAil�> where G is a free nonsingular matrix. Knowing that bAilG¼ ϕij þ ΔAiðtÞGþ ΔBiðtÞYl

with ϕil ¼ AiG þ BiY l and Yi ¼KiG, conditions (28) can be rewritten with l¼k as follows:

Ωik ¼
∑
r

j ¼ 1
τijkE½Xk�Xj�E> þ ϕik þ ϕ>

ik ðXkE> þ ZQkÞ> þ ϕik�G>

ðnÞ �G�G>

264
375

þ ΔAiðtÞGþ ΔBiðtÞYk þ ðΔAiðtÞGþ ΔBiðtÞYkÞ> ΔAiðtÞGþ ΔBiðtÞYk

ðnÞ 0

" #
ð29Þ

The second term on the right-hand side of Eq. (29) can be written as

ΔAiðtÞGþ ΔBiðtÞYk þ ðΔAiðtÞGþ ΔBiðtÞYkÞ> ΔAiðtÞGþ ΔBiðtÞYk

ðnÞ 0

" #

¼ DAi DBi

0 0

� � FAi ðtÞ 0

0 FBiðtÞ

" #
EAiG EAiG

EBiYk EBiYk

" #
þ ðnÞ ð30Þ

Applying Lemma 1 and the Schur complement to Eq. (29) with Eq. (30), we get Σiko0 where Σik 

is defined in Eq. (25). Using Lemma 3, we obtain conditions (23) and (24). This completes the 
proof. 
Remark 3. This formulation has the advantage to remove the equality constraint involving 
singular matrix E and the control gains are dependent on supplementary free variable G instead 
of Lyapunov matrices. These strict LMIs design conditions can be solved using existing 
numerical tools. This formulation covers existing results and leads to less of conservatism for the 
design problems.



4. Numerical examples

4.1. Robust stability analysis

To show the validness of our result, let us consider a numerical example of two uncertain sub-
models as follows:

A1 ¼
�1:0 �0:1 �0:2

0:0 0:0 1:0

0:0 �0:06 �1:0

264
375; A2 ¼

�1:0 �0:1 0:0

0:0 �0:5 1:0

0:0 �1:94 �1:0

264
375 ð31Þ

DA1 ¼DA2 ¼
0:01

0:02

0:02

264
375; EA1 ¼ EA2 ¼

0:03

0:02

0:02

264
375
T

ð32Þ

The singular matrix, E, is given by

E¼
1 1 0

0:1 1 1

0 0 0

264
375 ð33Þ

P1 ¼
1:2080 0:4847 1:1553

�0:7060 0:1723 �0:3908

1:1162 0:7645 1:5245

64 75; P2 ¼
1:8741 0:5974 1:3532

�1:2871 �0:1044 �0:8313

1:2700 0:5218 1:3634

Solving the conditions (17), we get the following feasible problem: 2 3 264
375
ð34Þ

with ɛA1 ¼ 1:7329, ɛA2 ¼ 0:5966, and τ112 ¼ 0, τ121 ¼ 0:1, τ221 ¼ 0:7 and τ212 ¼ 0.
Consequently, we can conclude that the system is robust stable. However, quadratic conditions 

given in [30] are not feasible and then fail to prove the stability of this example. This illustrative 
example shows that the given stability conditions introduce more of relaxation and allow to 
improve the results obtained by the quadratic method with or without uncertainties.
4.2. Robust stabilization

Now, consider the following uncertain T–S model with four sub-models as follows:

A1 ¼
0:20 0 10:00

�4:00 �7:00 0

1:0 0 0:10

264
375; A2 ¼

0:20 0 13:00

�4:00 �10:00 0

1:00 0 0

264
375 ð35Þ

A3 ¼
0:50 0 13:00

�1:00 �13:00 0

1:00 0 0:30

264
375; A4 ¼

0:50 0 10:00

�1:00 �10:00 0

1:00 0 0

264
375 ð36Þ



B1 ¼
0:2

1:0

�1:0

264 75; B2 ¼
0:5

1:0

�1:2

64 75; B3 ¼
0:3

1:0

�1:0

64 75; B4 ¼
0:2

1:0

�1:2

64 75 ð37Þ

DA1 ¼
0:1

0:2

0:3

264
375; DA2 ¼

0:1

�0:1

�0:5

264
375; DA3 ¼

0:1

0:4

0:2

264
375; DA4 ¼

0:1

�0:5

�0:1

264
375 ð38Þ

ET
A1
¼

�0:5

�0:5

�0:5

264
375; ET

A2
¼

0:2

0:2

0:5

264
375; ET

A3
¼

0:5

0:5

0:5

264
375; ET

A4
¼

�0:21

�0:3

0:5

264
375 ð39Þ

DT
B1
¼

�0:2

�1:5

0:5

264
375 ð40Þ

with DB1 ¼DB2 ¼DB3 ¼DB4 , EB1 ¼ 0:5, EB2 ¼ 1, EB3 ¼ 1 and EB1 ¼ 0:5. The singular matrix is

E¼
1:2 0 0:0

0:0 1 0:5

0:0 0 0:0

264
375 ð41Þ

Then ZT ¼ ½0; �0:5; 1:0�. The resolution of the conditions of Theorem 4 leads to feasible
problem:

X1 ¼ 103
0:7178 0:3942 0:1971

0:3942 4:1415 �0:5731

0:1971 �0:5731 5:0012

264
375; X2 ¼ 103

0:0290 0:2708 0:1354

0:2708 5:5791 0:1457

0:1354 0:1457 5:3606

264
375
ð42Þ

X3 ¼ 103
0:2047 0:1679 0:0839

0:1679 6:2159 0:4641

0:0839 0:4641 5:5198

264
375; X4 ¼ 103

3:4417 �0:4934 �0:2467

�0:4934 5:8729 0:2925

�0:2467 0:2925 5:4340

264
375
ð43Þ

G¼ 103
1:2899 0:0661 �0:4220

�0:1798 0:5444 0:0464

�0:2601 �0:0689 0:1121

264
375 ð44Þ

We get the controller gains:

K1 ¼ ½3:9406; 1:1107; 14:5782�; K2 ¼ ½1:7050; 0:3506; 5:9574� ð45Þ
K3 ¼ ½2:3766; 0:4073; 8:7317�; K4 ¼ ½4:4962; 0:7605; 16:4140� ð46Þ

As stated above, quadratic conditions derived in [30] fail to prove the stability of the given 
example with or without uncertainties. This example shows that the derived stability conditions 
allow to improve the results obtained by the quadratic method.



5. Conclusion

This note deals with the problems of robust stability and stabilization for a class of continuous-
time singular Takagi–Sugeno fuzzy systems. Strict LMI conditions are given for stability,
stabilization and their robustness. The derived stability conditions are proved to be less
conservative than previous results and particularly include quadratic conditions. The LMI
framework is used to establish the different results on stability and its robustness. The developed
results can easily be solved using existing numerical tools. Examples, where quadratic conditions
fail to show the stability, are given to illustrate the advantage of the proposed results.
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