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This paper is concerned with the state feedback control problem for a class of two-dimensional (2D) discrete-time stochastic 
systems with time-delays, randomly occurring uncertainties and nonlinearities. Both the sector-like nonlinearities and the 
norm-bounded uncertainties enter into the system in random ways, and such randomly occurring uncertainties and 
nonlinearities obey certain mutually uncorrelated Bernoulli random binary distribution laws. Sufficient computationally 
tractable linear matrix inequality–based conditions are established for the 2D nonlinear stochastic time-delay systems to be 
asymptotically stable in the mean-square sense, and then the explicit expression of the desired controller gains is derived. 
An illustrative example is provided to show the usefulness and effectiveness of the proposed method.
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1. Introduction

As many practical systems can be modelled as two-
dimensional (2D) systems, such as those in image data pro-
cessing and transmission, gas absorption, thermal processes 
and water stream heating (Kaczorek 1985), the analysis and 
synthesis of 2D systems have received considerable atten-
tion, for example, 2D state-space realisation theory was 
researched in Fornasini and Marchesini (1976), Hinamoto 
(1997) and Bisiacco (1995) studied the stability and 2D op-
timal control theory, Sebek (1993) and Du and Xie (2002) 
addressed the H∞ control problem for effectively solving 
the noise attenuation problem for 2D systems.

Due to the increasing complexity of large-scale sys-
tems, it is crucial to model the system complexity in an 
appropriate way to facilitate the system analysis and de-
sign. It is well known that time-delay and stochastic dis-
turbance are two of the most important factors constituting 
the complexity that should be taken into account in sys-
tem modelling. In the past few decades, a great number 
of results on the stability analysis of delayed systems have 
been proposed (He, Wang, Lin and Wu 2007). For 2D sys-
tems, many literatures have investigated the problems of 
delay-dependent stability and stabilisation (Paszke, Lam, 
Galkowski, Xu and Lin 2004; Xu and Lam 2005; Xu, Lam 
and Zou 2005; Xu, Zou, Lu and Xu 2005; Xu and Yu 2006; 
Chen 2010). Stochastic one-dimensional (1D) systems with 
and without delay have received a great deal of research at-
tention, and some problems have been studied (see Gao and
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Ahmed 1986, 1987; Dragan, Halanay and Morozan 1992; 
Bouhtouri, Hinrichsen and Pritchard 1999). Recently, some 
results on stochastic 2D systems have been obtained. For 
example, the analysis and synthesis of 2D stochastic sys-
tems with system matrices subject to stochastic perturba-
tion were researched (Gao, Lam, Wang, and Xu 2004; Gao, 
Lam, Xu and Wang 2005). Yao and Wang (2010) made 
effort on the robust stabilisation of 2D state-delays sys-
tems with stochastic perturbation. Liang, Wang and Liu 
(2012) investigated the robust state estimation problem 
for a class of 2D systems with state delays and stochastic 
disturbances.

On the other hand, uncertainty and nonlinearity are an-
other two key factors constituting the complexity of the 
practical systems and should also be considered in sys-tem 
modelling. Recently, the filtering and control prob-lems for 
1D systems with stochastic nonlinearities have been 
investigated (Wang, Yang and Liu 2006; Yang, Wang and 
Ho 2006; Wang, Liu and Liu 2008; Wang, Liu, Guo and Liu 
2010; Liu, Wang and Wang 2011). 2D systems  with 
nonlinearities and uncertainties have been studied by many 
researchers (Shen, Wang, Shu, and Wei 2010; Pakshin, 
Galkowski and Rogers 2011; Dhawan 2012; Huang and 
Xiang 2013; Wei, Wang, and Shen 2013). How-ever, some 
practical systems may be influenced by additive nonlinear 
disturbances and uncertainties that are caused by 
environmental circumstances such as sudden environment 
changes, modification of the operating point of a linearised
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model of nonlinear systems, etc. In other words, the non-
linear disturbances and uncertainties may occur in a proba-
bilistic way and are randomly changeable in terms of their 
types or intensity. This kind of uncertainty and nonlinear-
ity can be referred to as randomly occurring uncertainty 
and randomly occurring nonlinearity, respectively. For 1D 
systems, the randomly occurring nonlinearities and ran-
domly occurring uncertainties have recently received some 
interest in the literature. For example, Wang, Wang and 
Liang (2009) investigated the synchronisation problem for 
delayed complex networks with randomly occurring non-
linearities and multiple stochastic disturbances. Hu, Wang, 
Gao and Stergioulas (2012) considered the robust sliding 
mode control of discrete stochastic systems with randomly 
occurring uncertainties and nonlinearities. This class of 
systems with incomplete information such as incomplete 
measurements and probabilistic time-varying delay gradu-
ally becomes a hot research topic among researchers (Wan 
and Fang 2013; Zhang, Wang, Li and Fei 2013). Unfor-
tunately, to the best of the authors’ knowledge, the cor-
responding results for 2D systems have been very few. 
More specifically, the robust stabilisation problem for 2D 
state-delayed systems with randomly occurring nonlineari-
ties and uncertainties has not yet been investigated to date, 
and the purpose of this paper is therefore to fill in such a 
gap.

Motivated by the above observations, in this paper, we 
aim to deal with the robust stabilisation problem for a class 
of 2D state-delayed systems with stochastic perturbation, 
randomly occurring nonlinearities and uncertainties. The 
main contribution of this paper is mainly threefold. (1) The 
2D system under consideration is general enough to include 
time-delays, randomly occurring nonlinearities, randomly 
occurring uncertainties and stochastic disturbances. (2) 
An energy-like quadratic Lyapunov function is developed, 
together with the intensive use of stochastic analysis 
and sector-bounded nonlinearity condition, to establish 
the easy-to-verify conditions in form of linear matrix 
inequality (LMI) under which the addressed 2D system 
achieves robust asymptotical stability in the mean-square 
sense. (3) A state feedback controller is designed to ensure 
the robust asymptotical stability of the corresponding 
closed-loop system.

The remainder of this paper is organised as follows. 
Section 2 formulates the problem and presents some prelim-
inary results. The analysis of robust asymptotical stability 
is given in Section 3. The robust state feedback controller 
design is developed in Section 4. An example is given to 
illustrate the effectiveness of the approach in Section 5. 
Finally, the paper is concluded in Section 6.

Notation: The notations used throughout the paper are 
fairly standard except where otherwise stated. Rn and Rm×n 

denote, respectively, the n-dimensional Euclidean space 
and the set of all real matrices of dimension m × n. I and 0

represent the identity matrix and the zero matrix, respec-
tively, with appropriate dimensions. The notation X ≥ Y

(X > Y ) means that X − Y is positive semi-definite (pos-
itive definite). The superscript ‘T ’ stands for matrix trans-
position and ‘∗’ in a matrix is used to denote the term that
is induced by symmetry. diag {· · ·} means a block-diagonal
matrix and ‖·‖ refers to the Euclidean norm. The set of all
non-negative integers is denoted by Z+. Moreover, let E {x}
and E{x|y} stand, respectively, the expectation of stochas-
tic variable x and the expectation of x conditional on y with
respect to the given probability measurement.

2. Preliminary and problem formulation

Consider the following 2D discrete state-delayed systems
with randomly occurring uncertainties, randomly occurring
nonlinearities and stochastic disturbance:

[
xh (k + 1, l)
xv (k, l + 1)

]
= (A + α (k, l) �A (k, l))

[
xh (k, l)
xv (k, l)

]
+ (Ad + β (k, l) �Ad (k, l))

×
[

xh (k − d (k, l) , l)
xv (k, l − d (k, l))

]
+ Bu (k, l)

+ δ (k, l) C1f

([
xh (k, l)
xv (k, l)

])
+ (1 − δ (k, l)) C2g

([
xh (k, l)
xv (k, l)

])
+
(

(D + �D)

[
xh (k, l)
xv (k, l)

]
+ (Dd + �Dd )

[
xh (k − d (k, l) , l)
xv (k, l − d (k, l))

])
× w (k, l) ,

(1)

where xh (k, l) is the horizontal state in Rn1 , xv (k, l) is the
vertical state in Rn2 , x (k, l) is the whole state in RN with
N = n1 + n2, and k, l are the non-negative integers, u (k, l)
is the control input. z (k, l) is the controlled output, d (k, l)
denotes the time-delay satisfying d1 ≤ d (k, l) ≤ d2, A, Ad ,
B, C1, C2, D and Dd are known real constant matrices
with compatible dimensions, f (·) ∈ RN and g (·) ∈ RN are
nonlinear functions, w (k, l) is a standard random scalar
signal defined on (�,F, Prob) satisfying

E {w (k, l) w (i, j )} = 1, (k, l) = (i, j ) ,

E {w (k, l) w (i, j )} = 0, (k, l) 	= (i, j ) .
(2)

Let (�,F, {Fp}p∈z+ , Prob) be a filtered probability
space where {Fp}p∈z+ is the family of sub σ -algebras of
F generated by {w (k, l)}k,l∈Z+ . Specially, Fp is assumed to
be the minimal σ -algebras generated by {w (k, l)}0≤k+l≤p−1,
while F0 is assumed to be some given sub σ -algebras of F

and independent of Fp for all p > 0. The initial boundary



condition associated with system (1) is given by

xh (k, l) = h (k, l) , ∀0 ≤ l ≤ z1, −d2 ≤ k ≤ 0
xh (k, l) = 0, ∀l > z1, −d2 ≤ k ≤ 0
xv (k, l) = v (k, l) , ∀0 ≤ k ≤ z2, −d2 ≤ l ≤ 0
xv (k, l) = 0, ∀k > z2, −d2 ≤ l ≤ 0
h (0, 0) = v (0, 0) ,

(3)

where z1 < ∞ and z2 < ∞ are positive integers, and
h (k, l) ∈ R

n1+ and v (k, l) ∈ R
n2+ are given vectors belonging

to F0.

Remark 1: Note that the initial condition (3) has appeared 
in the literature (Yao and Wang 2010). The requirements of 
z1 < ∞ and z2 < ∞ are necessary for the state trajectories 
to have some convergence property x (k, l) → 0 as  k + l →
0. In other words, one has to consider only bounded initial 
conditions, otherwise one may have unbounded 
trajectories, because the convergence property implies in 
particular that xh (0, l) → 0 as l → ∞ and xv (k, 0) → 
0 as  k → ∞.
Remark 2: From an application point of view, the Equa-
tion (1) can be used to describe the relation between voltage 
and current in a long transmission line, some processes of 
gas absorption, water stream heating, air drying, and some 
thermal processes, for example in chemical reactors, heat 
exchangers and pipe furnaces.

δ (k, l) is a stochastic variable that describes the 
follow-ing random events for system (1):

Event 1: system (1) experiences the nonlinear function
f (·).

Event 2: system (1) experiences the nonlinear function
g (·).

Let δ (k, l) be a Bernoulli distributed sequence defined
by

δ (k, l) =
{

1 : if Event 1 occurs,
0 : if Event 2 occurs.

It follows that δ (k, l) satisfies

Prob {δ (k, l) = 1} = E {δ (k, l)} = δ̄,

Prob {δ (k, l) = 0} = 1 − E {δ (k, l)} = 1 − δ̄,
(4)

where the constant δ̄ ∈ [0, 1] reflects the occurrence proba-
bility of the event of the nonlinear functions f (·) and g (·).
Remark 3: In this paper, the random variable δ (k, l) is
used to model the probability distribution of the nonlin-
ear functions. To our knowledge, this represents the first
attempt to take into account the occurrence of different
nonlinear functions in a probabilistic way for the addressed
2D discrete systems. In other words, in system (1), the two
terms δ (k, l) C1f (·) and (1 − δ (k, l)) C2g (·) can be used to

account for the binary switch between these two nonlinear
functions according to the given probability distribution.

The stochastic variables α (k, l) ∈ R and β (k, l) ∈ R

are also Bernoulli distributed white sequences taking the
values of either zero or one with

Prob {α (k, l) = 1} = ᾱ, Prob {α (k, l) = 0} = 1 − ᾱ,

Prob {β (k, l) = 1} = β̄, Prob {β (k, l) = 0} = 1 − β̄,

(5)

where ᾱ ∈ [0, 1] and β̄ ∈ [0, 1] are known constants.

Remark 4: In this paper, α (k, l) and β (k, l) are used
to model the randomly occurring uncertainties that lead to
incomplete information process problem and are commonly
encountered in various engineering systems.

The unknown real-valued matrices �A (k, l),
�Ad (k, l), �D (k, l) and �Dd (k, l) represent the
norm-bounded parameter uncertainties of the following
structure:

[�A �Ad �D �Dd] = MF (k, l) [N1 N2 N3 N4], (6)

where M , N1, N2, N3 and N4 are known constant matrices
and F (k, l) is an unknown matrix function with Lebesgue
measurable elements satisfying

F T (k, l) F (k, l) ≤ I. (7)

Assumption 1: The boundary condition is independent of
w (i, j ) and is assumed to be

lim
N→∞

E

{
0∑

l=−d2

N∑
k=1

(‖xh (l, k)‖2 + ‖xv (k, l)‖2)

}
< ∞.

(8)

Assumption 2: For ∀x, y ∈ RN , the nonlinear functions
f (·) and g (·) satisfy the following sector-bounded condi-
tions, respectively:

[f (x) − f (y) − X1 (x − y)]T [f (x) − f (y)

−X2 (x − y)] ≤ 0, (9)

[g (x) − g (y) − Y1 (x − y)]T [g (x) − g (y)

−Y2 (x − y)] ≤ 0, (10)

where X1, Y1 and X2, Y2 are real constant matrices with
X2 − X1 ≥ 0 and Y2 − Y1 ≥ 0.



Remark 5: The nonlinear functions f (·) and g (·) sat-
isfying Assumption 2 are said to belong to the sector 
[X1, X2] and [Y1, Y2], respectively. Note that the sector-
bounded nonlinearity of stochastic systems has been stud-
ied by Wang et al. (2008) and Wang, Wang and Liang 
(2008). It should be pointed out that such a nonlinear con-
dition is more general than the usual Lipschitz conditions 
that have been widely used in Yu, Cao and Lü (2008) and 
Liang, Wang and Liu (2008). The sector-bounded nonlin-
earity of 2D systems has also been considered in Liang et al.
(2012).

Assumption 3: (a) the stochastic variables α (k, l), β (k, 
l) and δ (k, l) are mutually uncorrelated random variables 
that are also unrelated with w (k, l). (b) the stochastic 
variables α (k, l), β (k, l) and δ (k, l) are independent of 
F .

Lemma 1 (Xie 1996): Let U , V , W and X be real ma-
trices of appropriate dimensions with X satisfying X = 
XT , then for all V T V ≤ I , the inequality X + UV  W  + W 
T V T UT < 0 holds, if and only if there exists a positive 
scalar ε such that X + εUUT + ε−1W T W < 0.

Definition 1: The 2D discrete stochastic system with delay 
in (1) with Assumptions 1–3 is said to be mean-square 
asymptotically stable if the following equality

lim
k+l→∞

E{‖x (k, l)‖2} = 0 (11)

holds for any the zero input u (k, l) = 0 and initial condition

(4) satisfying (8), where x (k, l) = [ xh (k, l)
xv (k, l)

]
.

The problem to be addressed in this paper is to de-
velop a technique of robust stabilisation for 2D discrete
state-delayed systems with randomly occurring uncertain-
ties, randomly occurring nonlinearities and stochastic dis-
turbance. More specifically, we are concerned with the
following robust stabilisation problem: Determine a state

feedback controller

u (k, l) = K

[
xh (k, l)
xv (k, l)

]
(12)

for system (1) such that the resulting closed-loop system is
robustly mean-square asymptotically stable. In this case, the
system (1) is said to be robustly stochastically stabilisable.

3. Robust stability analysis

In this section, an LMI approach will be developed to anal-
yse the robust stability of the problem formulated in the
previous section.

Consider system (1) with zero control input u (k, l) = 0,
that is

x+ (k, l) = (A + α (k, l) �A (k, l)) x (k, l) + (Ad

+β (k, l) �Ad (k, l))xd (k, l) + δ (k, l)

×C1f (x (k, l)) + (1 − δ (k, l)) C2g (x (k, l))

+ ((D + �D) x (k, l) + (Dd + �Dd ) xd (k, l))

× w (k, l) , (13)

where

x+ (k, l) =
[

xh (k + 1, l)
xv (k, l + 1)

]
, x (k, l) =

[
xh (k, l)
xv (k, l)

]
,

xd (k, l) =
[

xh (k − d (k, l) , l)
xv (k, l − d (k, l))

]
.

Theorem 1: System (13) with the boundary condi-
tion (3) satisfying (8) is mean-square asymptotically sta-
ble if there exist matrices P̄ = diag{P̄ h, P̄ v} > 0, Q̄ =
diag{Q̄h, Q̄v} > 0, and positive scalars ε1, ε2, ε3 and ε4

such that the following LMI holds[
S1 S2

∗ S3

]
< 0, (14)

where

S1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�̃ 0 −P̄XT −P̄ Y T P̄	1 P̄DT 0 P̄ϒ1 P̄ϒ2

∗ −Q̄ 0 0 P̄AT
d P̄DT

d 0 0 0

∗ ∗ −2I 0 δCT
1 0 0 0 0

∗ ∗ ∗ −2I (1 − δ̄)CT
2 0 0 0 0

∗ ∗ ∗ ∗ −P̄ + ε1MMT 0 0 0 0

∗ ∗ ∗ ∗ ∗ −P̄ + ε2MMT 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −P̄ + ε3MMT 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −P̄ 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P̄

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,



S2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 ᾱP̄NT
1 P̄NT

3

√
ᾱ (1 − ᾱ)P̄NT

1 0

0 0 0 β̄P̄NT
1 P̄NT

4 0
√

β̄
(
1 − β̄

)
P̄NT

2

0 ϒ3 0 0 0 0 0

0 0 ϒ4 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S3 = diag{−P̄ + ε4MMT ,−P̄ ,−P̄ ,−ε1I,−ε2I,

−ε3I,−ε4I },

where

	1 = AT + δ̄XT
1 CT

1 + (1 − δ̄)YT
1 CT

2 ,

�̃ = −P̄ + (d2 − d1 + 1)Q̄,

ϒ1 =
√

δ̄(1 − δ̄)XT
1 CT

1 , ϒ2 =
√

δ̄(1 − δ̄)YT
1 CT

2 ,

ϒ3 =
√

δ̄(1 − δ̄)CT
1 , ϒ4 =

√
δ̄(1 − δ̄)CT

2 ,

X = X2 − X1, Y = Y2 − Y1.

Proof: We decompose the nonlinear functions f (x) and
g (x) into linear and nonlinear parts as

f (x) = fn (x) + X1x, g (x) = gn (x) + Y1x, (15)

where the nonlinearities fn (x) and gn (x) belong to the set
�1 and �2, respectively, given by

�1 = {fn(x)|fn(x)T (fn(x) − Xx) ≤ 0},
�2 = {gn(x)|gn(x)T (gn(x) − Yx) ≤ 0}. (16)

Since f (x (k, l)) and g (x (k, l)) belong to sectors
[X1, X2] and [Y1, Y2], respectively, the system (13) be-
comes

x+ (k, l) = (A + α (k, l) �A (k, l) + δ (k, l) C1X1

+ (1 − δ (k, l)) C2Y1)x (k, l) + (Ad + β (k, l)

×�Ad (k, l))xd (k, l) + δ (k, l) C1fn (x (k, l))

+ (1 − δ (k, l)) C2gn (x (k, l)) + ((D + �D)

× x (k, l) + (Dd + �Dd ) xd (k, l))w (k, l) .

(17)

Then we choose a Lyapunov functional candidate for
system (17) as follows:

V (k, l) = V h (k, l) + V v (k, l) (18)

with

V h (k, l) = V h
1 (k, l) + V h

2 (k, l) + V h
3 (k, l) ,

V v (k, l) = V v
1 (k, l) + V v

2 (k, l) + V v
3 (k, l) ,

where

V h
1 (k, l) = xhT (k, l) P hxh (k, l) ,

V v
1 (k, l) = xvT (k, l) P vxv (k, l) ,

V h
2 (k, l) =

−1∑
r=−d(k,l)

xhT (k + r, l) Qhxh (k + r, l),

V v
2 (k, l) =

−1∑
t=−d(k,l)

xvT (k, l + t) Qvxv (k, l + t),

V h
3 (k, l) =

−d1+1∑
m=−d2+2

−1∑
r=m−1

xhT (k + r, l) Qhxh (k + r, l),

V v
3 (k, l) =

−d1+1∑
m=−d2+2

−1∑
t=m−1

xvT (k, l + t) Qvxv (k, l + t).

Then we have

E{V +(k, l)|x(k, l)} − V (k, l)

=
3∑

i=1

[
E
{
V h

i (k + 1, l)|x(k, l)
}

−V h
i (k, l) + E

{
V v

i (k, l + 1)|x(k, l)
}− V v

i (k, l)
]
,

(19)

where V + (k, l) = V h (k + 1, l) + V v (k, l + 1). Moreover,
the following equations hold for the terms in the right-hand
side of the Equation (19):

E
{
V h

1 (k + 1, l) |x (k, l)
}− V h

1 (k, l)

= E
{
xhT (k + 1, l) P hxh (k + 1, l) |x (k, l)

}
−xhT (k, l) P hxh (k, l) . (20)



E
{
V v

1 (k, l + 1) |x (k, l)
}− V v

1 (k, l)

= E
{
xvT (k, l + 1) P vxv (k, l + 1) |x (k, l)

}
− xvT (k, l) P vxv (k, l) . (21)

E
{
V h

2 (k + 1, l) |x (k, l)
}− V h

2 (k, l)

= E

{ −1∑
r=−d(k+1,l)

xhT (k + r + 1, l) Qhxh (k + r + 1, l)

|x (k, l)

}
−

−1∑
r=−d(k,l)

xhT (k + r, l) Qhxh (k + r, l)

= E

{ −d1−1∑
r=−d(k+1,l)

xhT (k + r + 1, l) Qhxh (k + r + 1, l)

+
−1∑

r=−d1

xhT (k + r + 1, l) Qhxh (k + r + 1, l)

−
−d1∑

r=−d(k,l)

xhT (k + r, l) Qhxh (k + r + 1, l)

−
−1∑

r=−d1+1

xhT (k + r, l) Qhxh (k + r, l) |x (k, l)

}

= E

⎧⎨
⎩

−d1∑
r=−d(k+1,l)+1

xhT (k + r, l) Qhxh (k + r, l)

+
−1∑

r=−d1+1

xhT (k + r, l) Qhxh (k + r, l) + xhT (k, l)

×Qhxh (k, l) −xhT (k−d (k, l) , l) Qhxh (k−d (k, l) , l)

−
−1∑

r=−d(k,l)+1

xhT (k + r, l) Qhxh (k + r, l) |x (k, l)

⎫⎬
⎭ .

(22)

E
{
V v

2 (k, l + 1) |x (k, l)
}− V v

2 (k, l)

= E

{ −1∑
t=−d(k,l+1)

xvT (k, l + t + 1) Qvxv (k, l + t + 1)

|x (k, l)

}
−

−1∑
t=−d(k,l)

xvT (k, l + t) Qvxv (k, l + t)

= E

{ −d1−1∑
t=−d(k,l+1)

xvT (k, l + t + 1) Qvxv (k, l + t + 1)

+
−1∑

t=−d1

xvT (k, l + t + 1) Qvxv (k, l + t + 1)

−
−d1∑

t=−d(k,l)

xvT (k, l + t) Qvxv (k, l + t)

−
−1∑

t=−d1+1

xvT (k, l + t) Qvxv (k, l + t) |x (k, l)

}

= E

{ −d1∑
t=−d(k,l+1)+1

xvT (k, l + t) Qvxv (k, l + t)

+
−1∑

t=−d1+1

xvT (k, l + t) Qvxv (k, l + t) + xvT (k, l)

×Qvxv (k, l) −xvT (k, l−d (k, l)) Qvxv (k, l − d (k, l))

−
−1∑

t=−d(k,l)+1

xvT (k, l + t) Qvxv (k, l + t) |x (k, l)

}
.

(23)

E
{
V h

3 (k + 1, l) |x (k, l)
}− V h

3 (k, l)

= E

⎧⎨
⎩

−d1+1∑
m=−d2+2

−1∑
r=m−1

xhT (k + r + 1, l) Qhxh (k + r + 1, l)

−
−d1+1∑

m=−d2+2

−1∑
r=m−1

xhT (k + r, l) Qhxh (k + r, l) |x (k, l)

⎫⎬
⎭

= E

{
(d2 − d1) xhT (k, l) Qhxh (k, l)

−
−d1∑

m=−d2+1

xhT (k + m, l) Qhxh (k + m, l) |x (k, l)

}
.

(24)

E
{
V v

3 (k, l + 1) |x (k, l)
}− V v

3 (k, l)

= E

⎧⎨
⎩

−d1+1∑
m=−d2+2

−1∑
t=m−1

xvT (k, l + t + 1) Qvxv (k, l + t + 1)

−
−d1+1∑

m=−d2+2

−1∑
t=m−1

xvT (k, l + t) Qvxv (k, l + t) |x (k, l)

⎫⎬
⎭

= E

{
(d2 − d1) xvT (k, l) Qvxv (k, l)

−
−d1∑

m=−d2+1

xvT (k, l + m) Qvxv (k, l + m) |x (k, l)

}
.

(25)

Substituting (20)–(25) into (19) and along the trajectory of
system (17), one can obtain

E
{
V + (k, l) |x (k, l)

}− V (k, l)

= E
{
xhT (k + 1, l) P hxh (k + 1, l) −xhT (k, l) P hxh (k, l)

+ xvT (k, l + 1) P vxv (k, l + 1) − xvT (k, l) P vxv (k, l)

+ xhT (k, l) Qhxh (k, l) + xvT (k, l) Qvxv (k, l)

− xhT (k − d (k, l) , l) Qhxh (k − d (k, l) , l)

− xvT (k, l − d (k, l)) Qvxv (k, l − d (k, l))



+ (d2 − d1) xhT (k, l) Qhxh (k, l) + (d2 − d1) xvT (k, l)

×Qvxv (k, l) +
−1∑

r=−d1+1

xhT (k + r, l) Qhxh (k + r, l)

−
−1∑

r=−d(k,l)+1

xhT (k + r, l) Qhxh (k + r, l)

+
−1∑

t=−d1+1

xvT (k, l + t) Qvxv (k, l + t)

−
−1∑

t=−d(k,l)+1

xvT (k, l + t) Qvxv (k, l + t)

+
−d1∑

r=−d(k+1,l)+1

xhT (k + r, l) Qhxh (k + r, l)

−
−d1∑

m=−d2+1

xhT (k + m, l) Qhxh (k + m, l)

+
−d1∑

t=−d(k,l+1)+1

xvT (k, l + t) Qvxv (k, l + t)

−
−d1∑

m=−d2+1

xvT (k, l + m) Qvxv (k, l + m) |x (k, l)

⎫⎬
⎭ .

(26)

Since d1 ≤ d (k, l) ≤ d2, we have

−1∑
r=−d1+1

xhT (k + r, l) Qhxh (k + r, l)

≤
−1∑

r=−d(k,l)+1

xhT (k + r, l) Qhxh (k + r, l), (27)

−1∑
t=−d1+1

xvT (k, l + t) Qvxv (k, l + t)

≤
−1∑

t=−d(k,l)+1

xvT (k, l + t) Qvxv (k, l + t) , (28)

−d1∑
r=−d(k+1,l)+1

xhT (k + r, l) Qhxh (k + r, l)

≤
−d1∑

m=−d2+1

xhT (k + m, l) Qhxh (k + m, l), (29)

−d1∑
t=−d(k,l+1)+1

xvT (k, l + t) Qvxv (k, l + t)

≤
−d1∑

m=−d2+1

xvT (k, l + m) Qvxv (k, l + m). (30)

Then from (27)–(30), (19) can be rewritten as

E{V + (k, l) |x (k, l) } − V (k, l)

≤ E
{
x+T (k, l) Px+ (k, l) − xT (k, l) Px (k, l)

− xT
d (k, l) Qxd (k, l) + (d2−d1 + 1) xT (k, l) Qx(k, l)

|x (k, l) } , (31)

where

P = diag {Ph, Pv} , Q = diag {Qh,Qv} .

For simplicity, we take

�A = �A (k, l) , �Ad = �Ad (k, l) ,

�D = �D (k, l) , �Dd = �Dd (k, l) , α = α (k, l) ,

β = β (k, l) , δ = δ (k, l) .

Then system (17) can be represented as follows:

x+ (k, l) = (
A + ᾱ�A + δ̄C1X1 + (1 − δ̄

)
C2Y1

)
x (k, l)

+ (Ad + β̄�Ad )xd (k, l) + δ̄C1fn (x (k, l))

+ (1 − δ̄)C2gn(x(k, l)) + ((α − ᾱ)�A

+ (δ − δ̄)C1X1 + (δ̄ − δ)C2Y1)x(k, l)

+ (β − β̄)�Adxd (k, l) + (δ−δ̄)C1fn(x(k, l))

+ (δ̄ − δ)C2gn(x(k, l)) + ((D + �D)x(k, l)

+ (Dd + �Dd )xd (k, l))w(k, l). (32)

Applying (32) into (31), one can obtain

E{V +(k, l)|x(k, l)} − V (k, l)

≤ E{[(A + ᾱ�A + δ̄C1X1 + (1 − δ̄)C2Y1)x(k, l)

+ δ̄C1fn(x(k, l)) + (Ad + β̄�Ad )xd (k, l)

+ (1 − δ̄)C2gn(x(k, l))]T P [(A + ᾱ�A + δ̄C1X1

+ (1 − δ̄)C2Y1)x(k, l) + δ̄C1fn(x(k, l))

+ (Ad + β̄�Ad )xd (k, l) + (1 − δ̄)C2gn(x(k, l))]

+ [((α − ᾱ)�A + (δ−δ̄)C1X1 + (δ̄−δ)C2Y1)x(k, l)

+ (β − β̄)�Adxd (k, l) + (δ − δ̄)C1fn(x(k, l))

+ (δ̄ − δ)C2gn(x(k, l))]T P [(β − β̄)�Adxd (k, l)

((α − ᾱ)�A + (δ − δ̄)C1X1 + (δ̄ − δ)C2Y1)x(k, l)

+ (δ − δ̄)C1fn(x(k, l)) + (δ̄ − δ)C2gn(x(k, l))]

+ ((D + �D)x(k, l) + (Dd + �Dd )xd (k, l))T

×P ((D + �D)x(k, l) + (Dd + �Dd )xd (k, l))

− xT (k, l)Px(k, l) − xT
d (k, l)Qxd (k, l)

+ (d2 − d1 + 1)xT (k, l)Qx(k, l)}. (33)

From (16), we get that the following inequality holds:

E{V + (k, l) |x (k, l) } − V (k, l)

≤ E
{
V + (k, l) |x (k, l)

}− V (k, l) − fn (x)T (fn (x)

−Xx) − gn (x)T (gn (x) − Yx) . (34)



Noting (33) and (34), we have

E{V + (k, l) |x (k, l) } − V (k, l) =

⎡
⎢⎢⎣

x (k, l)
xd (k, l)

fn (x (k, l))
gn (x (k, l))

⎤
⎥⎥⎦

T ⎧⎪⎪⎨
⎪⎪⎩
⎡
⎢⎢⎣

	1 + ᾱ�AT

AT
d + β̄�AT

d

δCT
1

(1 − δ̄)CT
2

⎤
⎥⎥⎦ P

⎡
⎢⎢⎣

	1 + ᾱ�AT

AT
d + β̄�AT

d

δCT
1

(1 − δ̄)CT
2

⎤
⎥⎥⎦

T

+

⎡
⎢⎢⎣

DT + �DT

DT
d + �DT

d

0
0

⎤
⎥⎥⎦

×P

⎡
⎢⎢⎣

DT + �DT

DT
d + �DT

d

0
0

⎤
⎥⎥⎦

T

+

⎡
⎢⎢⎣

�1 0 −XT −YT

∗ �2 0 0
∗ ∗ �3 0
∗ ∗ ∗ �4

⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭
⎡
⎢⎢⎣

x (k, l)
xd (k, l)

fn (x (k, l))
gn (x (k, l))

⎤
⎥⎥⎦ , (35)

where

	1 = AT + δ̄XT
1 CT

1 + (1 − δ̄)Y T
1 CT

2 ,

�1 = −P + (d2 − d1 + 1)Q + ᾱ(1 − ᾱ)�AT P�A + δ̄(1 − δ̄)XT
1 CT

1 PC1X1 + δ̄(1 − δ̄)YT
1 CT

2 PC2Y1,

�2 = −Q + β̄(1 − β̄)�AT
d P�Ad,

�3 = δ̄(1 − δ̄)CT
1 PC1 − 2I,

�4 = δ̄(1 − δ̄)CT
2 PC2 − 2I.

By Schur complement, we can get that E{V +(k, l)|x(k, l)} − V (k, l) < 0 if the following inequality holds

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�̄ 0 −XT −YT 	1 + ᾱ�AT DT + �DT
√

ᾱ(1 − ᾱ)�AT ϒ1 ϒ2 0 0 0
∗ −Q 0 0 AT

d + β̄�AT
d DT

d + �DT
d 0 0 0

√
β̄(1 − β̄)�AT

d 0 0
∗ ∗ −2I 0 δCT

1 0 0 0 0 0 ϒ3 0
∗ ∗ ∗ −2I (1 − δ̄)CT

2 0 0 0 0 0 0 ϒ4

∗ ∗ ∗ ∗ −P −1 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ −P −1 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −P −1 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

�̄ = −P + (d2 − d1 + 1)Q, ϒ1 =
√

δ̄(1 − δ̄)XT
1 CT

1 , ϒ2 =
√

δ̄(1 − δ̄)YT
1 CT

2 , ϒ3 =
√

δ̄(1 − δ̄)CT
1 , ϒ4 =

√
δ̄(1 − δ̄)CT

2 .

(36)

From (6), we have

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T1 T2 −XT −Y T 	1 DT 0 ϒ1 ϒ2 0 0 0
∗ T3 0 0 AT

d DT
d 0 0 0 0 0 0

∗ ∗ −2I 0 δCT
1 0 0 0 0 0 ϒ3 0

∗ ∗ ∗ −2I
(
1 − δ̄

)
CT

2 0 0 0 0 0 0 ϒ4

∗ ∗ ∗ ∗ −P −1 + ε1MMT 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ −P −1 + ε2MMT 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −P −1 + ε3MMT 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 + ε4MMT 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0,

(37)



where

T1 = �̄ + (ε−1
1 ᾱ2 + ε−1

3 ᾱ(1 − ᾱ)
)
NT

1 N1 + ε−1
2 NT

3 N3,

T2 = ε−1
1 ᾱβ̄NT

1 N2 + ε−1
2 NT

3 N4,

T3 = −Q + (ε−1
1 β̄2 + ε−1

4 β̄(1 − β̄)
)
NT

2 N2 + ε−1
2 NT

4 N4.

Using Schur complement, we can get

[
�1 �2

∗ �3

]
< 0, (38)

where

�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�̄ 0 −XT −YT 	1 DT 0 ϒ1 ϒ2

∗ −Q 0 0 AT
d DT

d 0 0 0
∗ ∗ −2I 0 δCT

1 0 0 0 0
∗ ∗ ∗ −2I

(
1 − δ̄

)
CT

2 0 0 0 0
∗ ∗ ∗ ∗ −P −1 + ε1MMT 0 0 0 0
∗ ∗ ∗ ∗ ∗ −P −1 + ε2MMT 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −P −1 + ε3MMT 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 ᾱNT
1 NT

3

√
ᾱ (1 − ᾱ)NT

1 0

0 0 0 β̄NT
1 NT

4 0
√

β̄
(
1 − β̄

)
NT

2

0 ϒ3 0 0 0 0 0
0 0 ϒ4 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�3 = diag{−P −1 + ε4MMT ,−P −1,−P −1,−ε1I,−ε2I,−ε3I,−ε4I }.

Pre- and post-multiplying (38) by diag
{
P −1, P −1,

I, . . . , I︸ ︷︷ ︸
14

}
, and let P̄ = P −1 and Q̄ = P −1QP −1, we can

get the LMI (14) from (38), which means that there exists
a scalar ρ such that

E
{
V + (k, l) |x (k, l)

}− V (k, l)

<

⎡
⎢⎢⎣

x (k, l)
xd (k, l)

f (x (k, l))
g (x (k, l))

⎤
⎥⎥⎦

T ⎡⎢⎢⎣
−ρI 0 0 0

∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

⎤
⎥⎥⎦
⎫⎪⎪⎬
⎪⎪⎭
⎡
⎢⎢⎣

x (k, l)
xd (k, l)

f (x (k, l))
g (x (k, l))

⎤
⎥⎥⎦

= −ρ ‖x (k, l)‖2 . (39)

Taking mathematical expectation on both sides of (39)
gives

E{V h (k + 1, l) − V h (k, l) + V v (k, l + 1) − V v (k, l)}
< −ρE{‖x (k, l)‖2}. (40)

Note that for any nonnegative integer Z > max (z1, z2),
it holds that V h (0, Z) = 0 and V v (Z, 0) = 0. Then sum-
ming up both sides of (40) from Z − 1 to 0 with respect to
l and 0 to Z − 1 with respect to k leads to

Z∑
k=0

Z∑
l=0

E{V h (k + 1, l) − V h (k, l) + V v (k, l + 1) − V v (k, l)}

=
Z∑

l=0

E{V h (Z, l) − V h (0, l)} +
Z∑

k=0

E{V v (k, Z) − V v (k, 0)}

≤ −ρ

Z∑
k=0

Z∑
l=0

E{‖x (k, l)‖2}. (41)

and, therefore,

Z∑
k=0

Z∑
l=0

E
{‖x (k, l)‖2} ≤ 1

ρ

{
Z∑

l=0

E{V h (0, l) − V h (Z, l)}

+
Z∑

k=0

E
{
V v(k, 0) − V v(k, Z)

}}

≤ 1

ρ

Z∑
l=0

E{V h(0, l) + V v(0, l)}.

(42)

It follows from Assumption 1 and (17) that∑Z
k=0

∑Z
l=0 E

{‖x (k, l)‖2} < ∞ which implies that

lim
k+l→∞

E{‖x (k, l)‖2} = 0. (43)



Then from Definition 1, we can conclude that system
(13) is asymptotically stable in the mean-square sense, the
proof of Theorem 1 is completed.

4. Robust stabilisation

Based on Theorem 1, we can design a state feedback con-
troller in the form of (12) for system (1) to ensure that

the closed-loop system is robustly mean-square asymp-
totically stable. Under controller (12), the corresponding
closed-loop system for system (1) can be written as

x+ (k, l) = (A + BK + α (k, l) �A (k, l) + δ (k, l) C1X1

+ (1 − δ (k, l)) C2Y1)x (k, l) + (Ad + β (k, l)

×�Ad (k, l))xd (k, l) + δ (k, l) C1fn (x (k, l))

+ (1 − δ (k, l)) C2gn (x (k, l))

+ ((D + �D) x (k, l) + (Dd

+�Dd )xd (k, l))w (k, l) , (44)

where

x+ (k, l) =
[

xh (k + 1, l)
xv (k, l + 1)

]
, x (k, l) =

[
xh (k, l)
xv (k, l)

]
,

xd (k, l) =
[

xh (k − d (k, l) , l)
xv (k, l − d (k, l))

]
.

Theorem 2: The system in (1) is robustly stochastically
stabilisable if there exist matrices P̄ = diag{P̄ h, P̄ v} > 0,
Q̄ = diag{Q̄h, Q̄v} > 0, Kc and positive scalars ε1, ε2, ε3

and ε4 such that the following LMI holds:

[
�1 �2

∗ �3

]
< 0, (45)

where

�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�̃ 0 −P̄XT −P̄ Y T P̄ 	̃ + KT
c BT P̄DT 0 P̄ϒ1 P̄ϒ2

∗ −Q̄ 0 0 P̄AT
d P̄DT

d 0 0 0
∗ ∗ −2I 0 δCT

1 0 0 0 0
∗ ∗ ∗ −2I

(
1 − δ̄

)
CT

2 0 0 0 0
∗ ∗ ∗ ∗ −P̄ + ε1MMT 0 0 0 0
∗ ∗ ∗ ∗ ∗ −P̄ + ε2MMT 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −P̄ + ε3MMT 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −P̄ 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P̄

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 ᾱP̄NT
1 P̄NT

3

√
ᾱ (1 − ᾱ)P̄NT

1 0

0 0 0 β̄P̄NT
1 P̄NT

4 0
√

β̄
(
1 − β̄

)
P̄NT

2

0 ϒ3 0 0 0 0 0
0 0 ϒ4 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

�3 = diag{−P̄ + ε4MMT ,−P̄ ,−P̄ ,−ε1I,−ε2I,−ε3I,−ε4I },

where

�̃ = −P̄ + (d2 − d1 + 1)Q̄,

	̃ = AT + δ̄XT
1 CT

1 + (1 − δ̄)Y T
1 CT

2 ,

ϒ1 =
√

δ̄(1 − δ̄)XT
1 CT

1 , ϒ2 =
√

δ̄(1 − δ̄)YT
1 CT

2 ,

ϒ3 =
√

δ̄(1 − δ̄)CT
1 , ϒ4 =

√
δ̄(1 − δ̄)CT

2 ,

X = X2 − X1, Y = Y2 − Y1.

In this case, the desired control gain in (12) is given by

K = KcP̄
−1. (46)

Proof: Substituting A with A + BK in (14) and letting
Kc = KP̄ , we can get the LMI condition (45). By The-
orem 1, we conclude that the closed-loop system (44) is
asymptotically stable. This completes the proof.

Remark 6: The condition (45) in Theorem 2 is given
in terms of LMI which can be easy-verified by using the
LMI toolbox of Matlab. Then by (46), we can compute the
value of the state feedback controller. The feasibility of
the proposed method will be illustrated by the example
given in the next section.



5. Illustrative example

In this section, we present an example to illustrate the ef-
fectiveness of the proposed approach.

Consider the Darboux equation with delays that can 
be used to describe some process of gas absorption, water 
stream heating and air drying (Kaczorek 1985):

∂2s (x, t)

∂x∂t
= a1

∂s (x, t)

∂t
+ a2

∂s (x, t)

∂x
+ a0s (x, t)

+ ads (x, t − τ ) + bu (x, t) , (47)

where s(x, t) is an unknown function at x ∈ [0, xf ] (space)
and t ∈ [0, tf ] (time), a0, a1, a2, ad , b are real coefficients,
u(x, t) is a given input function.

Let us define

r (x, t) = ∂s (x, t)

∂t
− a2s (x, t) . (48)

By (48) we can transform (47) into an equivalent system
with first order differential equations of the form.⎡
⎢⎣

∂r (x, t)

∂x
∂s (x, t)

∂t

⎤
⎥⎦ =

[
a1 a1a2 + a0

1 a2

] [
r (x, t)
s (x, t)

]

+
[

ad

0

]
s (x, t − τ ) +

[
b

0

]
u (x, t)(49)

From (47), we can get

r (0, t) = ∂s (x, t)

∂

∣∣∣∣
x=0

− a2s (0, t)

= ds (0, t)

dt
− a2s (0, t) = R (t) .

Taking r (k, l) = r (k�x, l�t) and s(k, l) =
s(k�x, l�t), then

∂r (x, t)

∂x
=̃ r (k + 1, l) − r (k, l)

�x
,

∂s (x, t)

∂t
=̃ s (k, l + 1) − s (k, l)

�t
.

We can obtain from (49)[
r (k + 1, l)
s (k, l + 1)

]
=
[

1 + a1�x (a1a2 + a0) �x

�t 1 + a2�t

] [
r (k, l)
s (k, l)

]

+
[

ad�x

0

]
s (k, l − d (l))

+
[

b�x

0

]
u (k, l) . (50)

Due to environmental circumstances such as sudden en-
vironment changes, the practical systems may be influenced

by additive stochastic disturbance, randomly occurring un-
certainties and nonlinearities, that is, the uncertainties and
nonlinearities may occur in a probabilistic way. In this ex-
ample, we assume the sector-like nonlinearities and the
norm-bounded uncertainties enter into the system in ran-
dom ways, and such randomly occurring uncertainties and
nonlinearities obey certain mutually uncorrelated Bernoulli
random binary distribution laws. Let xh (k, l) = r (k, l),
xv (k, l) = s (k, l), and the nonlinear function and noise in-
tensity function vector be given by

f (x (k, l))

=
[

0.4 tan
(−xh (k, l)

)+ 0.2xh (k, l) + 0.1xv (k, l)
0.1xh (k, l) − 0.4 tan (xv (k, l)) + 0.2xv (k, l)

]
,

g (x (k, l))

=
[

0.1xh (k, l) − 0.4 tan (xv (k, l)) + 0.2xv (k, l)
0.4 tan

(−xh (k, l)
)+ 0.2xh (k, l) + 0.1xv (k, l)

]
.

Then we can get a 2D discrete state-delayed system in
the form of (1) with parameters as follows:

A =
[−0.2400 0.1307

−0.1440 0.0008

]
, Ad =

[
0 0.1089
0 0

]
,

B =
[

1 −0.3
0 0

]
, C1 =

[−0.06 0.04
0.03 −0.05

]
,

C2 =
[−0.02 0.03

−0.08 −0.12

]
, D =

[
0 0.1

0.2 0.1

]
,

Dd =
[

0 0.02
0 0

]
M =

[
0.02
0.01

]
, N1 = [0.01 0 .02

]
,

N2 = [
0.01 0.02

]
, N3 = [0.02 0.05

]
, N4 = [ 0.04 0.02 ],

δ̄ = 0.54, ᾱ = 0.78, β̄ = 0.77,

d (k, l) = 2.5 + 0.5 sin
(π

2
l
)

.

It is easy to verify that

X1 =
[−0.3 0.1

0.1 −0.3

]
, X2 =

[
0.2 0.1
0.1 0.2

]
,

Y1 =
[

0.1 −0.3
−0.3 0.1

]
, Y2 =

[
0.1 0.2
0.2 0.1

]
, d1 =2, d2 =3.

By using the LMI toolbox of Matlab, the solution of
(43) is given as

P̄ =
[

1.7281 0
0 1.7372

]
, Q̄ =

[
0.3166 0

0 0.3202

]
,

Kc =
[

0.4179 10.0595
0.0498 34.2561

]
, ε1 = 1.8709,

ε2 = 1.4062, ε3 = 1.7059, ε4 = 1.6839.



Figure 1. State trajectory of xh (k, l).

By Theorem 2, the desired state feedback controller can
be constructed as

u (k, l) =
[−0.8358 −20.1189

−0.0995 −68.5122

]
x (k, l) .

The boundary conditions are given by

xh (i, j ) = 0.2,∀0 ≤ j ≤ 15, i = 0;
xv (i, j ) = 0.2,∀0 ≤ i ≤ 15,−d2 ≤ j ≤ 0.

The state responses of the system are shown in Fig-
ures 1 and 2, which demonstrate the closed-loop system is
asymptotically stable in the mean-square sense.

Figure 2. State trajectory of xv (k, l).

6. Conclusion

The 2D stochastic time-delay systems with randomly occur-
ring uncertainties and randomly occurring nonlinearities is
first considered in this paper and the corresponding robust
stability and stabilisation problems have been studied. Both
the sector-like nonlinearities and the norm-bounded uncer-
tainties enter into the system in random ways, and they
obey certain mutually uncorrelated Bernoulli distributed
white sequences. An effective LMI approach has been pro-
posed to design a state feedback controller such that, for
all admissible nonlinearities and uncertainties, the overall
closed-loop system is asymptotically stable in the mean-
square sense. Furthermore, how to reduce the conserva-
tiveness of the stability criterion will become the authors’
future work.
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