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Abstract—This paper presents an efficient circuit-based ap-
proach for the nonlinear dynamic electrothermal simulation of
power devices and systems subject to radical self-heating. The
strategy relies on the synthesis of a nonlinear compact thermal
network extracted from a finite-element model by a novel model-
order reduction method requiring a computational time orders of
magnitude lower than conventional techniques. Unlike commonly
employed approaches, the proposed network allows reconstructing
the whole time evolution of the temperature field in all the points
of the domain with high accuracy. Electrothermal simulations are
enabled in a commercial SPICE-like simulator by coupling such
a network with subcircuits that describe the electrical device be-
havior by accounting for the temperature dependence of the key
physical parameters. As a case study, the dynamic electrothermal
analysis of a packaged silicon carbide power MOSFET undergoing
a short-circuit test is performed, showcasing the performance of
the approach and highlighting the need of including the thermal
nonlinearities to achieve reliable results.

Index Terms—Model-order reduction (MOR), nonlinear com-
pact thermal network (NCTN), nonlinear thermal effects, short-
circuit test, silicon carbide (SiC) MOSFET.

I. INTRODUCTION

IN most applications, power devices and systems are subject
to significant self-heating effects, which must be accurately

investigated since they may entail a distortion of the character-
istics and affect the transistor reliability.

A plethora of methods have been developed over the last
decades to perform electrothermal (ET) simulations. Commonly
employed approaches involve the interaction between a circuit
simulator and a numerical thermal-only tool in a relaxation
cycle [1]–[3], or the extension of a finite-element method (FEM)
thermal solver to account for the electrical behavior of the tran-
sistors with simplified models [4]. However, these strategies
are computationally prohibitive and numerically challenging in
terms of convergence when geometrically complex domains re-
quiring fine meshes are to be analyzed. Another method relies
on the coupling inside a circuit solver of 1) subcircuits that
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describe the electrical device behavior by including the tem-
perature dependence of the key physical parameters, and 2) a
thermal network (i.e., an equivalent circuit) that accounts for the
heat diffusion within the structure, and can be derived from the
equations discretizing the heat diffusion with numerical tech-
niques such as the FEM [5]–[12]; in this case, the CPU/memory
burden can be alleviated by substituting the large thermal net-
works needed for modern power devices with compact thermal
networks (CTNs), in principle having dimensions comparable
to those of the electrical circuit.

Various methods exist for constructing CTNs modeling heat
diffusion in dynamic linear conditions, when all thermal param-
eters can be assumed to be temperature insensitive; especially
effective are the model-order reduction (MOR) techniques and
in particular the multipoint moment matching (MPMM) algo-
rithm [13]–[17]. However, it has been shown that including the
effects of temperature-dependent thermal conductivities (non-
linear thermal effects) in CTNs is crucial in power electronics
[18]. The most commonly adopted approach (due to its sim-
ple application) is based on the Kirchhoff’s transformation [7],
[19], [20], by which CTNs extracted assuming temperature-
independent thermal conductivities are extended to the non-
linear case. Unfortunately, this procedure in practice provides
exact results only under steady-state conditions and considering
a single material for the entire device, while introducing large
inaccuracies in practical cases, as investigated by the Authors
in [21]. Some attempts for a more accurate description of non-
linear thermal effects in power devices can be encountered in
the recent literature. Methods using nonlinear thermal networks
directly obtained by discretizing the heat diffusion equations
are reported in [22] and [23]; these works propose strategies for
managing the large computational complexity of ET simulations
when directly using thermal circuits derived by discretization.
Following [18], nonlinear CTNs (NCTNs) with Cauer topology
have been conceived: in [24], a network with power-dependent
resistors and capacitors is determined by fitting with thermal
impedances measured in the time domain for various power
levels; in [25], a network with temperature-dependent resis-
tors is generated through a physics-based procedure verified
by comparison with 3-D numerical results. Another strategy
for constructing geometry-scalable NCTNs involves the use of
simplifying assumptions on the heat propagation in the specific
domain under analysis, as performed in [26] for trench-isolated
heterojunction bipolar transistors.

In this paper, an alternative approach is proposed, which
allows performing extremely fast, yet accurate, nonlinear ET
analyses of power transistors for any level of temperature by
representing the whole structure under analysis with a single
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electrical macrocircuit making use of transistor subcircuits that
include temperature-dependent parameters, and a novel highly
efficient NCTN to describe the power-temperature feedback; as
a result, nonlinear ET simulations can be performed by resort-
ing to the optimized engines of commercial SPICE-like circuit
simulators.

The NCTN is obtained by extending the nonlinear MOR tech-
nique proposed in [21] so as to cover a much wider range of
temperature; thus, accuracy is ensured in describing power de-
vices operated under extremely harsh conditions (e.g., energy
distribution, automotive, railway traction, aircraft, and space-
craft applications), for which a conventional linear ET analy-
sis would provide an unacceptable underestimation of thermal
issues. The resulting method, differently from previous tech-
niques, does not need cumbersome measurements, costly 3-D
numerical transient simulations of discretized nonlinear heat
diffusion equations, or simplifying assumptions on the geome-
try of the domain, and can be effortlessly applied to any device
category, including packages, for any input power profile (even
for short huge-power pulses). Moreover, such an NCTN allows
determining the temperature field in the whole structure under
analysis (i.e., in all points of the computational domain) in a
postprocessing step.

The remainder of this paper is articulated as follows. In
Sections II–IV, details are given on the analytical derivation
of the nonlinear MOR technique, as well as of the NCTN. In
Section V, the proposed approach is exploited to examine the
nonlinear thermal and ET behavior of a packaged silicon car-
bide (SiC) power MOSFET suffering from high temperature
induced by hard short-circuit conditions. Conclusions are then
drawn in Section VI. In the Appendix, the Kirchhoff’s trasfor-
mation approach, used throughout the paper for comparison, is
reported.

II. REFORMULATION OF THE NONLINEAR HEAT

DIFFUSION PROBLEM

A nonlinear heat diffusion problem, in the spatial domain Ω,
is ruled by equation

ρ(r)c(r)
∂ϑ

∂t
(r, t)+∇· [−k(r, ϑ(r, t))∇ϑ(r, t)]= q(r, t) (1)

in which ϑ(r, t) is the temperature rise with respect to ambient
temperature T0 = 300 K due to the power density q(r, t), r and t
being the position vector and the time instant, respectively. The
specific heat c(r) and the mass density ρ(r) can be assumed
as temperature insensitive. However, the dependence of thermal
conductivity on ϑ(r, t) cannot be disregarded and is thus taken
into account in the form

k(r, ϑ(r, t)) = k0(r)
(

1 +
ϑ(r, t)

T0

)m (r)

(2)

in which parameters k0(r) and m(r) have different values in
different materials. Robin conditions can be assumed on the
boundary ∂Ω of Ω, in the form

−k(r, ϑ(r, t))
∂ϑ

∂n
(r, t) = h(r)ϑ(r, t) (3)

in which n(r) is the outward normal unit vector, and h(r) is the
heat transfer coefficient, which is generally assumed to be tem-
perature independent. Due to the difficulty in estimating the heat
transfer coefficients, often either Neumann or Dirichlet bound-
ary conditions are preferred, which can be obtained from (3)
taking the limits h(r) → 0 and h(r) → ∞, respectively. Homo-
geneous initial conditions can be considered, i.e., ϑ(r, 0) = 0 K.

In view of the construction of the NCTNs, the nonlinear
heat diffusion problem is reformulated in an equivalent way in
which only quadratic nonlinearities occur. More specifically, by
introducing the additional variable

λ(r, t) =
(

1 +
ϑ(r, t)

T0

)m (r)

− 1 (4)

(1) and (3) are rewritten in the form

ρ(r)c(r)
∂ϑ

∂t
(r, t) + ∇ · [−k0(r)(1 + λ(r, t))∇ϑ(r, t)]

= g(r)P (t), (5)

− k0(r)(1 + λ(r, t))
∂ϑ

∂n
(r, t) = h(r)ϑ(r, t). (6)

Besides, by deriving (4) with respect to time, it is obtained

(T0 + ϑ(r, t))
∂λ

∂t
(r, t) = m(r)(1 + λ(r, t))

∂ϑ

∂t
(r, t). (7)

Equation (7) is equivalent to (4), assuming initial condition
λ(r, 0) = 0.

A thermal model is defined by introducing its port variables
[16], allowing the coupling of electric circuits to NCTNs for
ET simulations. Thus, for the case here considered, the power
density q(r, t) is written in the form

q(r, t) = g(r)P (t) (8)

in which P (t) is the power dissipated by the active heat source
and injected at the port of the NCTN, while

ΔT (t) =
∫

Ω
g(r)ϑ(r, t) dr (9)

defines the average temperature rise over the active heat source,
which can be measured at the port of the NCTN.

III. NONLINEAR COMPACT THERMAL NETWORK

The NCTN is here achieved from the nonlinear heat diffusion
equations, as reformulated in Section II, by an MOR approach
that preserves their nonlinear quadratic structure. To this aim,
ϑ(r, t) is approximated in the form

ϑ(r, t) =
n̂ϑ∑
j=1

ϑj (r) ϑ̂j (t) (10)

in which ϑj (r) are a small number n̂ϑ of orthonormal basis
functions, which will be determined in Section IV. Likewise
λ(r, t) is approximated in the form

λ(r, t) =
n̂λ∑

s=1

λs(r) λ̂s(t) (11)



in which λs(r) are a small number n̂λ of orthonormal basis
functions, which again will be determined in Section IV.

By multiplying (5) by ϑi(r), integrating over Ω, applying
the divergence theorem and recalling (6), (10), and (11), the
following equations are obtained for all i = 1, . . . , nϑ :

dϑ̂i

dt
(t) +

n̂ϑ∑
j=1

(
K̂0

ij +
n̂λ∑

s=1

K̂s
ij λ̂s(t)

)
ϑ̂j (t) = ĝiP (t) (12)

in which

K̂0
ij =

∫
Ω

k0(r)∇ϑi(r) · ∇ϑj (r) dr +
∫

∂Ω
h(r)ϑi(r)ϑj (r) dr

K̂s
ij =

∫
Ω

k0(r)∇ϑi(r) · ∇ϑj (r)λs(r) dr

ĝi =
∫

Ω
g(r)ϑi(r) dr. (13)

Similarly, multiplying (7) by λr (r), integrating over Ω and re-
calling (10), (11), it is found for all r = 1, . . . , nλ

n̂λ∑
s=1

⎛
⎝T0 δrs +

n̂ϑ∑
j=1

Ĉj
rs ϑ̂j (t)

⎞
⎠ dλ̂s

dt
(t)

+
n̂λ∑

j=1

(
n̂ϑ∑

k=1

Ĝj
rs ϕ̂j (t)

)
λ̂s(t) =

n̂ϑ∑
j=1

f̂ j
r ϕ̂j (t) (14)

in which δ is the Kronecker’s delta symbol, ϕ̂j (t) = dϑ̂j /dt(t)
and

Ĉj
rs =

∫
Ω

λr (r)λs(r)ϑj (r) dr

Ĝj
rs =

∫
Ω

m(r)λr (r)λs(r)ϑj (r) dr

f̂ j
r =

∫
Ω

m(r)λr (r)ϑj (r) dr.

From the initial conditions of the nonlinear heat diffusion prob-
lems ensue ϑ̂i(t) = 0, λ̂r (t) = 0. Equations (12) and (14) define
a nonlinear thermal model that allows approximating the aver-
age temperature rise over the heat source in the form

ΔT (t) =
n̂ϑ∑
j=1

ĝj ϑ̂j (t) (15)

in which ĝi are defined by (13). Moreover such nonlinear ther-
mal model, in a postprocessing stage, allows reconstructing the
whole temperature rise evolution ϑ(r, t) within Ω by (10).

Equations (12), (14), and (15) can be interpreted as the Nodal
Analysis equations of the NCTN shown in Fig. 1. In particular,
(12) models subcircuit Nϑ made of nϑ nodes at which poten-
tials ϑ̂i(t) are measured. The first term on the left-hand side of
(12) models nϑ capacitors of unit capacitance connecting each
node i of Nϑ to ground; the second term models nϑ (nϑ + 1)/2
resistors connecting each pair of nodes i �= j of Nϑ and each

node i of Nϑ to ground, and having conductances

k̂0
ij +

n̂λ∑
s=1

k̂s
ij λ̂s(t)

in which

k̂s
ii =

nϑ∑
j=1

K̂s
ij , k̂s

ij = −K̂s
ij for i �= j.

Such conductances linearly depend on the potentials λ̂i(t) of
subcircuitNλ, defined below. The right-hand side of (12) models
nϑ current sources controlled by power P (t).

Analogously, (14) models subcircuit Nλ of the NCTN shown
in Fig. 1 made of nλ nodes at which potentials λ̂r (t) are
measured. The first term in the left-hand side of (14) models
nλ(nλ + 1)/2 capacitors connecting each pair of nodes r �= s
of Nλ and each node r of Nλ to ground, and having capacitances

T0δrs +
n̂ϑ∑
j=1

ĉj
rs ϑ̂j (t)

in which

ĉj
rr =

nλ∑
s=1

Ĉj
rs , ĉj

rs = −Ĉj
rs for r �= s.

Such capacitances linearly depend on the potentials ϑ̂i(t) of
subcircuit Nϑ . The second term models nλ(nλ + 1)/2 resistors
connecting each pair of nodes r �= s of Nλ and each node r of
Nλ to ground, and having conductances

n̂ϑ∑
j=1

ĝj
rs ϕ̂j (t)

in which

ĝj
rr =

nλ∑
s=1

Ĝj
rs , ĝj

rs = −Ĝj
rs for r �= s.

Such conductances linearly depend on the variables ϕ̂i(t) of
subcircuit Nϑ . The right-hand side of (14) models nλ current
sources controlled by the variables ϕ̂i(t) of subcircuit Nϑ .

Equation (15) models subcircuit NT of the NCTN shown in
Fig. 1 having one node in addition to the thermal node of the
power device and including a current source controlled by the
potentials ϑ̂i(t) of subcircuit Nϑ .

The voltage-controlled resistors and capacitors can be im-
plemented in SPICE-like circuit environments, as reported in
[27].

IV. BASIS FUNCTIONS FROM VOLTERRA’S KERNELS

In order to determine the basis functions ϑj (r), and λj (r),
the m-order Volterra’s kernels [28] of ϑ(r, t) and λ(r, t), named
Θm (r,σm ), Λm (r,σm ), are evaluated at a few m × 1 fre-
quency vectors σm , for m = 1, . . . , M , with a chosen small
M , using an extended version of the method presented in [21],
as detailed hereinafter.

The Volterra’s kernels Θm (r,σm ) are computed by itera-
tively solving from m = 1 to m = M the linear heat diffusion



Fig. 1. Proposed NCTN topology composed of subcircuits Nϑ , Nλ, NT . Conductances and capacitances are indicated for resistors and capacitors, respectively.



problem in the frequency domain given by (16) with boundary
conditions over ∂Ω (17), in which the right-hand side is known
from previous iterations. In these expressions, pm is a vector of
m elements equal to either zero or one, |pm | indicates the sum
of the elements of pm , and p′

m is the vector obtained from pm

by exchanging all zeros with ones and ones with zeros. More-
over, σ

pm
m is the vector obtained by selecting the elements of

σm corresponding to the ones of pm , see equations (16), (17)
and (18) shown at the bottom of the page.

The Volterra’s kernels Λm,αm
(r,σm ) = Ωm (r,σm )/|σm |

are iteratively determined from m = 1 to m = M by (18), in
which Φm (r,σm ) = |σm |Θm (r,σm ).

Orthonormal basis functions ϑj (r) and λj (r) spanning the
computed moments Θm (r,σm ) and Λm (r,σm ), respectively,
are then obtained by singular value decomposition (SVD).

The set of frequency vectors σm can be chosen in many dif-
ferent ways. A simple choice is made in the following, which ex-
tends what is usual in MPMM for linear heat diffusion problems
[12]. The set of N positive real frequencies β1 < β2 < . . . βN

introduced in MPMM is considered. These are used to define
vectors

σm =

m︷ ︸︸ ︷
(βi, β1 , . . . , β1), i = 1, . . . , N, m = 1, . . . , M.

As shown in the numerical section, this choice of frequency
vectors allows getting accurate NCTNs up to extreme levels of
temperature for all waveforms of dissipated power of practical
interest.

Hence, a set of M · N linear heat diffusion problems in the
frequency domain is to be numerically solved. The computa-
tional complexity of the whole approach is almost entirely due
to the solution to these problems, which is performed over a
tetrahedral mesh by 2nd-order FEM spatial approximation of
the temperature rise. The resulting linear systems of equations
are solved by an efficient algebraic multigrid iterative solver
[29].

Fig. 2. 3-D representation of the structure under test; point A is the origin of
the system of coordinates.

V. CASE STUDY

A. Device Under Test

The proposed NCTN was adopted to investigate both the ther-
mal and ET behavior of a 1200-V 50-A 4H-SiC power MOSFET
manufactured by CREE [30] and bonded to a widely used di-
rect copper bonding (DCB) package (e.g., [31]). The analysis
is of utmost interest since—in spite of the well-known superior
performance of SiC power devices in terms of thermal conduc-
tivity [32]—SiC MOSFETs might experience a detrimentally
high positive temperature coefficient (PTC) of the drain current
induced by traps located at the SiO2 /SiC, as detailed later.

A 3-D representation of the structure under test is depicted
in Fig. 2. The active area of the 0.4 cm ×0.4 cm 370-μm-thick
bare die is covered by a 4-μm-thick Al source metallization.
The two-layer (0.8-μm-thick Ni and 0.6-μm-thick Ag) back-
side drain contact is attached through a 200-μm-thick SnPt
soldering grease to an 0.8 cm ×1 cm DCB substrate comprising
three layers, namely, 0.3-mm-thick Cu, 0.38-mm-thick Al2O3 ,
and 0.3-mm-thick Cu. The DCB is in turn soldered with a SnPt

|σm | ρ(r)c(r)Θm (r,σm ) + ∇ · (−k0(r)∇Θm (r,σm ))

= −
m−1∑
k=1

∇ ·

⎛
⎝−k0(r)

∑
|pm |=k

Λk (r,σpm
m )∇Θm−k (r,σp′

m
m )

⎞
⎠

/(
m
k

)
+ g(r)δm1 (16)

−k0(r)
∂Θm

∂n
(r,σm ) − h(r)Θm (r,σm ) = −

m−1∑
k=1

k0(r)
∑

|pm |=k

Λk (r,σpm
m )

∂Θm−k

∂n
(r,σp′

m
m )

/(
m
k

)
(17)

Ωm (r,σm ) = −
m−1∑
k=1

∑
|pm |=k

Θk (r,σpm
m )Ωm−k (r,σp′

m
m )

/(
m
k

)

+ m(r)

⎛
⎝Φm (r,σm ) +

m−1∑
k=1

∑
|pm |=k

Λk (r,σpm
m )Φm−k (r,σp′

m
m )

/ (
m
k

)⎞
⎠ (18)



Fig. 3. Detail of the Comsol grid used for the 3-D FEM simulations.

TABLE I
MATERIAL PARAMETERS USED FOR THE THERMAL SIMULATIONS

Material k at T0 ρ c m

[W/mK] [kg/m3 ] [J/kgK]

4H-SiC 370 [34] 3211 690 −1.29 [35]
Al 200 2700 900 0
SnPt 50 7310 228 0
Ni 90.5 8908 444 −0.44 [36]
Ag 429 10490 235 0
Poly 40 2330 920 0
SiO2 1.33 2203 709 0.33 [37]
Al2 O3 28 3900 796 −1 [37]
Cu 398 8900 385 0

grease to a 3-mm-thick 4 cm ×4 cm Cu baseplate mounted onto
an aluminum heat sink.

B. Thermal Analysis

Half of the structure under test was drawn within the environ-
ment of the FEM software package Comsol [33] for thermal-
only simulations. The meshing process was supported by the
advanced features for selective refinement available in the tool;
the resulting grid, a detail of which is reported in Fig. 3, involves
1.1 × 106 tetrahedra and 1.5 × 106 degrees of freedom. The
missing portion was virtually restored by applying an adiabatic
boundary condition over the plane of symmetry.

The bottom of the Cu baseplate was supposed to be in intimate
contact with an ideal heat sink kept at the reference temperature
T0 . All other surfaces were reasonably assumed adiabatic. The
active device area (i.e., the region including the elementary
channels) was modeled with one thin heat source.

All material parameters used for the thermal simulations
(namely, thermal conductivity k, mass density ρ, and specific
heat c) were chosen according to data reported in the litera-
ture, and are listed in Table I. The temperature dependence of
k was enabled for 4H-SiC, Ni, SiO2 , and Al2O3 according to
the power law (2), whereas it was safely disregarded for other
materials; it can be evinced that such dependence is highly
nonuniform in the structure: k collapses with increasing tem-

Fig. 4. Transient evolution of the nonlinear temperature rise over ambient
corresponding to various PD steps, as obtained by making use of the proposed
NCTN (solid lines) and 3-D Comsol simulations (dotted); also shown are the
curves determined for the case PD = 600 W by deactivating the temperature
dependence of the thermal conductivities (dot-dashed) and applying the Kirch-
hoff’s transformation (dashed).

perature in 4H-SiC, while being almost temperature-insensitive
within the whole package.

The overall analysis was executed on a PC equipped with 32-
GB RAM and a quad-core i7-3820QM. The proposed NCTN
with nϑ = nλ = 41 was extracted from the Comsol grid in about
2 h by exploiting the procedure presented in Sections II–IV
with M = 7 and N = 10. It is noteworthy that increasing M
from 4 (as considered in [21]) to 7, the maximum temperature
rise for which the NCTN exhibits 0.1% accuracy extends from
about 400 to 1000 K. Nonlinear transient thermal simulations
up to steady-state conditions were performed by applying power
steps with amplitude spanning from 300 to 600 W. The resulting
temperature rises above ambient—evaluated as an average of the
temperature field over the heat source—are illustrated in Fig. 4.
The following findings are observed:

� the CPU time needed to compute a single curve with the
proposed NCTN amounted to 80 s by using the popular
PSPICE program [38];

� conversely, a standard 3-D Comsol simulation required
more than 20 h;

� excellent agreement is obtained between the results deter-
mined with the NCTN and the Comsol counterparts, even
for very high temperature values;

� disregarding nonlinear thermal effects leads to a significant
temperature underestimation (560 K instead of the exact
865 K under steady-state conditions for PD = 600 W),
while a huge overestimation is obtained by applying to
the whole domain the Kirchhoff’s transformation with the
4H-SiC dependence of k upon temperature (4160 K for the
same scenario).

As underlined in Section III, the presented approach allows
also reconstructing the entire 3-D temperature field for each
time instant. Fig. 5 illustrates some temperature rise profiles
along the horizontal cuts indicated as #1 and #2 in Fig. 2,
and taken along the plane where the heat source is located. It
can be inferred that a perfect match occurs between the results



Fig. 5. Temperature rise profiles along the horizontal cuts (a) #1 and (b) #2
illustrated in Fig. 2 for t = 100 μs, 10 ms, and 1 s, as computed by the proposed
NCTN (solid lines) and Comsol simulations (dotted) for the PD = 600 W step.
Also shown in (a) is the abscissa along which the vertical cut #3 is taken.

evaluated with the proposed NCTN and Comsol. The shape of
the profiles corresponding to cut #1 is determined by the posi-
tion of the active areas (i.e., of the heat source); in particular,
after a peripheral inactive area (from y = 0 to 250 μm), there is
a small active region (up to y = 700 μm) leading to a tempera-
ture “bump,” followed by an inactive sector underneath the gate
contact (up to y = 2010 μm), a large active region, and another
inactive area near the die border. Similar considerations can be
derived for the curves corresponding to cut #2, where the inac-
tive area associated to the gate contact lies between y = 770 and
990 μm.

Fig. 6 reports the temperature rise profiles along the vertical
cut referred to as #3 in Fig. 2 for the same time instants as in
Fig. 5; a simple inspection of the curves reveals that

� the sharp slope of the temperature within the MOSFET for
long times shows that the thermal conductivity of 4H-SiC
has noticeably decreased with respect to the T0 value due
to nonlinear thermal effects;

� the low thermally conductive layers of soldering grease
and of the DCB dielectric Al2O3 severely counteract the
downward heat propagation [31], which instead becomes
much faster within the Cu layers and the Cu baseplate.

Fig. 6. Temperature rise profiles along the vertical cut #3 evidenced in Fig. 2
for t = 100 μs, 10 ms, and 1 s, as evaluated through the proposed NCTN (solid
lines) and Comsol simulations (dotted) for the power step with PD = 600 W.

Fig. 7. Sketch of the subcircuit corresponding to the SiC power MOSFET
[39].

C. Electrical Macromodeling

According to the macromodeling technique, the power MOS-
FET is represented by a subcircuit, which—besides the standard
device terminals—is equipped with an input node fed with the
temperature rise above ambient and an output node providing
the dissipated power. The subcircuit—a simplified schematic
of which is shown in Fig. 7—is composed by a standard de-
vice component as a main element, as well as resistances and
supplementary linear/nonlinear controlled sources to include
specific physical mechanisms and to allow the variation of the
temperature-sensitive parameters during the simulation run. A
slightly improved variant of the transistor model proposed in
[39] is implemented, the main features of which can be de-
scribed as follows.

� The threshold voltage suffers from a negative temperature
coefficient (NTC) much higher than that of similarly-rated
Si transistors due to the high density of SiO2 /Si interface
traps [40]–[42]; this mechanism is accounted for through
the voltage source A in series with the gate.



Fig. 8. PSPICE simulations of a short-circuit test performed on the structure
under analysis by applying VGS = 20 V and VDS = 100 V for 160 μs: (a) time
evolution of the drain current, as determined under isothermal conditions at
T = T0 (dotted line), as well as by activating the ET feedback with a linear
CTN (dot-dashed), through the same CTN equipped with an additional generator
to account for the Kirchhoff’s transformation (dashed), and by exploiting the
proposed NCTN (solid); (b) corresponding temperature rises above ambient for
all the ET cases. In (b), circles identify the operating points examined in Figs. 9
and 10.

� The channel mobility exhibits a PTC at low-medium tem-
peratures absent in Si devices and again attributed to the in-
terface traps, the expected NTC due to the phonon-acoustic
scattering being restored at very high temperatures [42]–
[45]; this behavior is enabled by placing the current source
B in parallel with the standard MOSFET.

� Impact-ionization effects are included by paralleling
the current source C to the device enriched with the
temperature dependence of both threshold voltage and
mobility.

� The drift resistance and its sensitivity to biasing conditions
are emulated by the additional voltage source D connected
to the drain.

It is worth noting that the concurrent action of the high NTC
of threshold voltage and PTC of channel mobility may entail
a significant—and thus, harmful—PTC of the drain current at
low-medium temperatures that must be properly described by
simulation tools.

The model parameters, including the temperature-scaling
ones, were calibrated on experimental data measured under

Fig. 9. Temperature rise profiles along the horizontal cuts (a) #1 and (b) #2
illustrated in Fig. 2 during the short-circuit test at t = 40, 80, and 120 μs, as
computed in a postprocessing step.

isothermal (i.e., pulsed) conditions at various temperatures, as
reported in [39], where further details concerning the model and
the underlying transistor physics can be found.

D. Electrothermal Analysis

The transistor subcircuit was connected to the NCTN pre-
sented in Section III; as a result, the whole device structure
is translated into a macrocircuit describing both the electrical
behavior and the nonlinear power-temperature feedback. The
solution of the macrocircuit was performed with PSPICE, al-
though any commercial SPICE-like simulator can in principle
be employed; the studies conducted in [39] and [46] evidenced
that exploiting the optimized PSPICE engine for linear prob-
lems favors low CPU time and memory requirements, as well
as the absence of convergence issues.

The proposed approach was adopted to describe the dynamic
ET behavior of the power MOSFET subject to a short-circuit
test involving large power dissipation [39], [47]–[50]. In par-
ticular, from the time instant t = 0 s, the device was subject to
VGS = 20 V and VDS = 100 V for 160 μs. Fig. 8 illustrates the
transient evolution of drain current and temperature rise (aver-
aged over the heat source) for the fully nonlinear case, for the
linear counterpart, and for the latter corrected with the Kirch-
hoff’s transformation with the 4H-SiC power factor applied to



Fig. 10. Temperature rise profiles along the vertical cut #3 shown in Fig. 2
during the short-circuit test at t = 40, 80, and 120 μs, as computed in a post-
processing step.

the whole macrocircuit (i.e., to the whole structure). The fol-
lowing comments are in order:

� the time elapsed by PSPICE was about 2 s for the lin-
ear/Kirchhoff’s cases and 50 s for the nonlinear one,
whereas several hours or even days would be needed by
resorting to approaches based on numerical tools (e.g.,
[1]–[4]);

� for short times, the drain current rapidly grows due to the
high PTC dictated by the NTC of the threshold voltage and
the PTC of channel mobility;

� as the temperature reaches values at which the NTC of the
mobility dominates over the other mechanisms, the current
reduces;

� neglecting nonlinear thermal effects leads to a consider-
able overestimation of the current and underestimation of
the temperature for medium/long times (i.e., medium/high
temperatures);

� applying the Kirchhoff’s transformation with the power
factor of 4H-SiC enhances ET effects in comparison with
the exact nonlinear case; it must be remarked that, for
this specific analysis, the temperature overestimation for
medium/long times, although considerable, is not dramatic
due to the NTC of the drain current that alleviates the
power-temperature feedback.

Figs. 9 and 10 depict the temperature rise profiles as com-
puted in a 1-s-long postprocessing step at the operating points
highlighted in Fig. 8(b). It must be remarked that the knowl-
edge of the whole temperature distribution is important, since
the value of the temperature peak, as well as its position, can
be determined for further reliability considerations. As an ex-
ample, it can be evaluated that the temperature rise peak along
cut #1 at t = 120 μs in Fig. 9(a) is 18% higher than the average
temperature rise over the active area shown in Fig. 8(b). Fig. 10
clarifies that during the short-circuit test the heat is still confined
in the SiC die, not having reached the DCB yet.

VI. CONCLUSION

In this study, an approach has been proposed to perform non-
linear dynamic electrothermal analyses of power devices and 
systems using commercial SPICE-like circuit simulators. Com-
pared to state-of-the-art alternative strategies, the method re-
quires ultra short CPU time by preserving excellent accuracy 
over an extremely wide range of temperature, and does not need 
a calibration procedure relying on cumbersome measurements 
or 3-D numerical simulations of the thermal impedance. The 
transistors, modeled by behavioral subcircuits with temperature-
varying physical parameters, are coupled to a nonlinear compact 
thermal network that describes the power-temperature feedback 
and accounts for the temperature dependence of the thermal 
conductivities of materials. Such a network is extracted from 
a finite-element discretization of the structure under analysis 
by a novel very fast MOR algorithm, and—unlike commonly 
employed methods—allows reconstructing the evolution of the 
temperature field in all points at each time instant of a thermal 
or electrothermal analysis. The approach has been exploited to 
effectively analyze the behavior of a packaged 1200-V 50-A 
4H-SiC power MOSFET coping with harsh electrical/thermal 
conditions during a short-circuit test. The current and tempera-
ture waveforms have been simulated with PSPICE in less than 
1 min on a normal PC. It has been found that disregarding non-
linear thermal effects or applying the widely used Kirchhoff’s 
transformation leads to intolerable discrepancies with respect 
to the accurate solution obtained with the nonlinear network. 
The proposed approach can be therefore suggested to support 
the thermal design of power devices and systems destined to 
applications where significant temperatures are expected.

APPENDIX: KIRCHHOFF’S TRANSFORMATION

The most common approach to describing nonlinear heat dif-
fusion problems with an NCTN exploits the Kirchhoff’s trans-
formation [19], [20]. In such an approach, the thermal parame-
ters in the heat diffusion equation (1), (3) are assumed to take 
the form

k(r, ϑ(r, t)) = k(r, 0) f(ϑ(r, t)),

ρ(r, ϑ(r, t))c(r, ϑ(r, t)) = ρ(r, 0)c(r, 0) f(ϑ(r, t)), (A1)

h(r, ϑ(r, t)) = h(r, 0)
∫ ϑ(r,t)

0
f(τ) dτ

/
ϑ(r, t) (A2)

being f(·) a given positive function. In this case, by the change
of variable

u(r, t) =
∫ ϑ(r,t)

0
f(τ) dτ = F (ϑ(r, t)) (A3)

the nonlinear heat diffusion problem is mapped onto the linear
heat diffusion equation

ρ(r, 0)c(r, 0)
∂u

∂t
(r, t) + ∇ · [−k(r, 0)∇u(r, t)] = q(r, t)

(A4)



with linear boundary conditions

−k(r, 0)
∂u

∂n
(r, t) = h(r, 0)u(r, t) (A5)

and initial conditions

u(r, 0) = 0. (A6)

From the solution to this linear heat diffusion problem, the so-
lution to the nonlinear one is simply achieved by inverting the
Kirchhoff’s transformation (A3). As a result, an NCTN model-
ing the nonlinear heat diffusion problem (1), (3) is obtained by
determining a CTN modeling the linear heat diffusion problem
(A4), (A5) by any suitable technique such as the MPMM algo-
rithm [12], and inverting the Kirchhoff’s transformation (A3).

However, when considering power electronics applications,
the thermal conductivity of the materials is commonly assumed
to depend on ϑ(r, t) according to (2) in which parameters k0(r)
and m(r) are material-dependent. Besides, the specific heat
c(r), the mass density ρ(r), and the heat transfer coefficient
h(r) are commonly assumed to be temperature independent,
and thus, do not vary according to (A1), (A2). In such a case, the
Kirchhoff’s transformation approach does not rigorously apply.
An heuristic practice is to assume a spatially uniform tempera-
ture dependence for all material thermal parameters of the form
(2) with m assumed independent of the position vector r, and
to apply the Kirchhoff’s transformation approach. In this way,
f(τ) = (1 + τ/T0)m so that the Kirchhoff’s transformation is

u(r, t) = F (ϑ(r, t)) =
T0

m + 1

[(
1 +

ϑ(r, t)
T0

)m+1

− 1

]

and its inverse is

ϑ(r, t) = T0

[(
1 + m+1

T0
u(r, t)

) 1
m + 1 − 1

]
. (A7)

As numerically shown in Section V, in many electronics appli-
cations, the Kirchhoff’s transformation introduces large inac-
curacies that cannot be controlled. For this reason, a rigorous,
alternative strategy to dynamic compact thermal modeling of
nonlinear heat diffusion is highly desired.
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