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Abstract In the present paper, the propagation of high-frequency sound waves in bi-
nary gas mixtures is investigated by using the linearized Boltzmann equation based
on a Bhatnagar-Gross-Krook (BGK)-type approach and diffuse reflection boundary
conditions. It is shown that the semi-analytical methods of solution considered for
the BGK-Boltzmann equations can be used to simplify the numerical procedures for
solving our problem and gain insight into the qualitative behavior of the solution.

1 Introduction

In the low-frequency limit, the problem concerning the propagation of sound waves
in gas mixtures is correctly described by the Navier-Stokes, Fourier, and Fick equa-
tions [16], [17]. If the excitation frequency ω of the sound wave becomes suffi-
ciently high, the classical continuum approach fails even at ordinary densities, be-
cause ω−1 can become of the order of the molecular mean free time. Therefore,
in the case of rarefied gas dynamics (or equivalently, in the case of a highly oscil-
latory phenomenon), there is no recourse but to turn to the kinetic theory and the
Boltzmann equation [6], [25], [19], [10], [15]. In the sixties, Grad [12] conjectured
that when a binary gas mixture is made up of species with very different molecu-
lar masses, under appropriate circumstances, the two components of such a mixture
can support different temperatures, due to the slow exchange of kinetic energy be-
tween light and heavy species. Two-temperature continuum equations, necessary to
replace those of hydrodynamics in part of the continuum regime, have been devel-
oped by a number of authors. From such ”two-temperature hydrodynamics”, Huck
and Johnson [14] predicted the possibility of several simultaneous sound modes in
a disparate-mass gas mixture (composed of very heavy plus very light molecules),
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for a narrow range of compositions at high enough frequencies. These predictions
were later confirmed experimentally by Bowler [3]. However, the identity of these
interfering modes has never been completely understood over the years, partly due
to the inadequacy of the investigation tools used.

The kinetic description of a mixture of gases with different particle masses (and
possibly with different internal energies) is not a trivial generalization of the clas-
sical Boltzmann theory for a single gas, since the collision operators have to take
into account exchanges of momentum and energy among the different species (and
also mass exchanges, in the case of reacting mixtures). Therefore, since the Boltz-
mann equations are quite awkward to deal with, consistent simpler models have
been proposed in the literature. Among them, the McCormack model [20] has been
over the years the most widely used to study a great variety of problems, such as
Couette and Poiseuille flows, thermal creep, and heat transfer for mixtures, since
all transport coefficients (i.e., viscosity, thermal conductivity, diffusion, and thermal
diffusion ratio) can be correctly obtained from it applying the Chapman-Enskog
procedure [21], [22]. Moreover, McCormack derived a model for the cross-collision
operator of a general multicomponent monatomic mixture applicable to different
intermolecular force laws.

Instead, in the present paper, we have chosen to perform our analysis by using the
BGK relaxation model proposed by Andries et al. [1] and generalized by Groppi and
Spiga [13] even to nonconservative collisions, that has been proven to be well posed
from the mathematical point of view (correct Boltzmann collision invariants and
Maxwellian equilibria are properly recovered, and the H theorem is fulfilled). Even
if the BGK-Boltzmann equation for mixtures generally cannot match all the trans-
port coefficients simultaneously, for the specific problem at hand, we will prove that
the BGK model is able to produce results in close agreement with those obtained
with more refined kinetic models. The advantage is that the equations which de-
scribe the BGK model are much simpler than those which describe, for instance,
the McCormack model, allowing also a semi-analytical representation of the solu-
tion.

2 Linearized BGK Model

Let us consider a binary gaseous mixture confined between two flat, infinite, and
parallel plates located at z′ = −d/2 and z′ = d/2. Both boundaries are held at the
same constant temperature. The upper wall of the channel (located at z′ = d/2) is
fixed while the lower one (located at z′ = −d/2) harmonically oscillates in the z′-
direction (normal to the wall itself) with angular frequency ω ′ (the corresponding
period being T ′ = 2π/ω ′). The velocity U ′w of the oscillating plate depends on time
t ′ through the formula

U ′w(t
′) =U ′0 sin(ω ′t ′), (1)
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where it is assumed that the amplitude U ′0 is very small compared to the character-
istic molecular velocity of the mixture given by

v0 =
√

2kT0/m, (2)

with k being the Boltzmann constant, m being the mean molecular mass of the mix-
ture and T0 being the equilibrium temperature of the mixture. Under these con-
ditions, the Boltzmann equation modeling the gaseous mixture motion inside the
channel can be linearized by representing the distribution functions f s (s = 1,2) of
both species as follows:

f s = f s
0(1+hs), |hs|<< 1 , (3)

with f s
0 being the Maxwellian configuration

f s
0 = ns

0

(
ms

2πkT0

)3/2

exp
[
− ms

2kT0
ξ

2
]

(4)

and hs being the small perturbation with respect to the equilibrium state. In Eq. (4),
ns

0 represents the equilibrium number density and ms denotes the molecular mass.
Using Eq. (3), the system of nonstationary BGK-Boltzmann equations reads as

∂hs

∂ t ′
+ cz

∂hs

∂ z′
= Lhs

BGK s = 1,2 (5)

where Lhs
BGK is the linearized BGK collision operator given by [2]

Lh1
BGK = ν1

{
ρ1 +2(1−Γ 1)c ·v1 +2Γ 1c ·v2

+

[
1− 2Γ

1M12
(1+M12)

](
|c|2− 3

2

)
τ1 + 2Γ

1M12
(1+M12)

(
|c|2− 3

2

)
τ2−h1

}
(6)

Lh2
BGK = ν2

{
ρ2 +2(1−Γ 2) c

M12
·v2 +2Γ 2 c

M12
·v1

+

[
1− 2Γ

2

(1+M12)

](
|c|2
M12
− 3

2

)
τ2 + 2Γ

2

(1+M12)

(
|c|2
M12
− 3

2

)
τ1−h2

}
(7)

In Eqs. (6)-(7), νs are suitable collision frequencies (independent from the molecu-

lar velocity ξ ), c = ξ√
2 k

m1 T0
, M12 = m1/m2, Γ 1 =

ν12
1 µ12

ν1m1 n2
0, Γ 2 =

ν12
1 µ12

ν2m2 n1
0, where

µ12 = m1m2/(m1 +m2) stands for the reduced mass, and νsr
k are suitably weighted

integrals of the differential cross sections relevant to collisions between particles of
species s and r [8]. The dimensionless macroscopic perturbed density ρs, velocity
vs, temperature τs are obtained by taking the moments of hs.

It is convenient now to rescale all variables appearing in Eq. (5) as follows:
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t = t ′/θ1, z = z′/(v1
0θ1), (8)

with θ1 = 1/ν1, v1
0 =

√
2kT0/m1. Furthermore, we define Θ12 = θ1/θ2 = ν2/ν1 and

δ = d/(v1
0θ1), which is the dimensionless distance between the channel walls as

well as the rarefaction parameter (inverse Knudsen number) of the species s = 1.
Since the problem under consideration is one-dimensional in space, the unknown
perturbed distribution functions hs, as well as the overall quantities, depend only
on the z coordinate. Likewise, we can reduce the dimensionality of the molecular-
velocity space by introducing the projection procedure. First, we multiply Eq. (5)
by 1

π
e−(cx

2+cy
2), when s = 1, and by 1

(πM12)
e−(cx

2+cy
2)/M12 , when s = 2, and we

integrate over all cx and cy. Then, we multiply Eq. (5) by 1
π
(c2

x +c2
y−1)e−(cx

2+cy
2),

when s = 1, and by 1
(πM12)

(
c2

x+c2
y

M12
−1)e−(cx

2+cy
2)/M12 , when s = 2, and we integrate

again over all cx and cy. The resulting equations after the projection are

∂H1

∂ t + cz
∂H1

∂ z +H1 = ρ1 +2(1−Γ 1)cz v1
z +2Γ 1cz v2

z

+

[
1− 2Γ

1M12
(1+M12)

]
(c2

z − 1
2 )τ1 + 2Γ

1M12
(1+M12)

(c2
z − 1

2 )τ2 (9)

∂H2

∂ t + cz
∂H2

∂ z +Θ12H2 =Θ12

{
ρ2 +

2(1−Γ
2)

M12
cz v2

z +
2Γ

2

M12
cz v1

z

+

[
1− 2Γ

2

(1+M12)

](
c2

z
M12
− 1

2

)
τ2 + 2Γ

2

(1+M12)

(
c2

z
M12
− 1

2

)
τ1
}

(10)

∂Ψ
1

∂ t
+ cz

∂Ψ
1

∂ z
+Ψ

1 =

[
1− 2Γ

1M12

(1+M12)

]
τ

1 +
2Γ

1M12

(1+M12)
τ

2 (11)

∂Ψ
2

∂ t
+ cz

∂Ψ
2

∂ z
+Θ12Ψ

2 =Θ12

{[
1− 2Γ

2

(1+M12)

]
τ

2 +
2Γ

2

(1+M12)
τ

1
}

(12)

where the reduced unknown distribution functions Hs and Ψ s are defined as

H1(z,cz, t) =
1
π

∫ +∞

−∞

∫ +∞

−∞

h1(z,c, t)e−(c
2
x+c2

y) dcx dcy (13)

H2(z,cz, t) =
1

πM12

∫ +∞

−∞

∫ +∞

−∞

h2(z,c, t)e−(c
2
x+c2

y)/M12 dcx dcy (14)

Ψ
1(z,cz, t) =

1
π

∫ +∞

−∞

∫ +∞

−∞

(c2
x + c2

y−1)h1(z,c, t)e−(c
2
x+c2

y) dcx dcy (15)

Ψ
2(z,cz, t) =

1
πM12

∫ +∞

−∞

∫ +∞

−∞

(
c2

x + c2
y

M12
−1
)

h2(z,c, t)e−(c
2
x+c2

y)/M12 dcx dcy (16)
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The macroscopic fields appearing on the right-hand side of Eqs. (9)-(12) are given
by

ρ
1(z, t) =

1√
π

∫ +∞

−∞

H1 e−c2
z dcz (17)

ρ
2(z, t) =

1√
πM12

∫ +∞

−∞

H2 e−c2
z /M12 dcz (18)

v1
z (z, t) =

1√
π

∫ +∞

−∞

cz H1 e−c2
z dcz (19)

v2
z (z, t) =

1√
πM12

∫ +∞

−∞

cz H2 e−c2
z /M12 dcz (20)

τ
1(z, t) =

1√
π

∫ +∞

−∞

2
3

[
(c2

z −1/2)H1 +Ψ
1
]

e−c2
z dcz (21)

τ
2(z, t) =

1√
πM12

∫ +∞

−∞

2
3

[(
c2

z

M12
− 1

2

)
H2 +Ψ

2
]

e−c2
z /M12 dcz (22)

Applying the same projection procedure to the linearized boundary conditions re-
ported in [9] (Eqs. (17)-(18)) describing the diffuse scattering of gaseous particles
on both walls of the microchannel, we are led to derive the following expressions

H1(z =−δ/2,cz, t) = (
√

π +2cz)Uw

−2
∫

c̃z<0
dc̃z c̃z e−c̃2

z H1(z =−δ/2, c̃z, t) cz > 0 (23)

H2(z =−δ/2,cz, t) =
(√

π
M12

+
2cz
M12

)
Uw

− 2
M12

∫
c̃z<0

dc̃z c̃z e−c̃2
z /M12 H2(z =−δ/2, c̃z, t) cz > 0 (24)

Ψ
1(z =−δ/2,cz, t) =Ψ

2(z =−δ/2,cz, t) = 0 cz > 0 (25)

H1(z = δ/2,cz, t) = 2
∫

c̃z>0
dc̃z c̃z e−c̃2

z H1(z = δ/2, c̃z, t) cz < 0 (26)

H2(z = δ/2,cz, t) =
2

M12

∫
c̃z>0

dc̃z c̃z e−c̃2
z /M12 H2(z = δ/2, c̃z, t) cz < 0 (27)

Ψ
1(z = δ/2,cz, t) =Ψ

2(z = δ/2,cz, t) = 0 cz < 0 (28)

In Eqs. (23) and (24), Uw is the dimensionless wall velocity given by

Uw(t) =U0 sin(ω t) (29)
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with Uw =U ′w/v1
0, U0 =U ′0/v1

0, ω = θ1 ω ′, T = 2π/ω = T ′/θ1. The time-dependent
problem described by Eqs. (9)-(12), with boundary conditions given by Eqs. (23)-
(28), has been numerically solved by a deterministic finite-difference method. The
region between the plates has been divided into a number of cells of the same size.
For this particular application, high spatial resolution is required in order to cap-
ture properly the propagation of sound waves with short wavelength. It should be
noted that, following previous numerical studies (see [18]), the emitter plate dis-
placement is not taken into account. The gas feels the plate motion only through
the boundary conditions (23)-(28). Similarly, a regular net of nodes has been ar-
ranged into a finite domain of the one-dimensional velocity space, large enough to
contain the significant part of the distribution functions at any spatial location. In
general, the extent of the velocity distribution function of species s (s = 1,2) in the
molecular velocity space is inversely proportional to

√
ms. Thus, a separate grid for

each species should be considered. Indeed, due to the normalization adopted in the
present paper, we were able to use only one grid in the velocity space since the scal-
ing factor:

√
m1/m2 =

√
M12 (which allows to switch between the grid associated

with the first species and that associated with the second species) appears directly
in the equations defining the reduced distribution functions Hs and Ψ s (Eqs. (13)-
(16)) and the macroscopic fields (Eqs. (17)-(22)). Then, the distribution functions
are assumed to be constant within each cell of the phase space. Further details on the
standard (upwind) implicit finite-difference scheme employed in the present com-
putations are reported in [18]. The convergence of the numerical results presented
has been extensively examined by modifying the number of grid points chosen in
phase space. The variation of the components of the macroscopic fields due to the
increase of the grid parameters was the criterion of the calculation accuracy. In addi-
tion, it has been checked that, allowing our data to be reduced to the case of a single
monoatomic gas by taking m1 = m2, the results presented in [9] can be recovered.

In order to investigate more deeply the influence of the parameters peculiar to a
binary gaseous mixture on the sound wave propagation, we present in Sections 3 and
4 two semi-analytical methods of solution for the BGK-Boltzmann equations (9)-
(12), which retain their usefulness since they are capable of providing an analytical
representation of the solution and hence a picture of its qualitative behavior.

3 Integral Equations

Since the vibrations of the lower wall of the microchannel are generated by a time-
harmonic forcing (of frequency ω) of the form sin(ω t) (see Eq. (29)), we introduce
the following expression Uw = U0 eiωt in Eqs. (23) and (24) and then we look for
solutions of Eqs. (9)-(12) under the form

Hs(z,cz, t) = H s(z,cz)eiω t s = 1,2 (30)

Ψ
s(z,cz, t) = Ψs(z,cz)eiω t s = 1,2. (31)
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The solutions of the original problem are then recovered by taking the imaginary
part of Hs and Ψ s. Putting Eqs. (30) and (31) into Eqs. (9)-(12) and then integrating
the resulting equations along the trajectories of the molecules, we obtain an explicit
expression for the distribution functions

H 1(z,cz) = e
− z

cz
(1+iω)

e
−δ sgncz

2cz
(1+ iω)

H 1(−δ/2sgncz,cz)

+
∫ z

−δ /2sgncz
dscz

−1
{

ρ
1(s)+2(1−Γ

1)cz v1
z (s)+2Γ

1cz v2
z (s)

+

[
1− 2Γ

1M12
(1+M12)

]
(c2

z − 1
2 )τ1(s)+ 2Γ

1M12
(1+M12)

(c2
z − 1

2 )τ2(s)
}

×e
−|z− s| (1+ iω)

|cz| (32)

H 2(z,cz) = e
− z

cz
(Θ12+iω)

e
−δ sgncz

2cz
(Θ12 + iω)

H 2(−δ/2sgncz,cz)

+
∫ z

−δ /2sgncz
ds

Θ12

cz

{
ρ

2(s)+
2(1−Γ

2)

M12
cz v2

z (s)+
2Γ

2

M12
cz v1

z (s)

+

[
1− 2Γ

2

(1+M12)

](
c2

z
M12
− 1

2

)
τ2(s)+ 2Γ

2

(1+M12)

(
c2

z
M12
− 1

2

)
τ1(s)

}

×e
−|z− s| (Θ12 + iω)

|cz| (33)

Ψ1(z,cz) =
∫ z

−δ /2sgncz
dscz

−1
{[

1− 2Γ
1M12

(1+M12)

]
τ

1(s)

+ 2Γ
1M12

(1+M12)
τ2(s)

}
× e
−|z− s| (1+ iω)

|cz| (34)

Ψ2(z,cz) =
∫ z

−δ /2sgncz
ds

Θ12

cz

{[
1− 2Γ

2

(1+M12)

]
τ

2(s)

+ 2Γ
2

(1+M12)
τ1(s)

}
× e
−|z− s| (Θ12 + iω)

|cz| (35)

Inserting in the definitions (17)-(22) the distribution functions (32)-(35), together
with the boundary conditions, the integral equations for the macroscopic fields ρs,
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vs
z, τs can be explicitly obtained. To solve the resulting system of six coupled integral

equations, one can extend a finite difference technique first introduced in a paper by
Cercignani and Daneri [5], by using the method reported in [7], [9]. In view of our
subsequent considerations, we are interested in writing down the integral equations
for the bulk velocities of the gas components:

v1
z (z) = K1(z,γ)+ 1√

π

∫
δ/2

−δ/2
dsρ

1(s)sgn(z− s)T0(|z− s|γ)

− 1√
π

∫
δ/2

−δ/2
dsρ

1(s)K2(z,s,γ)

+ 2√
π

∫
δ/2

−δ/2
ds [(1−Γ

1)v1
z (s)+Γ

1 v2
z (s)]T1(|z− s|γ)

− 1√
π

∫
δ/2

−δ/2
ds [(1−Γ

1)v1
z (s)+Γ

1 v2
z (s)]K3(z,s,γ)

+ 1√
π

∫
δ/2

−δ/2
ds
[(

1− 2Γ 1 M12

(1+M12)

)
τ

1(s)+
2Γ 1 M12

(1+M12)
τ

2(s)
]

×sgn(z− s) [T2(|z− s|γ)− 1
2 T0(|z− s|γ)]

− 4√
π

∫
δ/2

−δ/2
ds
[(

1− 2Γ 1 M12

(1+M12)

)
τ

1(s)+
2Γ 1 M12

(1+M12)
τ

2(s)
]
K4(z,s,γ)

(36)

v2
z (z) = K1(z, γ̃)+

Θ12√
π

∫
δ/2

−δ/2
dsρ

2(s)sgn(z− s)T0(|z− s| γ̃)

−Θ12√
π

∫
δ/2

−δ/2
dsρ

2(s)K2(z,s, γ̃)

+ 2Θ12√
π M12

∫
δ/2

−δ/2
ds [(1−Γ

2)v2
z (s)+Γ

2 v1
z (s)]T1(|z− s| γ̃)

− Θ12√
π M12

∫
δ/2

−δ/2
ds [(1−Γ

2)v2
z (s)+Γ

2 v1
z (s)]K3(z,s, γ̃)

+Θ12√
π

∫
δ/2

−δ/2
ds
[(

1− 2Γ 2

(1+M12)

)
τ

2(s)+
2Γ 2

(1+M12)
τ

1(s)
]

×sgn(z− s) [T2(|z− s| γ̃)− 1
2 T0(|z− s| γ̃)]

−4Θ12√
π

∫
δ/2

−δ/2
ds
[(

1− 2Γ 2

(1+M12)

)
τ

2(s)+
2Γ 2

(1+M12)
τ

1(s)
]
K4(z,s, γ̃) (37)

where γ = (1+ iω), γ̃ = (Θ12+ iω)/
√

M12, and the symbols Ki (i = 1, . . . ,4) stand
for expressions involving products of the Abramowitz functions Tn defined by
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Tn(x) :=
∫ +∞

0
sn e−s2−x/s ds. (38)

The explicit form of the functions Ki is given in [2]. In Section 5, we will show that
some basic properties of sound wave propagation in different binary mixtures can
be deduced simply by a qualitative analysis of the integral equations (36)-(37).

4 The Elementary Solutions

In order to simplify the numerical procedure needed to solve our problem, one can
even improve the ansatz (30)-(31) through a separation of spatial and molecular
velocity variables. This can be done by taking advantage of the explicit form of the
distribution functions (Hs, Ψ s) found in Section 3.

The four coupled balance equations (9)-(12) can be rewritten in matrix notation
as follows

∂

∂ t
Z(z,cz, t)+ cz

∂

∂ z
Z(z,cz, t)+ΣZ(z,cz, t) = Σ

∫ +∞

−∞

K(cz,c′z)Z(z,c′z, t)dc′z (39)

where Z(z,cz, t) = (H1,Ψ 1,H2,Ψ 2)T and Σ = diag
(

1,1,Θ12,Θ12

)
. In addition,

the components ki, j(cz,c′z) of the kernel K(cz,c′z) are listed explicitly in Appendix 1.
The boundary conditions associated with Eq. (39) can be likewise expressed in the
following form

Z(z =−δ/2,cz, t) = RUw−2
∫

c̃z<0
dc̃z c̃z DZ(z =−δ/2, c̃z, t) cz > 0 (40)

Z(z = δ/2,cz, t) = 2
∫

c̃z>0
dc̃z c̃z DZ(z = δ/2, c̃z, t) cz < 0 (41)

where R=

(
(
√

π+2cz),0,(
√

π

M12
+ 2cz

M12
),0
)T

and D= diag
(

e−c̃2
z ,0, 1

M12
e−c̃2

z/M12 ,0
)

.

We seek solutions of Eq. (39) of the form

Z(z,cz, t) = est e−(s1+Σ) z
ν Φ(ν ,cz) with s = iω (42)

where the separation constants ν and the elementary solutions Φ(ν ,cz) (in general
complex) are to be determined. Substituting Eq. (42) into Eq. (39), we find

(ν− cz)(s1+Σ)Φ(ν ,cz) = ν Σ
∫ +∞

0
[K(c′z,cz)Φ(ν ,c′z)

+K(−c′z,cz)Φ(ν ,−c′z)]dc′z (43)
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From Eq. (43), by replacing cz→−cz, one has

(ν + cz)(s1+Σ)Φ(ν ,−cz) = ν Σ
∫ +∞

0
[K(c′z,−cz)Φ(ν ,c′z)

+K(−c′z,−cz)Φ(ν ,−c′z)]dc′z (44)

Now, adding and subtracting Eqs. (43)-(44), one from the other, and taking into
account the following identities

K(c′z,−cz) = K(−c′z,cz) (45)

K(−c′z,−cz) = K(c′z,cz) (46)

we conclude

1
c2

z

[
V(ν ,cz)− (s1+Σ)−1 Σ

∫ +∞

0
Γ(c′z,cz)V(ν ,c′z)dc′z

]
= λ V(ν ,cz) (47)

and

U(ν ,cz) =
ν

cz

[
V(ν ,cz)− (s1+Σ)−1 Σ

∫ +∞

0
K−(c′z,cz)V(ν ,c′z)dc′z

]
(48)

where

U(ν ,cz) = Φ(ν ,cz)+Φ(ν ,−cz) (49)

V(ν ,cz) = Φ(ν ,cz)−Φ(ν ,−cz) (50)

λ =
1

ν2 (51)

K+(c′z,cz) = K(c′z,cz)+K(−c′z,cz) (52)

K−(c′z,cz) = K(c′z,cz)−K(−c′z,cz) (53)

Γ(c′z,cz) = K−(c′z,cz)+
cz
c′z

K+(c′z,cz)

−
∫ +∞

0

cz

c′′z
K+(c′′z ,cz)(s1+Σ)−1 Σ K−(c′z,c

′′
z )dc′′z (54)
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Equation (47) defines our eigenvalue problem. Once this eigenvalue problem is
solved, we have the elementary solutions from

Φ(ν ,cz) =
1
2
[U(ν ,cz)+V(ν ,cz)] (55)

Φ(ν ,−cz) =
1
2
[U(ν ,cz)−V(ν ,cz)] (56)

Then, by taking into account the completeness theorems stated in [4], the general
solution of Eq. (39) can be written as follows

Z(z,cz, t) = est
∫ +∞

0
A(ν)

{
Φ(ν ,cz)e−(s1+Σ) [ z

ν
+ δ

2ν
]

+Φ(ν ,−cz)e−(s1+Σ) [− z
ν
+ δ

2ν
]

}
dν (57)

where the symmetry condition

Φ(ν ,cz) = Φ(−ν ,−cz)

has been exploited. In Eq. (57) the arbitrary constant A(ν), to be determined from
the boundary conditions, has been redefined by inserting a factor

e−(s1+Σ) δ

2 |ν | ,

according to the explicit form of the distribution functions found in Section 3. In
order to solve numerically Eqs. (47), (48), (55), (56), (57), one can introduce a
half-range quadrature scheme as done by Siewert et al. [24], [23], [10]. The algo-
rithm requires only an eigenvalue/eigenvector routine and the solution of a system
of linear algebraic equations. This allows to greatly reduce the computational effort
if compared, for instance, with that required to solve a system of coupled integral
equations as presented in Section 3. An alternative approach to handle numerically
time-dependent problems in terms of elementary solutions has been recently pro-
posed by Gosse in [11]. His scheme requires first the computation of the elementary
solutions of the associated stationary boundary-value problem (which are always
real functions) and then, in order to recover the time evolution, a well-balanced
Godunov scheme is implemented.

5 Results and Discussion

The results presented in the following and obtained through a numerical integration
of Eqs. (9)-(12) refer to the noble gaseous mixtures of He-Xe (that is, helium with
molecular mass m1 = 4.0026au and xenon with molecular mass m2 = 131.29au)
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Fig. 1 Variation of the macroscopic velocities and temperatures of the Ne-Ar mixture components
(with the same molar concentrations), in the z-direction across the gap of the channel for δ = 10
and T = 28. Comparison between the BGK model (black lines) and the McCormack model (red
lines). In each panel, the profiles of the macroscopic quantities are shown at different stages during
a period of oscillation of the moving wall.

and Ne-Ar (that is, neon with molecular mass m1 = 20.179au and argon with molec-
ular mass m2 = 39.948au) with the same ratio of the molar concentrations of the
two species N12 = n1

0/n2
0 = 1. In order to inspect the physical processes going on

in both gas mixtures, we are led to examine the macroscopic profiles of the mixture
components in different regimes.

5.1 Near-Continuum Regime

We report in Figures 1-2 the velocity and temperature profile of the mixture compo-
nents as a function of the distance across the gap of the channel (at different stages
during a period of oscillation) when δ = 10. In order to prove the reliability of the
results obtained from a numerical implementation of the BGK model presented in
the present paper, we have also included in these pictures the outcomes derived from
a numerical solution of the linearized McCormack model, widely considered in the
literature to describe a gaseous mixture [23], [24]. For the sake of completeness,
this model is briefly described in Appendix 2. In all the figures presented in the fol-
lowing, the lightest component of each mixture has been labelled with superscript
1, while the heaviest one with superscript 2.
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Fig. 2 Variation of the macroscopic velocities and temperatures of the He-Xe mixture components
(with the same molar concentrations), in the z-direction across the gap of the channel for δ = 10
and T = 23. Comparison between the BGK model (black lines) and the McCormack model (red
lines). In each panel, the profiles of the macroscopic quantities are shown at different stages during
a period of oscillation of the moving wall.

In the case of the Ne-Ar mixture, both species have the same macroscopic fields
(see Fig. 1), while for the He-Xe mixture, the pictures reveal that two different
forced-sound modes are simultaneously present: a fast and a slow wave (see Fig.
2). The slow wave is a damped soundlike mode primarily carried by the Xe, while
the fast wave should be associated to the He-component of the mixture. Looking
at Figures 3 and 4, where the velocity and temperature profiles of the components
of the He-Xe mixture are shown for different values of the period T (T = 2 and
T = 70), one can infer that the characteristics of the macroscopic fields, associated
with the two sound modes, depend strongly on the excitation frequency of the modes
themselves. At T = 2, both modes are damped, then, when T increases, they tend to
equilibrate, even if, in a neighborhood of T = 23, the sound mode associated to the
heaviest component of the mixture appears more damped than the other and with a
very different speed of propagation. To explain quantitatively the different behavior
of the two gaseous mixtures in terms of the parameters peculiar to a mixture itself,
we can resort to an analysis of the integral equations given by Eqs. (36) and (37).
In the near-continuum regime (δ ≥ 10), the integrals in Eqs. (36) and (37) give the
main contribution to the velocities of gas components. For mixtures like Ne-Ar,
whose constituents have comparable molecular mass, such that γ ' γ̃ , Θ12 ' 1, and
M12 ' 1, the velocity profiles of the two species are symmetric by interchanging
superscripts 1 and 2 (as the results reported in Fig. 1 show). In this case, Eq. (36)
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Fig. 3 Variation of the macroscopic velocities and temperatures of the He-Xe mixture components
(with the same molar concentrations), in the z-direction across the gap of the channel for δ = 10
and T = 2. Comparison between the BGK model (black lines) and the McCormack model (red
lines). In each panel, the profiles of the macroscopic quantities are shown at different stages during
a period of oscillation of the moving wall. In this figure we report only half of the spatial range
since for z ∈ [0,5] both modes are completely damped and identically equal to zero.

reduces to the equation for the velocity field of a single-component gas [9], since

the terms (−Γ 1 v1
z ) and (Γ 1 v2

z ) cancel out as well as the terms: −
[

2Γ 1 M12
(1+M12)

]
τ1 and[

2Γ 1 M12
(1+M12)

]
τ2. On the contrary, for mixtures like He-Xe, whose constituents have

very different molecular mass, such that Θ12 << 1, M12 << 1, and the real and
imaginary parts of γ̃ are higher than those of γ , the field v2

z , described only by
the Abramowitz functions which depend on γ̃ , approaches zero more quickly, as
function of z, than v1

z . This is true for each value of T . By comparing Eq. (36),
when M12 ' 0, with the integral equation for the macroscopic velocity field of a
single-component gas, reported in [9] (Eq. (67)), we infer that the velocity field of
the lightest species v1

z is the same as that reported in [9] except that, in Eq. (36), the
influence of the integral term involving v1

z is weighted by the factor (1−Γ 1) instead
of 1. This means that the wave associated to the He-component is not a single gas-
based sound mode. Only when Γ 1 → 0, that is, for N12 >> 1, Eq. (36) reduces to
the equation for the velocity field of a single-component gas.
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Fig. 4 Variation of the macroscopic velocities and temperatures of the He-Xe mixture components
(with the same molar concentrations), in the z-direction across the gap of the channel for δ = 10
and T = 70. Comparison between the BGK model (black lines) and the McCormack model (red
lines). In each panel, the profiles of the macroscopic quantities are shown at different stages during
a period of oscillation of the moving wall.

5.2 Near-Free Molecular Flow Regime and Transitional Region

In the near-free molecular flow regime (δ = 0.1), the macroscopic field profiles of
the lightest species of both mixtures coincide with those obtained for a single gas
[9] (see Figures 5-6). In the case of the Ne-Ar mixture, the velocity and tempera-
ture profiles of the two gas components are similar in shape, even if quantitatively
different (see Fig. 5). In the case of the He-Xe mixture, Fig. 6 reveals that, for
δ = 0.1, two different forced-sound modes are simultaneously present: a fast and a
slow wave, with the same properties already analyzed in Subsection 5.1. The only
difference with the near-continuum case is that, for δ = 0.1, the wave associated to
the He-component of the mixture appears to be a single component gas-based sound
mode for each value of N12, since the velocity field v1

z for helium is the same as that
obtained for a simple monatomic gas. The results presented in Figures 5-6 can be
more deeply evaluated through an analysis of the integral equations given by Eqs.
(36) and (37). In the near-free molecular flow regime, the integrals appearing in Eqs.
(36) and (37) vanish and the velocity profiles of both components of the mixture are
given by the same expression except that the Abramowitz functions depend on γ ,
in the case of v1

z , and on γ̃ , in the case of v2
z . Therefore, for mixtures like Ne-Ar,

whose constituents have comparable molecular mass, the parameters γ and γ̃ take
close values and the macroscopic velocity fields v1

z and v2
z have a similar shape (as



16 Silvia Lorenzani

-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

z

-1.25

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

1.25

v
z

1

ωt=0

ωt=π/2

ωt=π

ωt=3π/2

δ=0.1     Τ=0.21     Ν
12

=1     (Ne-Ar) 

-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

z

-1.25

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

1.25

v
z

2

ωt=0

ωt=π/2

ωt=π

ωt=3π/2

-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

z

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

τ
1

ωt=0

ωt=π/2

ωt=π

ωt=3π/2

-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

z

-0.72

-0.54

-0.36

-0.18

0

0.18

0.36

0.54

0.72

τ
2

ωt=0

ωt=π/2

ωt=π

ωt=3π/2

Fig. 5 Variation of the macroscopic velocities and temperatures of the Ne-Ar mixture components
(with the same molar concentrations), in the z-direction across the gap of the channel for δ = 0.1
and T = 0.21. Comparison between the BGK model (black lines) and the McCormack model (red
lines). In each panel, the profiles of the macroscopic quantities are shown at different stages during
a period of oscillation of the moving wall.

shown in Fig. 5). On the contrary, for disparate-mass gas mixtures like He-Xe, the
Abramowitz functions, which depend on γ̃ , approach zero more quickly as functions
of z than those depending on γ , and the field v2

z represents a damped soundlike mode
associated to the heaviest component of the mixture (as shown in Fig. 6). However,
also in this case, the same remarks valid for δ = 10 can be applied: when the period
T is very small (of the order of 10−2) both modes associated to the two mixture
components are damped, while when T increases, they tend to equilibrate. This re-
sult confirms that the equilibration of the modes associated with the two species
is not related to the number of collisions between molecules, which, in the near
free-molecular flow regime, is small. The same considerations valid for δ = 10 and
δ = 0.1, concerning the characteristics of sound modes excited in the two different
mixtures taken into account, hold also for each δ lying in the transitional region
(that is, 0.1 < δ < 10).

6 Concluding Remarks

In the present paper, we have analyzed the high-frequency sound wave propaga-
tion in binary mixtures flowing through microchannels, within the framework of
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Fig. 6 Variation of the macroscopic velocities and temperatures of the He-Xe mixture components
(with the same molar concentrations), in the z-direction across the gap of the channel for δ = 0.1
and T = 0.2. Comparison between the BGK model (black lines) and the McCormack model (red
lines). In each panel, the profiles of the macroscopic quantities are shown at different stages during
a period of oscillation of the moving wall.

kinetic theory of rarefied gases. The results presented refer to mixtures whose con-
stituents have comparable molecular mass (like Ne-Ar) as well as to disparate-mass
gas mixtures (composed of very heavy plus very light molecules, like He-Xe). In
order to clarify the long standing open question about the precise nature of sound
modes excited in binary gas mixtures, we have performed our analysis using the
linearized Boltzmann equation based on a simplified kinetic model of BGK-type
amenable to a relatively simple semi-analytical manipulation. In this way, through
a direct comparison with the integral equations derived from the BGK model for
a single-component gas, we were able to infer under what conditions the sound
modes associated to the components of the mixture reduce to a single gas-based
sound mode. In order to assess the reliability of our findings, since the BGK ki-
netic model considered in the present paper has been derived in closed-form by
assuming Maxwell molecules, we have performed a comparison with the outputs
of the McCormack model based on the more realistic assumption of intermolecular
rigid-sphere interactions. The results presented in Figures 1-6 show that there is a
very good agreement between the outcomes of the BGK and McCormack models.
A slight deviation can be observed for the He-Xe mixture in the near-continuum
regime when the period of oscillation T increases, but the pictures reveal that the
main conclusions drawn by using the BGK model are all confirmed.
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Appendix 1

The components ki, j of the kernel K(cz,c′z) required in Eq. (39) read
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Appendix 2

In 1973, F. J. McCormack proposed in [20] a simple method of construction of lin-
earized kinetic models of the Boltzmann equation for gas mixtures based upon the
equivalence of moments of the Nth-order modeled collision operator and the mo-
ments of the full collision operator calculated with the Nth-order approximation to
the distribution function. This method has been then used to construct a third-order
model (which is the lowest order that gives a correct hydrodynamic description)
of the linearized cross-collision operator for a general multicomponent monatomic
gaseous mixture, known in the literature as ’McCormack model’. For the flow prob-
lem under investigation, the McCormack linearized collision operator reads

Lh1
MC = γ1

{
ρ1 +2(1−η1

1,2)c ·v1−2η2
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1,2 c ·q2 +η2

1,2

(
|c|2− 5

2

)
c ·v2

+
2η

1
1,2 M12

(1+M12)

(
|c|2− 3

2

)
τ2 +

2η
4
1,2

M12
ci c j P̃2

i j +
8η

6
1,2

5
√

M12

(
|c|2− 5

2

)
c ·q2−h1

}
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Lh2
MC = γ2

{
ρ2 + 2

M12
(1−η1

2,1)c ·v2−
2η

2
2,1

M12
c ·q2 +

[
1−

2η
1
2,1

(1+M12)

](
|c|2
M12
− 3

2

)
τ2

+ 2
M2

12
(1+η4

2,2−η3
2,2−η3

2,1)ci c j P̃2
i j +

8
5M12

(1+η6
2,2−η5

2,2−η5
2,1)

(
|c|2
M12
− 5

2

)
c ·q2

−
η

2
2,1

M12

(
|c|2
M12
− 5

2

)
c ·v2 +

2η
1
2,1

M12
c ·v1 +

2η
2
2,1

M2
12

c ·q1 +
η

2
2,1

M12

(
|c|2
M12
− 5

2

)
c ·v1

+
2η

1
2,1

(1+M12)

(
|c|2
M12
− 3

2

)
τ1 +

2η
4
2,1

M12
ci c j P̃1

i j +
8η

6
2,1

5
√

M12

(
|c|2
M12
− 5

2

)
c ·q1−h2

}
where

η
k
s,r =

ν
k
s,r

γs
(s,r = 1,2 k = 1, . . . ,6)

and the collision frequencies γs (s = 1,2) are expressed as

γ1 = (ψ1 ψ2−ν
4
1,2 ν

4
2,1)(ψ2 +ν

4
1,2)
−1

γ2 = (ψ1 ψ2−ν
4
1,2 ν

4
2,1)(ψ1 +ν

4
2,1)
−1

with
ψ1 = ν

3
1,1 +ν

3
1,2−ν

4
1,1

ψ2 = ν
3
2,2 +ν

3
2,1−ν

4
2,2

In addition

ν
1
s,r =

16
3

µ
sr

ms nr
Ω

11
s,r ,

ν
2
s,r =

64
15

(
µ

sr

ms

)2

nr
(

Ω
12
s,r −

5
2

Ω
11
s,r

)
,

ν
3
s,r =

16
5

(
µ

sr

ms

)2 ms

mr nr
(

10
3

Ω
11
s,r +

mr

ms Ω
22
s,r

)
,

ν
4
s,r =

16
5

(
µ

sr

ms

)2 ms

mr nr
(

10
3

Ω
11
s,r −Ω

22
s,r

)
,

ν
5
s,r =

64
15

(
µ

sr

ms

)3 ms

mr nr
Γ

5
s,r,

ν
6
s,r =

64
15

(
µ

sr

ms

)3(ms

mr

)3/2

nr
Γ

6
s,r

with

Γ
5

s,r = Ω
22
s,r +

(
15ms

4mr +
25mr

8ms

)
Ω

11
s,r −

(
mr

2ms

)
(5Ω

12
s,r −Ω

13
s,r),
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Γ
6

s,r =−Ω
22
s,r +

55
8

Ω
11
s,r −

5
2

Ω
12
s,r +

1
2

Ω
13
s,r .

The Ω
i j
s,r are the Chapman-Cowling integrals [8], which for the rigid sphere in-

teraction read

Ω
i j
s,r =

( j+1)!
8

[
1− 1+(−1)i

2(i+1)

](
π k T
2 µsr

)1/2

(ds +dr)
2

where ds (s = 1,2) are the molecular diameters of every species s. Furthermore,
the dimensionless macroscopic perturbed density (ρs), velocity (vs), temperature
(τs), stress tensor (P̃s

i j) and heat flux (qs), appearing in the McCormack model, are
defined as follows

ρ
1 =

1
π3/2

∫
R3

h1 e−|c|
2

dc, ρ
2 =

1
(πM12)3/2

∫
R3

h2 e−
|c|2
M12 dc

v1 =
1

π3/2

∫
R3

ch1 e−|c|
2

dc, v2 =
1

(πM12)3/2

∫
R3

ch2 e−
|c|2
M12 dc

τ
1 =

1
π3/2

∫
R3

(
2
3
|c|2−1

)
h1 e−|c|

2
dc

τ
2 =

1
(πM12)3/2

∫
R3

(
2

3M12
|c|2−1

)
h2 e−

|c|2
M12 dc

P̃1
i j =

1
π3/2

∫
R3

(
ci c j−

1
3
|c|2 δi j

)
h1 e−|c|

2
dc

P̃2
i j =

1
(πM12)3/2

∫
R3

(
ci c j−

1
3
|c|2 δi j

)
h2 e−

|c|2
M12 dc

q1 =
1

π3/2

∫
R3

1
2

c
(
|c|2− 5

2

)
h1 e−|c|

2
dc

q2 =
1

(πM12)3/2

∫
R3

1
2

c
(
|c|2

M12
− 5

2

)
h2 e−

|c|2
M12 dc
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