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Abstract

This paper discusses the thermal buckling analysis of composite plates and sandwich panels by means
of a Ritz-based variable-kinematic formulation. Main feature of the proposed formulation consists in
the representation of the structure by means of sublaminates, i.e. arbitrary groups of plies composing
the panel. Each sublaminate is associated with an independent, arbitrary kinematic description, so that
the use of refined, high-order theories can be restricted to specific regions, such as the core of sandwich
panels. Monolithic plates can be studied as a special case where the structure is modeled using only one
sublaminate. Presented are the critical temperatures, with and without accounting for the pre-buckling
effects, for a set of monolithic and sandwich configurations. When pre-buckling effects are neglected,
the problem is solved as a standard eigenvalue problem. On the other hand, the introduction of pre-
buckling effects leads to a nonlinear eigenvalue problem, which is solved with an iterative procedure. The
results are validated against 3D solutions, and highlight the importance of accounting for pre-buckling
deformations, especially in the case of sandwich panels. As demonstrated, high-fidelity predictions are
obtained while keeping at minimum the amount of degrees of freedom.
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1 Introduction

Thermal loads play an important role in several fields of engineering. Aeronautical and space applications are
a well-known example, where the structures commonly experience severe aerodynamic heating and drastic
changes of thermal environments. For instance, the launch and the re-entry of space vehicles is typically
associated with severe temperature variations. Similarly, thermal loads are developed in supersonic and
hypersonic aircrafts as the result of restrained thermal expansion [I].

These aspects, in conjunction with the typical thin-walled architecture of light-weight structures, have made
thermal buckling the subject of several investigations in the past. Early works are based on classical lami-
nation theory (CLT) and first order shear deformation theory (FSDT). Reviews of analytical solutions using
classical CLT and FSDT are available on several textbooks [2], B], while a comprehensive overview of the
topic is proposed by Jones [4] with regard to fiber-reinforced composite plates, where CLT is applied and the
equivalent mechanical loading concept is discussed. Within the context of CLT, Nemeth [5] investigated the
thermal buckling response of infinitely long plates, introducing stiffness-weighted thermal-expansion param-
eters as a useful mean to obtain design charts, whose validity extends to a wide range of laminates. Recently,
the effects of non-uniform temperature distribution on thermal buckling have been assessed by Li et al. [6]
using CLT in the context of an energy-based formulation. The work was successively extended to account
for random system properties [7]. Still in the context of CLT, variable stiffness plates have been optimized
with regard to thermal buckling requirements using finite elements in Ref. [§].

While CLT can be successfully applied to analyze a wide class of thin-plate problems, different strategies are
needed to analyze more general plate configurations, where transverse shear deformation effects cannot be
neglected. In this sense, a relatively vast amount of research efforts has regarded the development of more
refined approaches, FSDT being the simplest one. An early work by Tauchert [9] discusses the derivation of
closed-form solutions for anti-symmetric angle-ply plates based on FSDT, while mixed FSDT finite-elements
are adopted by Noor and Peters [10] to address the sensitivity of thermal buckling loads to lamination and
material properties. Recently, FSDT has been applied also to analyze the thermal buckling of FGM shells
1.

High-order shear deformation theories were employed in Refs. [I2] [13] and closed-form solutions obtained
for simply-supported plates subjected to a uniform temperature rise. Erroneous assumptions on the plate
constitutive law of Ref. [I2] were successively pointed out by Rohwer [14], and results corrected accordingly.
Other refined techniques for the analysis of laminated plates included the high-order mixed formulation and
the global/local higher order theory proposed in Refs. [I5] [16], respectively, while layerwise approaches have
been carried out with finite elements in Refs. [17, [I§].

Despite the vast amount of research papers dealing with composite plates, less studies are available on the
thermal buckling response of sandwich plates. A simplified analytical study is proposed in Ref. [19], based
on the Ritz method and Libove-Batdorf sandwich theory [20]. A higher-order plate finite element is used



in Refs.[21], 22] to address the thermal buckling response of sandwich panels, including skew configurations.
An analytical approach is developed by Frostig [23] for the thermal buckling and post-buckling based on a
high-order approach incorporating the effects of the core flexibility. Equivalent single layer models are dis-
cussed by Pradeep et al. [24], and Matsunaga with regard to plates with cross-ply and angle-ply face-sheets
[25H27]. These latter studies include a simplified treatment of the pre-buckling deformations on the thermal
buckling load, demonstrating their role on the critical temperature prediction.

Three dimensional solutions were developed by Noor and co-workers [28-30] for both laminated and sandwich
panels. In these pioneering works, the relevance of pre-buckling deformations was illustrated by providing
results for temperature-independent [28] and temperature-dependent [29] properties. Despite their usefulness
for deriving benchmark results, three dimensional solution procedures are usually too costly to be used for
common design purposes, and more efficient approaches are needed.

In this sense, a powerful strategy for including several theories into one single formulation is given by the
unified formulation proposed by Carrera, often denoted with the acronym CUF [31],[32]. This kind of variable-
kinematic approach has been adopted to analyze the mechanical response of sandwich panels in several works
[33H37], while the prediction of their critical temperatures is discussed in Refs. [38] [39]. Within the same
framework, the thermal stability of functionally graded sandwich has been recently assessed [40].

The importance of retaining the transverse normal deformation in the presence of thermal loading and the
influence of the actual temperature distribution across the plate thickness was pointed out by Carrera in
Refs. [41], 42].

In recent works by the authors, the Generalized Unified Formulation proposed by Demasi [43H45] was ex-
tended to include a sublaminate approach [36, [37] for the bending analysis of sandwich plates with the aim
of optimizing the accuracy-to-cost ratio. The resulting approach was indicated as Sublaminate Generalized
Unified Formulation (S-GUF).

In the present paper, the S-GUF is developed in the context of a Ritz-based approach [46H48] and its for-
mulation is extended to address the thermal buckling response of laminated plates and sandwich panels.
As opposed to the vast majority of previous studies, the initial stress produced by a uniform thermal loading
is considered and the effect of the pre-buckling transverse normal deformation is assessed. This technique,
suggested by Noor and Burton [28], introduces the deformed pre-buckling state into the classical eigenvalue
problem for determining the critical temperature, which is then solved iteratively.

A more accurate identification of the initial stress state, that accounts for a refined representation of the ther-
mal loading profile, the actual boundary conditions of the plate and, where necessary, temperature-dependent
material properties, would require the solution of a more complex non-linear problem and remains out of
the scope of this paper.

The results illustrate the excellent accuracy of the predictions in relation with the relatively low number of

degrees of freedom. Novel results are finally proposed as a benchmark for future studies.



2 Formulation

The formulation is developed for the thermal buckling analysis of composite plates in the framework of the
Sublaminate-Generalized Unified Formulation (S-GUF). Linear and nonlinear pre-buckling deformations are
taken into account. The panels are flat and can be either monolithic or sandwich. A sketch of the panel
is provided in Figure [I} where the reference system together with the typical dimensions of the panel are
reported. In particular, a and b denote the length and the width of the panel, respectively, while h is the
total thickness. For generality purposes, the sketch refers to a sandwich configuration, where the quantity
ht is reported and refers to the thickness of the single face-sheet. In the case of monolithic composite plates
the panel thickness is simply denoted with h, while hy becomes meaningless.

The panel is subjected to a uniform temperature increase, although the formulation could be, in principle,
extended to consider nonuniform distributions. The initial heating of the panels — which constitutes the pre-
buckling condition — happens by assuming fully restrained boundary conditions, where immovable edges are
considered. The buckling boundary conditions, as discussed next, can be any sort of combination involving
the vanishing or non-vanishing of the three-inplane displacement components.

The formulation is thus characterized by two distinct steps, consisting in the solution of the pre-buckling
and buckling condition. When the nonlinear pre-buckling effects are accounted for, the equations are in the
form of a nonlinear eigenvalue problem, which is solved iteratively. On the contrary, the classical approach
based on a linear pre-buckling analysis leads to the solution of a standard eigenvalue problem.

The Sublaminate-Generalized Unified Formulation is an axiomatic approach for the analysis of composite
structures based on the idealization of the structure as an assembly of INVj sublaminates. The fundamental
ideas of the approach are here reviewed, while a deeper discussion is available in [36], 37]. Each sublaminate
is a cluster of N;f plies, arbitrarily chosen by the user, where an arbitrary kinematic theory is chosen for
describing the displacement field. A fully displacement-based approach is adopted. By collecting the three
displacement components of the generic ply p belonging to the sublaminate &, the 3 x 1 vector u”* is defined

as:

T
up’k:{ug’k uz’k u’z”k} (1)

where uP"* denotes the displacement component along the generic coordinate direction r = x,%,z. The
Generalized Unified Formulation (GUF) proposed by Demasi [43H45] is adopted as underlying kinematic
description for approximating the displacement components of Eq. . In particular, following the notation

of GUF, the components of Eq. are expressed as:

bt (x,y, 2p) = Fa,, (zp)ugfux (x,y) a,, =0,1,..., foz
ug’k(x, Y, 2p) = Fa,, (zp)ug;fuy (x,y) Qy, =0,1,..., ny (2)
ult(x,y, 2,) = Fo.,. (zp)u’z’;fuz (z,y) o, =0,1,... ,Njfz



where separation of variables is assumed between the thickness-wise and in-plane directions. In particular,
k

F,, denotes the thickness function, while u%ur are the generalized displacement components associated
with the kinematic assumptions. Note that ijr denotes the order of the expansions, thus a different number
of terms can be used for representing the displacement field along the three directions. This means that,
for instance, the in-plane displacement components of a generic sublaminate could be described with an
equivalent single layer theory of order 4, and the out-of-plane displacement with an similar theory of order
2. In this case, the sublaminate theory would be labeled as EDy4s. At laminate level, the kinematic
theory is specified as a string reporting the approaches adopted for the various sublaminates. For instance,
ED332/ED554/ED332 denotes a three-sublaminate subdivision, where the first and the third sublaminates are
modeled using ED330, while ED554 is adopted for the second one. It is also remarked that each sublaminate
can be modeled by assuming, independently, an equivalent single layer or a layerwise description for each

displacement component.

Strain-displacement relations

As far as the formulation is developed within a displacement-based approach, it is necessary to introduce
the relation between the strain and the displacement components. With the aim of treating the thermal

buckling problem, the Green-Lagrange strain tensor is introduced as:
€5 = €35 + Nij (3)

where distinction is made between the linear and the nonlinear parts ;; and 7;;, whose components are:

1
gij = 5 (Wi + 1) (4)
and
1
Mij = 5 lUr,iln; (5)

Following the standard CUF formalism, the components of Egs. and are organized in vectors where
the in-plane and the normal components are conveniently separated. Considering, for now, the linear part

of the strain tensor, it is possible to write:
eg’k = Dqu”* ek = DyuPk 4+ D, uPk (6)

where the subscripts (2 and n are introduced to denote the in-plane and the normal components, respectively.

The two vectors of Eq. @ read:

T T
pk _ | _pk _pk D,k p.k _ JApk .k _pk
€ = {sa:x Eyy ’Yacy &y = rsz Yz €2z (7)



and the differential matrices of Eq. @ are defined as as:

Z 0 0 00 2 Z 0 0
_ o) _ o o)
Do=| 0 £ 0 Di=10 0 £ D. 0o 2 o0 (8)
o 0 9
TR 00 0 0o 0o 2

In a similar fashion, the nonlinear terms of the strain tensor n;; expressed by Eq. are organized as:

T
1 2 2 2 1 2 2 5
pk _ ) * p,k D,k D,k - p,k p.k .k .k, pk .k, pk k. pk
Ng = { B (Ua:,w + Uy + Uz B Uy y + U’y + Uy'y Uy 2 Uy + Uy 7 Uy Ty + UL Uy

T
p.k _ p.k, p.k p.k, p.k p.k, p.k p.k, p.k p.k, .k p.k, p.k p.k, p.k p.k, p.k p.k, p.k
(9)

where, consistently with Eq. @, distinction is made between the in-plane and the normal components.

Hooke’s law

The same partitioning into in-plane and normal components of Eq. @ is adopted, and linear hyperelastic
orthotropic behaviour is assumed. After rotating the components into a common laminate reference system,

the 3D constitutive law of the generic ply p of the sublaminate k can be written as:

pk _ ~PE pk APk bk pk _ ~PF pk PR bk
oq = CQQEQ + CQn €n o, = CnQ €0 =+ Cnn €n (10)
where:
~Ap.k  Apk Apk ~p,k ~p.k  Ap.k
Cii Oy O 0 0 (i3 Cu Oy 0
APk =pk Apk Apk APk “p.k APk Apk Apk
_ D, D, D, — D, — D, D,
Can = Ciy" Oy O Comn=1]0 0 53 Cm = Ciy  Cy 0 (11)
~p.k  Apk Apk ~p,k ~p,k
Cig Oy Cgg 0 0 Cy 0 0 O34

Thermal deformations, which are of concern for the the pre-buckling analysis, are introduced as [2 49]:
et = —abFAT  elF = —alFAT (12)

where AT denotes the temperature increase with respect to a reference value, while the vectors collecting

the coefficients of thermal expansion are defined as:
T T
ok K k K ko K
al’ = {aﬁx ot 20k } ab’t = {O 0 oy } (13)

2.1 Pre-buckling state

Following Noor and Burton [28], the pre-buckling analysis is performed by assuming uniform heating and
boundary conditions of immovable edges. More specifically, the panel is constrained such that the normal

in-plane displacement components are prevented along the four edges. On the other hand, the out-of-plane



displacement is constrained in correspondence of the midsurface, so that the panel is free to expand or
contract along the thickness-wise direction. It follows that the deformed pre-buckling deformed pattern is
given by:
ot (7, Y, 2) = ouy(z,y,2) =0 (14)
ouz(,y, 2) = ou=(2)
where the subscript 0 is introduced to specify the pre-buckling condition. The internal stress distribution
arising from the displacement field given by Eq. is:

0y (2,Y,2) = 004.(2,y,2) =0
00y=(7,9,2) = 004.(2,9, 2) (15)

00a5(2,Y,2) = 0045(2) with a, 8 = z,y
meaning that the only not-null pre-buckling stress components are those relative to the panel membrane
behaviour. It is worth highlighting that the terms go,p are functions of z and are, in general, different from
ply to ply.
For the pre-buckling condition specified by Egs. and , the evaluation of the normal displacement
ou, and the in-plane stress components can be performed in a closed-form manner. After noticing that the
only not null pre-buckling strain component is ge2*, the internal stresses are available from the thermoelastic

constitutive relation:

0ol = —Chnal" AT + €5, (oeh* — ap*ar)
o o (16)
0okt = ~Clgal* AT + €y (o€l — ali"AT)
where:
T
o€l = {o 0 Oef;;k} (17)

The value of ge?¥ can be determined after imposing the vanishing of the normal stress o2;*, viz. considering
plane stress conditions. More specifically, the condition ¢2;¥ = 0 can be substituted in Eq. , and the

pre-buckling strain is obtained as function of the temperature variation as:

k k CF on OB ok OB ok k
pk _ Dk _ p.k D, p.k p.k
o€y’ =o€y = | =, 0 + = R0y 25 ok ol | AT (18)

Cs; : C3;

33 33 33
and the corresponding in-plane stress components are retrieved by making use of Eq. (16)), so:
pk _ _ PR pk
00y =—-C ag AT

(19)
00€7k =0

where

Apk Apk Apk
| a et o

~P Apk Apk  Apk

C =| 0y 0 Ok (20)

Ap,k D,k D,k
016 026 066



and

SOV i I e

If the effect of pre-buckling deformations is neglected — as it is done in standard linear buckling eigenvalue
analysis — no additional results are needed, and the solution given by Eq. suffices for performing the
subsequent buckling analysis.

On the other hand, an additional step is needed if the analysis is aimed at accounting for the effect of
pre-buckling deformations. In particular, the additional quantity to be evaluated is the first derivative of
the pre-buckling displacement gu, ., which is easily obtained after recalling the nonlinear expression of the

Green-Lagrange strain tensor of Eq. and the solution of the pre-buckling problem of Eq. as:

oulh = —1+ /1 + 20e (22)

Note that the solution of Eq. , despite its simplicity, accounts for the nonlinearity contained in the
Green-Lagrange strain tensor. It is also worth observing the presence of the term ¢e?¥ in Eq. , which

makes it necessary the adoption of a theory of order higher than zero with respect to the u, component.

2.2 Buckling condition

The buckling equations are derived in the context of a variational framework, starting from the expression

of the total potential energy of the panel, which is:

H:%/Ve:o'dv (23)
where the potential of the external loads is, in the present investigation, identically null as no mechanical loads
are prescribed. The strain tensor € is intended as the contribution restricted to the mechanical deformations,
as no strain energy is associated with the thermal deformations.

The first variation of the potential energy allows to derive the nonlinear pre-buckling equilibrium equations,
whose closed-form solution is available from Eqs. and (22). The buckling condition can be found referring
to the Trefftz criterion [3:

§(6%I) =0 (24)

According to the stability criterion of Eq. , the buckling condition is readily found by recalling Egs.
and , and is expressed as:

§(6%M) = / (be:o+Adn:go)dV =0 (25)
1%
where (o is the pre-buckling stress tensor, A is the buckling multiplier, while e is:

e=ec+é (26)



The components of the tensors € and 7 are available from Egs. and , while the term & is the linear

part of the incremental Green-Lagrange strain tensor and its components read:

. 1

gij =5 (0Ur,iUr k + 0Ur otr; ) (27)

It is highlighted that the components &;; are identically null whenever pre-buckling deformations are null or

negligible. In this case the variational statement of Eq. reduces to the well-known form:
§(6%10) = / (be:o0+ AN :9o)dV =0 (28)
v

The more general case of non negligible pre-buckling deformations is now considered. Introducing the S-
GUF approximation, and recalling the pre-buckling condition expressed by Eq. , the buckling condition
of Eq. can be re-written as:

NF N;}f Ltop

P T
> / / {(551)»“ +5ép7’€T) ok + Aomht Oag’k} dzdQ =0 (29)
k=1p=1 Q ZZOt

where, according to the pre-buckling solution given by Eq. , the components of &° * are:

ert—={0 0 o0}"

T
bk _ Japk  apk opk
&y = {’yyz Vzz  €zz (30)
k k k k k k T
— P, D, D, D, b, D,
- {Ouz,zuz,y 0UZ Uz 2 Ouz,zuz,z}

Substituting now Eq. into the variational principle of Eq. leads to:

k
Nk Ny

z;]"p T
3 / / [563’“%3’“ + (&;gvk +6éﬁ’k) obk —i—)\én’g’z’kToa?gk} dzdQ =0 (31)
Q zf)"t

k=1p=1
which is the variational statement expressing the buckling condition in the presence of nonlinear pre-buckling
deformations. In the context of a displacement-based formulation, the various terms of Eq. need to be
expressed as function of the displacement components. This is done by recalling Eq. @ and assuming that
the constitutive relation can be written in the form:

pk _ ~Pk pk ~Pk ok pk _ ~PF pk =Pk o
0q = CQQeQ + CQnen oy = CnQ € + Cnn €n (32)

In addition, the relation between the strains éﬁ’k and the displacement components can be organized by

separating the derivatives with respect to the in-plane and the normal components as:
grk = oué’:’; (ljnup’k + ]f)zup’k> (33)

where the differential matrices f)n and f)z are defined as :

00 (), 00 0
Do=1]0 0 (), D.=|0 0 0 (34)
00 0 00 (),



Substituting now Eqgs. and in Eq. , it is possible to express the buckling condition as function
of the displacement unknowns uP*. In particular, the three contributions reported in Eq. are written

as:

T ~ ~ ~ ~
sl o = 6 (Dout) {CQSDQupv’f + et [Dnu”’k + Dt gult (D 4 Dzup’k)} } (35)

T . . Tl
(en* +0ept) otk =5 {Dnup’k + D 4 gt (Dnup’szup’kﬂ {C%Dgup*’%
(36)
o [Dn“””“ + DLt 4 gt (Du? + ﬁz“”’kﬂ }

T
o ool = (Duourt) oX7 4D, ur (37)

It is noted that all the terms of Egs. and multiplied with ouiz’:lj are those associated with the
nonlinear pre-buckling contributions, while the remaining ones are the standard terms contributing to the
stiffness matrix of the undeformed configuration.

The contribution of Eq. 1) is written after introducing the pre-stress matrix oX" * as:

osP¥ 0 0
Ozp,k _ 0 ng,k 0 (38)
0 0 ng,k
with

k p,k

goP: 0oL
e B (39)

00zy 00y

The pre-buckling stress components collected in Eq. are available from Eq. and, in general, are
different from ply to ply depending on their thermoelastic properties.

The differential operator Dy, relative to the nonlinear part of the strain tensor is:

x

Y

- < o o o o

) 0
) 0
0 ),
0 ()
0 0
0 0

Integration along the thickness of Eq. can be performed by recalling the GUF expansion of the displace-
ment unknowns of Eq. , which depends upon the theory adopted. In general, the thickness integrals can

10



be written in the form:

top top
5 Zp pava, B zp
POy Pug upPug
VAR = F.,, Fp, dz Lo, "~ = F.,, -Fp, dz
zbot zbot
P P

top

z
P, Bus _ [
Zuraus - / Fau,,. FBuS7ZdZ
z

bot
P

(41)

top

z
pau, Bus _ [ F
Zauraus - / Faur,-:zFﬁusﬂdZ
V4

bot
P

In the present Ritz-based approach, the in-plane integration of Eq. is performed after approximating

the in-plane behaviour by means of properly chosen shape functions.

3 Ritz approximate solution

The exact solution of the buckling equations expressed by Eq. can be found for special sets of stacking
sequences, loading and boundary conditions. An approximate solution is here sought not to restrict the class
of problems to be analyzed, thus making it possible to study different sets of boundary conditions and lay-
ups. The solution procedure relies upon a Ritz approximation of the generalized displacement components

introduced by Eq. (see also [37] [46], [48]), which are expressed as:

up,k (Ivy):Numi(Ivy)up’k :

Tovu, Tovy, i
k :
uﬁfuy (3372'/) = Nuyi(xvy)uzauyi L= 1527"'5M (42)

k
w (@) = Nuz(wy)ulyl

where different sets of global shape functions are adopted to approximate the three components u2:* (z,y).
A map is introduced between the physical and the computational domain (£,7n) defined in the interval

[-1 1] x[=1 1], where the generic shape function can be expressed as:
Nuri(gvn) :Q/)uqm(g)wurn(n) m=1,...,R n=1...,8 (43)

and the number of functions R and S along the directions £ and 7 can be, in general, different. The relation

between the generic i-th function and the m-th and n-th one-dimensional functions is given by:
i=Sm—-1)+n (44)

The functions ¢y, ., (£) and ¥, (n) of Eq. are, in turn, expressed as the product between sets of complete

functions p, and proper boundary functions, chosen depending on the constraints applied at the panel edges:

¢urm(§) = fu, (f)pm(f)

(45)
Yu,n (M) = Gu, (M)pn(n)
In the present implementation, Legendre orthogonal polynomials are adopted as global functions, thus:
20+ 1 —Ip—
po=1 p=¢ pg= R [ S =m,n (46)

[+1

11



while the boundary functions are the polynomial expressions reported in Ref. [46].
In addition to Legendre polynomials, a second set of Ritz functions is considered. In particular, the set

consists of the trigonometric functions defined as:

Nai(6,m) = cos S50 (§ 4+ 1)sin - (n + 1)

Nayil€:m) = sin 725 (€ +1) cos == (+1) (47)
Naoi(€,m) = sin 55 (€ 4+ 1) sin = (n + 1)

It should be highlighted that the functions of Eq. are suitable for analyzing simply-supported boundary
conditions, while they cannot be employed to analyze other set of boundary conditions.

Independently on the choice for the Ritz functions, the approximation of Eq. can be substituted into
the expression of Eq. and, after evaluating the surface integrals and assembling the contributions at ply

and sublaminate level [36] [37], the governing equations are obtained in the form:
su’ {(K +K°) + )\KG} u=0 Véu (48)

where K is the stiffness matrix, K° is the contribution due the pre-buckling deformations and KC is the

geometric stiffness. The vector of unknowns is given by:
T
u={u;---ups} (49)

and the i-th contribution appearing in Eq. is the set of unknown amplitudes associated with the i-th

shape function, partitioned into the x, y and z-wise contributions as:
T
w = {uy uy u) (50)

The expression of the stiffness matrix K is already available in Ref. [37] but, for completeness, its expression
is summarized in the Appendix.

The stiffness contribution associated with the pre-buckling deformations is obtained as:

+K°

Uz Uz

+K° . +KY

Uy Uy Uy Uy

K’=K° +K°

Ugp Uz Ugp Uz

(51)

where the single terms of Eq. are organized to highlight the work-conjugacy dependence over the different
displacement components u,.. The formulation is developed by keeping separate the thickness-wise and the
in-plane response, as clear from Eq. . It follows that the various terms composing the stiffness matrices can
be obtained by composing two distinct contributions: those relative to the integration along the thickness,
and those relative to in-plane integration of Eq. . Referring to Eq. , the three distinct contributions

are obtained by composing the assembled thickness integrals Z?a)u,,, 9(0)u. RS whose expression is reported in

12



the Appendix, and the in-plane integrals as:

0 _ 100 0 0010 0 1000 0 0001 0
Kulvuz - I?quz Y Zu18u236 +quuz Y ZaumuZSS +quuz Y Zuzauzl3 +Iu£uz ® Z8u1u245

0 __ 70010 0 100 0 0001 0 1000 0
Kuyuz - Iuyuz ® Zauyuz45 +I?Lyuz Y Zuy6u223 +Iuyu2 ® Z@uyuz44 +Iuyu2 ® Zuy6u236 (52)
0 __ 70101 0 000 0 0110 1001 0 1010 0

Kuzuz - quuz ® Zuzuz44 +I’LOLZ’U,z Y Z8u28u233 + (quuz +quuz) ® Zuzuz45 +quuz ® Zuzu255

where ® denotes the Kronecker product and Izi{g are the matrices collecting the integrals of the Ritz

functions according to the following notation:

1 1 ad+e . Af+g .
T 0%teN, ; O7TIN,

defg / / - usjd d d7 rd ’051 53
( “T“S)ij 1)1 0&iOne  0&fony ndg (d.e. f.g ) (53)

In a similar fashion, the geometric stiffness matrix is obtained as:

G G G G
K = I<ugru,E + Kuyuy + Kuzuz (54)
where:
KS ., =T @25 0y + T80 @28 oo+ (TI0L + 2000 ) 028, 1
G G G G
Kuyuy = I}LSL(L ® Zuyuyll +I(1)Lly(7)}y ® Zuyuy22 + (I}L?,?}y +Igiluoy) ® Zuyuy12 (55)

Koo =T ®Z0, 0+ TN @2, 00 + (Ii(i?}z +Igii0z) CYAMRE:
and the generic contribution ZST,MS rg is reported in the appendix.
The solution of the buckling problem of Eq. is performed by implementing an iterative procedure.
Firstly, the eigenvalue problem is solved by neglecting the pre-buckling deformations, i.e. setting K° to a
zero matrix, thus reducing to the standard form of the buckling eigenvalue problem. Then, the pre-buckling
state is updated by using Egs. , and 1} and, accordingly, the matrices K° and K€ of Eqgs.
and are re-computed. The eigenvalue problem of Eq. is then solved again, and the procedure is

repeated until convergence between two successive iterations is reached. Classical buckling solutions are

obtained by neglecting the pre-buckling deformations, i.e. arresting the procedure at the first iteration.

4 Results

This section presents the thermal buckling results obtained for monolithic and sandwich plates, derived with
and without accounting for the effects of nonlinear pre-buckling deformations. It is highlighted that one
single sublaminate is adopted for analyzing monolithic plates and, in that case, the kinematic models reduce
to those formulated by the standard GUF approach.

Comparisons are discussed against reference solutions available in the literature, and additional results are
provided for future comparison purposes.

The thermoelastic properties of the materials considered throughout the study are summarized in Table
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The labels M1 to M3 refer to typical fibrous composite materials.
For sandwich panels, the face-sheets are assumed to be made of material M3, while the core is labeled as
C1. The properties of the material C1 are taken from Ref. [26] and, for convenience, are summarized here

below:
o E11/E m3 = 3.2e-5; E9g/FEag m3 = 2.9e-5; E33/Eas m3 = 0.4
o Gio/Esns = 2.4e-3; Gis/Eag s = 7.9¢-2; Gas/Eay s = 6.60-2
o v = 0.99; v13 = 193 = 3.0e-5;
e ay1/ap = aga/ag = asz/ag = 1.36

where Es3 3 denotes the transverse elastic modulus of the material M3.

It is worth noting that the critical temperatures will be presented, in most cases, in nondimensional form
as function of apT,,. As such, the results do not depend on FEss and ap, whose values can be arbitrarily
fixed; the remaining thermoelastic properties are then recovered by making use of the nondimensional ratios
of Table [I] and those of material C1. On the contrary, the dimensional critical temperature T, depends
on the value of . This latter will be provided in the next sections whenever the results are presented in

dimensional form.

4.1 Monolithic plates
Convergence analysis

A preliminary convergence analysis is presented to illustrate properties of different shape functions, both in
terms of type and number, and to motivate their choice throughout the study. The analysis regards a set
of square, anti-symmetrically layered plates, characterized by a length-to-thickness ratio equal to 10. The
plates are obtained by the stacking of 10 plies, oriented at [+6]5, and each layer is made of the material M1
of Table[1l Simply-supported conditions are imposed at the four edges.

The convergence analysis is performed by considering one single sublaminate and an equivalent single layer
theory EDss4. Note that models with N,,, = N, — 1 and (o = z,y) yield a consistent polynomial approxi-
mation of the transverse shear strain «,, of order NV, . This approximation is justified by the fact that the
investigated composite plates all show a bending-dominated buckling mode, for which the transverse shear
strains are known to have a certain relevance.

Both Legendre polynomials and trigonometric functions are used to approximate the generalized displace-
ment components according to Egs. (46) and . The results are computed by varying the number of
Ritz functions from 2 x 2 until 30 x 30. The nondimensional critical temperatures g7, are summarized

in Table Here and henceforth, the acronyms L and NL denote the results of the linear and nonlinear
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buckling analysis, respectively. The comparison against the 3D approximate solutions derived by Noor and
Burton [28] is reported to illustrate the accuracy of the solutions here obtained.

The results of Table 2] demonstrate the superior convergence properties of the Legendre polynomials over
the trigonometric functions. This conclusion holds both for the linear and nonlinear predictions. The only
exception is given by the plates with 6 equal to 0, for which the trigonometric Ritz functions are capable of
representing the exact solution of the problem (or, alternatively, a Navier-type solution of this configuration
can be obtained). It follows that two functions suffice for capturing the exact solution, and clearly no im-
provements are obtained as the number of degrees of freedom is increased. On the other hand, poor-quality
predictions are obtained if the same number of functions is taken by considering Legendre polynomials. In
any case, it can be observed that convergence to the exact solution is quickly achieved up to four digits when
10 Legendre polynomials are taken along the two directions.

In all the other cases, Legendre functions guarantee faster convergence. In particular, for  # 0, the buck-
led pattern is affected by the elastic coupling arising from the anti-symmetry of the laminate. The three
displacement components of the first buckling mode are reported in Figure [2| for 6 equal to 45. While the
out-of-plane displacement is characterized by a square half-wave, the skewness of the two in-plane displace-
ment components can be clearly observed. As it turns out, this buckled pattern is not properly captured
using few trigonometric functions, and, for this reason, more terms are needed to reach convergence. On the
contrary, Legendre polynomials guarantee a far better approximation and convergence is achieved with 15
terms.

From Table [2] it is clear that, for all the configurations, no improvements are achieved when the number
of Legendre functions is increased beyond 15. On the contrary, the critical temperatures obtained with
trigonometric functions, excluding the special case of §=0, have not reached convergence of the fourth digit
even when 30 functions are adopted.

The comparison against the solutions reported by Noor and Burton demonstrates the accuracy of the present
formulation. In some cases, the results here obtained are smaller in comparison to Ref. [2§]. These latter
are obtained by a 3D, yet approximate, solution procedure.

It is worth noting that the orthogonality properties of the Legendre functions guarantee a higher degree of
sparsity of the resulting matrices with respect to the trigonometric case. It follows that, for the same num-
ber of Ritz functions, the computational effort to solve the eigenvalue problem is much smaller. It is finally
remarked that the authors did not experience any sort of numerical issue, both in the case of Legendre as
well as trigonometric functions, by increasing the number of shape functions, even much beyond the values

indicated in Table 21
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Example 1

A comprehensive set of results, useful for benchmarking purposes, is available in Ref. [28]. The test case
consists in a set of angle-ply laminates and one isotropic configuration, characterized by different nondimen-
sional values of a/h. The composite panels are made of material M1 and the lay-up is [£6]5; the isotropic
configurations have a Poisson’s coefficient ¥=0.3 and «;;/ap=1 (no summation is implied for the index 7).
Boundary conditions of simply supported edges are assumed at the four edges of the plate. The results are
summarized in Table [3| by adopting 20 x 20 Legendre functions and four different kinematic theories.

Note that a few configurations of thick panels with a/h equal to 10/3, 4 and 5 and ply angles 6 equal to 30
and 45 are not reported in the table as no reference results are available.

The excellent agreement between the results obtained using the present Ritz formulation can be seen from
Table[3] As expected, the critical temperatures diminish as the equivalent single layer description is enriched
from EDg335 to EDgs54. Similarly, a reduction of the buckling multiplier is observed by refining the layerwise
theory from LDj1; to LDags. Note that the critical temperatures obtained using LDq1; (33 DOF) are, in
general, sensibly higher than those predicted by the LDgss model (63 DOF) and, in many cases, by the
EDj554 model (17 DOF). The reason is attributed to the Poisson locking problem that comes along a linear
assumption for the transverse deflection and the associated constant transverse normal strain, see also [50].
It is interesting to note that the critical temperatures obtained using LDq1; are, in general, higher in com-
parison to those obtained with EDs554 despite the higher number of theory-related degrees of freedom.

As seen from Table[3] the gain in terms of accuracy is modest if the theory is refined from ED335 to the more
expensive LDgos, even for studying thick panels. Very accurate results are available already from theory
EDj332, both in terms of linear and nonlinear predictions.

In agreement with Noor and Burton, the ratio between the linear and the nonlinear critical temperature
diminishes as the ratio a/h increases, and, for thin plates, these two values are almost identical. On the
contrary, a noticeable difference can be observed between the linear and nonlinear predictions, especially for
thick configurations, with a difference between the values that increases with the anisotropy of the lay-up.
Isotropic plates are, in all the cases, those characterized by the closer values between linear and nonlinear
results, whilst laminates with 6 equal to 45 are those exhibiting the highest differences.

A plot of the nondimensional parameter a/h versus the critical temperature ratio is provided in Figure
This latest quantity is defined as the ratio between the linear buckling prediction and the nonlinear one,
thus providing a measure of the effects due to the pre-buckling deformations. The close agreement with the

results extracted from Ref. [28] can be seen even in this case.

Example 2

Another test case is taken from Ref. [39]. Relatively thin plates with a/h equal to 50 are considered.
The plates are made of material M2 and obtained by the stacking of four plies oriented at [£6]s. Simply-
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supported boundary conditions are imposed at the plate edges. The results are summarized in Table [4| in
terms of dimensional critical temperatures, obtained by taking Fjq/E22=11.292, and o = 27 107 /K.
The results taken from Refs. [39] are obtained using the CUF-based EDag2 theory in conjunction with a Ritz
approach employing 12 x 12 trigonometric shape functions. For consistency, present results are reported
in the adjacent column and denoted EDgss,, which are obtained using the same model and Ritz function
as in Ref. [39]: as expected, the results are identical. The remaining set of results are obtained with 20
x 20 Legendre functions. The results obtained using EDsso highlight, as already discussed, the superior
performances of the Legendre polynomials. In particular, the critical temperature for 6 equal to 45 is
3% smaller than the corresponding value obtained in Ref. [39] using trigonometric functions. Again, the
difference reduces with the degree of anisotropy of the panel, and small deviations are seen for 6 equal to 15.
No significant improvements are achieved when ED554 and LDgosy theories are considered, which is consistent
with the relatively thin configuration under investigation. Similarly, the critical temperature obtained by
accounting for the nonlinear pre-buckling effects are very close to the linear ones, with a maximum difference
of approximately 1%. Note also that the linear prediction is always conservative, thus on the safe side.
Additional novel results are reported in Table [f] by considering the same material, lay-ups and boundary
conditions of the previous example. The investigation is now extended to various length-to-width ratios.
Nondimensional critical temperatures are reported for three distinct kinematic theories, with and without
accounting for the effect of pre-buckling deformations. These results could prove to be useful as an additional
benchmark for future investigations.

To further investigate the thermal buckling response of the panels analyzed in Table[d] the width-to-thickness
ratio is plotted against the critical temperature ratio in Figures[]to[6] The effects due to ply angles, material
orthotropy ratio and boundary conditions are addressed and, to the best of the authors’ knowledge, no
previous investigations have covered these aspects.

The plates here considered are made of material M2 and are obtained by the stacking of four plies with
different angles of orientations. Orthotropic plates, where all the plies are oriented at 0, are considered in
Figure [ while angle-ply configurations with ply angles at 22.5 and 45 are assumed for the plots of Figures
and [6] As done in the previous analyses, the computations are performed by considering 20 functions along
both the directions, while theory EDjs4 is assumed. In agreement with the results of Ref. [2§], a reduction
of the critical temperature ratio is observed for increasing values of h/a and 6. In addition, the effect of
the boundary condition can be clearly noticed from the plots, where SSSS, SCSC and CCCC conditions are
considered. The critical temperature ratio is seen to decrease when constraints are added to the plate. So,
the simply-supported condition represents the upper bound case, while the fully clamped is the lower bound.
Also it can be argued from Figures [4] to [6] that highest amounts of the material orthotropy ratios have the

effect of reducing the critical temperature ratio.
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Example 3

To illustrate the generality of the proposed implementation, the results are now presented for a set of skew
composite plates subjected to arbitrary boundary conditions. The panels are characterized by the geometric
ratios a/b=1, a/h=10 and skew angle U; the thermoelastic properties are those of material M1. The
comparison is presented between the results obtained with different theories and the critical temperatures
obtained by Kant and Babu [22] using HSDT finite elements. The results are summarized in Table[6]for two
different sets of boundary condition, CSCS and CCCC. The first and the third entries refer to the constraints
of the oblique sides of the panels, which are clamped in both cases. Very close agreement can be noticed

between the present results and those of Ref. [22].

4.2 Sandwich plates
Example 4

Results are now presented for sandwich configurations. The first assessment regards the cross-ply configu-
ration discussed in Refs. [30, [39]. It consists of a square sandwich panel with ten-layer face-sheets made of
material M3 with stacking sequence [0/90]5s. The 0 plies are at the outer top and bottom surface, guaran-
teeing the symmetry of the panel stacking sequence. The core properties are those of material C1. The panel
is simply-supported along its four edges. Two nondimensional parameters are made vary in the analyses,
namely the length-to-thickness ratio a/h, and the ratio between the face-sheet thickness versus the panel
thickness h¢/h.

It is well known that the need for refined theories becomes increasingly relevant as the values of a/h diminish
and those of h¢/h increase. In fact, a refined transverse response is more important when the plate becomes
thick and the stress gradients become more abrupt, which occurs when the stiff faces increase their thickness
in comparison with the soft core. The results are summarized in Table [7} and are obtained by considering
different theories and different shape functions. In particular, the first set of results is obtained by consider-
ing the layerwise LDggo theory in conjunction with a trigonometric expansion. Calculations are performed
by forcing the buckling mode to be of global type, i.e. assuming a deflected pattern characterized by one
single half-wave along the two orthogonal directions  and y. Under this assumption, local instabilities are
prevented and close matching with the reference results is achieved. This combination of kinematic theory
and shape functions is the same proposed by Fazzolari and Carrera in [39] and, in fact, perfect matching
is obtained with the results obtained by the authors. Good agreement is also observed with the 3D results
of Ref. [30]. Again, it is worth highlighting that the exact solution of this problem is characterized by a
trigonometric displacement field, thus one single trigonometric function can capture the exact shape of one of
the buckling modes. The remaining results in the table are calculated by adopting a sublaminate description

of the panel, where the face-sheets are modeled with FSDT theory, and the core with ED335. In this case,
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the number of theory-related degrees of freedom is equal to 15, against the 189 required by LDggs. As seen
form Table [7] the accuracy of the predictions is not affected by the drastic reduction of the problem size,
and the results are identical to those computed with LDss5. The advantage of a sublaminate representation
against a purely layerwise is thus clear. In the last two columns, Legendre-type functions are adopted, with
5 and 50 terms along the two directions. The results obtained with 5 functions are in good agreement with
those obtained with 1 trigonometric function. The predicted buckling modes are still of global type, and the
corresponding eigenvalues resemble those previously obtained. However, local buckling modes are detected
— they are labeled with an asterisk in Table [7] — when the number of functions is raised up to 50. These
modes are observed for the thickest configurations and were not reported in past studies due, presumably,
to the premature truncation of the series to approximate the unknown fields. The results here reported are
those obtained using 50 functions, but the authors cannot exclude that lower eigenvalues can be found if the
expansion is further enriched. Given the size of the problem and the computational costs associated with a

larger number of functions, ad-hoc analysis tools would be needed.

Example 5

The critical temperatures of angle-ply sandwich configurations are presented in Table[8] where the comparison
is presented against the results obtained by Matsunaga [26]. The face-sheets have lay-up [+6]5, and are
realized with material M3, with the plies oriented at 46 on the external faces. The core is made of material
C1. Simply-supported boundary conditions are assumed. The results are obtained by considering a purely
layerwise approach LDggs, and a sublaminate description FSDT /ED335 /FSDT. For consistency with Ref. [26],
a first set of results is derived by considering 2 x 1 trigonometric functions. The two remaining set of analyses
are performed with Legendre polynomials and 5 x 5 and 50 x 50 functions.

The results demonstrate relatively good agreement with Matsunaga, as the present predictions are slightly
smaller. The reason for this discrepancy is believed to be related with the higher refinement of the theories
here considered, both in the case of the layerwise approach and the sublaminate one, in contrast to the
equivalent single layer description of Ref. [26]. Also for this case, the results demonstrate the excellent
accuracy versus computational cost of the sublaminate models. As a matter of fact, the critical temperatures
are as accurate as those determined with a layerwise approach, while requiring less than one tenth of the
theory-related degrees of freedom. As seen from Table [8] local buckling modes are detected when increasing
the number of functions up to 50 for two of the configurations analyzed, i.e. a thick plate (a/h=>5) and @

equal to 30.

Example 6

Further results are proposed in Figure [7] where the nondimensional critical temperatures are reported for

sandwich plates with same materials and lay-ups as in the previous example, and a geometric ratio a/h
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fixed at 20. The results for simply-supported conditions are presented in Figure while those of a
fully clamped panel in Figure The comparison is reported against the results obtained by Babu and
Kant [21] that utilized HOST9 isoparametric finite elements, based on third-order description of the in-plane
displacement components, and a zero order representation of the out-of-plane displacement component. For
consistency, the results are firstly computed with EDsgg theory, and a number of 20 x 20 functions. The
results reveal good correspondence with Babu and Kant, and the effects of the ply orientation and the
face-to-thickness ratio on the panel critical temperature are correctly captured. Also the effect of different
boundary conditions is in agreement with Ref. [2I]. With the aim of providing additional results to be used
for future benchmarking, the plots obtained using a sublaminate theory ED332/ED332/ED332 are presented

in Figure [§] In addition, the results are summarized in tabular form in Table [9]

Example 7

Finally, an investigation over the effect of the pre-buckling deformations is discussed with regard to sandwich
plates. In particular, the critical temperature ratio is calculated for angle-ply configurations with face-sheets
of material M3 at [+6]5 and core of material C1. The results are obtained by means of a sublaminate
ED332/ED332/ED3so description of the panel, chosen to guarantee high accuracy of the results.

The charts relative to a ply angle 6§ of 22.5 are reported in Figure |§|, where two distinct values of h¢/h are
assumed. In particular, they are taken equal to 0.05 in Figure and 0.10 in Figure Similarly, the
case of 6 equal to 45 is considered in Figure [I0]

The results demonstrate the same trends observed for the monolithic plates. However, the effect of pre-
buckling deformations is much more relevant in the case of sandwich panels. The critical temperature ratio
diminishes for increasing values of § and h/a, thus thick configurations are those associated with more
relevant pre-buckling effects. The same role is played by the introduction of constraints, and fully clamped
panels are those characterized by the lowest temperature ratios. As seen from the four charts on Figures [9]
and higher ratios h¢/h have the effect of reducing the relevance of the pre-buckling effects. For facilitating
future benchmarking, the results of Figures [9] and [I0] are summarized in Table

5 Conclusions

A variable-kinematics model based on the Sublaminate Generalized Unified Formulation has been presented
with regard to the thermal buckling analysis. The solution procedure is based on the Ritz method, where
both Legendre polynomials and trigonometric shape functions were considered for approximating the dis-
placement field. The results illustrate the advantages offered by Legendre polynomials in terms of rapidity of
convergence. Exceptions are clearly represented by those case for which the exact solution is trigonometric.

Main advantage of the proposed approach consists in the flexibility offered to the analyst to select different
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kinematic theories for different clusters of plies. This possibility can be exploited for optimizing the accuracy
versus the number of theory-related degrees of freedom, with consequent beneficial effects on the time for
the analysis. The accuracy of the results has been demonstrated by comparison against reference solutions,
including three-dimensional results, both for monolithic and sandwich plates. In this second case, a proper
choice of the sublaminate theories allowed to derive critical temperatures with accuracy comparable to the
layerwise predictions, but demanding for much less degrees of freedom.

The excellent accuracy of the results is not restricted to the linear eigenvalue predictions, but includes the
nonlinear results obtained by considering the pre-buckling deformations. With this regard, and in light of
the few results available in the literature, novel reference solutions were presented with and without account-
ing for the pre-buckling effects. The role played by the lay-up anisotropy, boundary conditions, orthotropy
and length-to-thickness ratios was illustrated. The results here obtained do not account for temperature-
dependent properties, which may have a relevant impact on the cases here considered, and which is subject

of future investigations.
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Table 1: Elastic properties and coefficients of thermal expansion of the materials used in the present study.

M1 (Ref. [28]) M2 (Ref. [39]) M3 (Ref. [26])

E11/Eg9 15 variable 19
Es3/Ea2 1 1 1
Gi2/Ea22 0.5 0.5310 0.52
G13/Ea2 0.5 0.5310 0.52
Gaz/Ea2 0.3356 0.1593 0.338
V12 0.3 0.3 0.32
V13 0.3 0.3 0.32
Vo3 0.49 0.36 0.49
a1/ 0.015 -0.0333 0.001
a2 /ag 1 1 1
sz /o 1 1 1
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Table 2: Convergence analysis and comparison of critical temperatures ay7,, for square composite SSSS

plate of material M1, lay-up [£6]5, a/h=10 and theory EDgs4.

0 0 15 30 45 0 15 30 45
Analysis type R Trigonometric functions Legendre functions

2 0.578271 0.8020~! 0.1128 0.1231 0.878271  0.9969°' 0.1210 0.1305

5 0578271 0.79687! 0.1124 0.1226 0.5797~% 0.7909"' 0.1111 0.1211

10 0.578271 0.7948~! 0.1119 0.1221 0.5782=1 0.787871 0.1106 0.1204

. 15 0.578271 0.7939~! 0.1117 0.1218 0.578271 0.7877"! 0.1105 0.1202

20 0578271 0.7934=' 0.1116 0.1216 0.578271 0.78767! 0.1105 0.1202

25 0.578271 0.7930"! 0.1114 0.1214 0.5782~1  0.7876=' 0.1105 0.1202

30 0.5782~! 0.7927"' 0.1114 0.1213 0.578271 0.7876~! 0.1105 0.1202

3D, Ref. [2§] 0.57827%  0.7904~! 0.1100 0.1194 0.5782~1  0.7904=' 0.1100 0.1194
2 0.6944~'  0.1043  0.1688 0.1936 1185271 0.1411  0.1882 0.2121

5 0.6944='  0.1035  0.1679 0.1924 0.6966-'  0.1025  0.1651 0.1887

\L 10 0.6944='  0.1031  0.1669 0.1910 0.6944=1  0.1019  0.1639 0.1868

15 0.6944=1  0.1030  0.1664 0.1903 0.6944=1  0.1019  0.1637 0.1864

20 0.6944~!'  0.1029  0.1661 0.1898 0.6944='  0.1019  0.1637 0.1864

25 0.6944~!  0.1028  0.1659 0.1894 0.6944=1  0.1019  0.1637 0.1864

30 0.6944~!  0.1028  0.1657 0.1892 0.6944=1  0.1019  0.1637 0.1864

3D, Ref. [2§] 0.6950-%  0.1027  0.1633 0.1849 0.6950~1  0.1027  0.1633 0.1849
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Table 4: Comparison of critical temperatures T¢, (K) for square SSSS plates with a/h=>50, material M2 and
lay-up [£6]s.

Note: # using 12x 12 trigonometric functions.

6  Ref[39 EDy, EDays EDss4 LDy2y
L L NL L NL L NL

0 118128 118.128 118.129 119.150  117.906 118.923  117.907 118.924

15 156.394 156.394 155.164 156.945  154.236 155.996  154.142  155.900

225 206.605 206.605 203.690 206.769  201.734 204.754  201.488 204.501

30 245.693 245.693 240.702 245.018  238.145 242.369  237.803 242.015

45 266.242 266.242 258.546 263.531  254.937 259.783  254.432 259.259
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Table 5: Critical temperatures T, for square SSSS plates of material M2, lay-up [£6]s.

a/h 0 ED222 EDss4 LD222
L NL L NL L NL
0  6.195472 7.397972 5.984372  7.102572 5.985372  7.10382
15 7.807072 9.80092 7.293772  9.01492 7.254672  8.95602
10 22,5 9.892072 1.33217! 8.971172 1.16977! 8.875772 1.15397!
30 1.2905~' 1.9305°! 1.1406~!  1.619871 1123071 1.585671
45 1.38027! 2.1579°! 1.223171  1.796571 1.20451  1.757671
0 1.87357%2 1.972672 1.853172  1.9500~2 1.853272  1.9501 2
15 2431372 2.60042 2.369772  2.530272 2.364472  2.524172
20 225 3.159772  3.450272 3.037772  3.305572 3.023872  3.289172
30  3.846072 4.285872 3.694672  4.0990~2 3.676172  4.076472
45  4.117672  4.630372 3.913872  4.36972 3.887472  4.337072
0 3.18957% 3217173 3.183573  3.210973 3.183573  3.210973
15  4.189473 4.237573 4.164473 4.211973 4.161873  4.209373
50 22,5 5.499673 5.582873 5.446873 5528473 5.440273  5.521573
30 6.499072 6.615573 6.429973  6.544073 6.42077%  6.534473
45 6.980773 7.115373 6.883373  7.014173 6.869773  7.000073
0  8.04797* 8.0655~* 8.0441~* 8.0616~* 8.04417% 8.0617*
15 1.05937% 1.062373 1.057173  1.0601~3 1.056973  1.0599~3
100 22.5 1.392873 1.398073 1.388273  1.393473 1.38757%  1.392873
30 1.638273  1.645573 1.631873  1.6390~3 1630972  1.6381~3
45 1.760773 1.769173 1.751573  1.7598 3 1.750273  1.758573
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Table 6: Comparison of critical temperatures cgT, for skew plates made of material M1, a/b=1 and a/h=10.

CSCS CCcCC
Lay-up ¥ Ref. [22] EDs32 EDsss  LDaao Ref. [22] EDs3zs EDsss  LDaoo
0 0.1305  0.1317 0.1306 0.1302 0.1601  0.1616 0.1603 0.1597
15 0.1340  0.1354 0.1341 0.1337 0.1618  0.1634 0.1620 0.1615
10/90}: 30 0.1447  0.1456 0.1451 0.1446 0.1690  0.1710 0.1693 0.1687
45  0.1523  0.1538 0.1526 0.1521 0.1893  0.1926 0.1896 0.1889
0 0.1360  0.1364 0.1321 0.1309 0.1609  0.1623 0.1573 0.1561
15 0.1427  0.1433 0.1386 0.1372 0.1678  0.1693 0.1639 0.1625
431, 30  0.1625 0.1635 0.1576 0.1561 0.1886  0.1905 0.1838 0.1822
45  0.1950  0.1972 0.1893 0.1875 0.2249  0.2275 0.2185 0.2165
0 0.1534  0.1539 0.1535 0.1498 0.1809  0.1819 0.1816 0.1779
(45, 15 0.1611  0.1616 0.1611 0.1571 0.1887  0.1897 0.1894 0.1854
30  0.1835 0.1842 0.1835 0.1786 0.2121  0.2133 0.2130 0.2080
45 0.2199  0.2208 0.2199 0.2134 0.2526  0.2543 0.2537  0.2468
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Table 7: Comparison of critical temperatures o, for square SSSS sandwich plates with face-sheet of

material M1, core C1 and lay-up [0/90]5/core/[90/0]5. Note: ® using trigonometric functions, * local modes.

a/h  he/h  Ref. [30] Ref. [39] Present
3D LDg2o LDg2o FSDT/ED352/FSDT

1x1¢ 1x1¢ 5x5 50x50
5) 0.025  0.8512 0.8415 0.8411 0.8411 0.8393 0.1116*
0.050  0.6096 0.6018 0.6014 0.6014 0.6000 0.1188*
0.075  0.4692 / 0.4662 0.4662 0.4655 0.1267*
0.100  0.3820 0.3819 0.3816 0.3816 0.3814 0.1358*
0.150  0.2805 0.2850 0.2849 0.2849 0.2855 0.1582*
10  0.025  0.3220 0.3191 0.3190 0.3190 0.3188 0.2148*
0.050  0.2737 0.2705 0.2705 0.2705 0.2702 0.2216*
0.075  0.2358 / 0.2335 0.2335 0.2333 0.2285
0.100  0.2072 0.2052 0.20561 0.2051 0.2050  0.2050
0.150  0.1632 0.1654 0.1653 0.16563 0.16564 0.1654
20  0.025  0.0929 0.0924 0.0924 0.0924 0.0924 0.0924
0.050  0.0855 0.0853 0.0853 0.0853 0.0853  0.0853
0.075  0.0791 / 0.0786 0.0786 0.0786  0.0786
0.100  0.0726 0.0727 0.0727 0.0727 0.0727  0.0727
0.150  0.0623 0.0627 0.0627 0.0627 0.0627  0.0627
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Table 8: Comparison of critical temperatures o, for square SSSS sandwich plates with face-sheet of

material M1, core C1 and lay-up [£6]5/core/[F6]5. Note: ® using trigonometric functions, * local modes.

a/h  he/h 6 Ref. [20] LDy  FSDT/EDgs/FSDT
2x1%  2x1®  5x5  50x50

5 015 0 0.1837 0.1757 0.1739  0.1741 0.1582*
15 0.2109 0.2037 0.2024 0.2023 0.1582*

30 0.2702 0.2610 0.2609 0.2608 0.1582*

45 0.3311 0.3216 0.3228 0.3225 0.1581*

10 015 0 0.09938 0.0960 0.0955 0.0957  0.0955
15 0.1285 0.1258 0.1254 0.1254  0.1252

30 0.1916 0.1874 0.1873 0.1873  0.1871

45 0.2201 02174 02178 0.2176 0.2175

20 015 0 0.03820 0.0373 0.0373 0.0374 0.0373
15 0.05530 0.0551 0.0551 0.0551  0.0550
30 0.08845 0.0893 0.0894 0.0894 0.0893
45 0.09679 0.0977 0.0978 0.0978  0.0977
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Table 9: Nondimensional critical temperatures 102 agTe, obtained with ED332/ED335/ED332 for sandwich

plates with a/h=20, lay-up [£0]5/core/[F0]5.

he/h
0 010  0.075 005  0.025
SSSS 0 4.3453  4.7196  5.1514  5.6427

15 6.5230  7.1710  7.9427  8.8509
30 10.5539 11.5789 12.7781 14.1329
45 11.5973 12.7675 14.1507 15.7346
60 10.3761 11.4151 12.6426 14.0480
75 6.3944  7.0472  7.8342  8.7758
90 4.2727  4.6508  5.0922  5.6024
CcCccC 0 7.5896  8.5643  9.8306  11.4972
15 9.2393  10.5055 12.2680 14.8725
30 14.8500 17.0741 20.1931 24.8912
45 18.1054 20.5678 23.8258 28.2761
60 14.6330 16.7751 19.8024 24.4604
(6] 8.9355 10.1530 11.8755 14.5345
90 7.3373 82830  9.5915  11.3277
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Table 10: Critical temperature ratios T /TN for sandwich plates with [+6]5/core/[F0]s.

9  hla he/h = 0.05 he/h = 0.10

SSSS  SCSC  CCCC SSSS  SCSC  CCCC

225 1/20 0.7057 0.6827 0.6053  0.7600 0.7383 0.6979
1/40 0.9154 0.9072 0.8565  0.9247 0.9181 0.8803

1/60 0.9614 0.9572 0.9304  0.9652 0.9616 0.9395

1/80 0.9781 0.9756 0.9594  0.9802 0.9780 0.9641

1/100  0.9859 0.9843 0.9735  0.9872 0.9858 0.9764

45 1/20 0.6197 0.4870 0.3815  0.6856 0.5952 0.5155
1/40 0.8921 0.8386 0.7956  0.9052 0.8607 0.8253

1/60 0.9509 0.9248 0.9035  0.9559 0.9333 0.9149

1/80 0.9721 0.9568 0.9441 0.9748 0.9613 0.9501

1/100 09821 0.9721 0.9638  0.9838 0.9749 0.9675
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Figure 1: Plate dimensions and reference system.
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Figure 2: Plot of the buckling mode of a SSSS square plate of material M1, lay-up [£6]5, a/h=10 and theory

EDss54: (a) u, component, (b) u, component, (¢) u, component.
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[£0]5: (a) thin plates (0 < h/a < 0.1), (b) thick plates (0.1 < h/a < 0.3).
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Figure 4: Critical temperature ratio versus thickness-to-width ratio for plates with lay-up [0]4:

Ell/EQQI].O, (b) Ell/E22:15, (C) Ell/EQQZQO.
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Figure 5: Critical temperature ratio versus thickness-to-width ratio for plates with lay-up [£22.5],, Material

M2: (a) Ell/E22:10, (b) Ell/E22:15, (C) Ell/E22:20.
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Figure 6: Critical temperature ratio versus thickness-to-width ratio for plates with lay-up [+45]s, Material
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[£0]5/core/[F0]5 and different boundary conditions: (a) SSSS, (b) CCCC.
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Figure 9: Critical temperature ratios for sandwich plates with [+22.5]5/core/[F22.5]5, and different face-

sheet ratios: h¢/h=0.05, (b) h¢/h=0.10.

44



NL
cr

-
Z5
= =
~ ~
25 25
e =
04 o ssss 7
—o— SCSC
—e— cCCC
03 L L L L | L L L L | L L L L | L L L L 03 L L L L | L L L L | L L L L | L L
0.01 0.02 0.03 0.04 0.05 0.01 0.02 0.03 0.04 0.05
h/a

Figure 10: Critical temperature ratios for sandwich plates with [£45]5/core/[F45]5, and different face-sheet

ratios: hg/h=0.05, (b) hs/h=0.10.
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6 Appendix

Through-the-thickness integrals

Denote the assembly procedure of the thickness integrals with the following notation:

< >=

k
N* N,

,% ,g\ : (56)

where the assembly is performed twice, at ply and at sublaminate level. The resulting expressions of the

thicknesswise contributions are:

0 _ p.k Apkrgp.k
Zy, oy 13 =< O3 L,y >

0 _ P,k APk rgp,k
LZoyyu.a5 =< " Cyz' Ly, ., >

0 _ .k p.krgp.k
Zauyuz44 =<« C144 Zauyuz >

0 _ .k A0, krpp.k
Ly oy.36 =< " O35 L) 5, >

0 _ D,k AP, kryp,k
Zaumuz55 =< C(55 Zauxuz >

0 _ p.k D krgp.k
Zauyuz45 =<« C'45 Zauyuz >

(57)
0 _ p,k Apkgp,k 0 _ p,k AP krgp.k
Loy ou.23 =< 0PV G > Ly gu,z6 =< 0PV Cs6 Ly, >
0 _ 0,k A0 krgp k 0 _ 0,k A0, krgp k
Zuzuz44 =< ﬂ C44 Zuzuz > Zuzuz45 =< 6 C45 Zuzuz >
0 — p,k Ap.krypk 0 — D,k AP kgD, k
Zuzuz55 =< ﬁ 055 Zuzuz > ZauzaquB =< ﬂ 033 ZBuzauz >
where:
ko k ko k kN2
ot = oul’? Bt =20ul; + (ouly) (58)
_ D, krgp.k G — p,krgp,k G — p.krgp,k
Uptyp 11 =< 004 ZuTuT > Zumum22 =< 00yy Zurux > Zumu$12 =< 002y Zu,u,
G — p,krgp,k G — p,krgp,k G — p,krgp,k
Zuyuyll =< 003 Zuyuy > Zuyuy22 =< 00yy Zuyuy > Zuyuy12 =< 004y Zuyuy > (59)
_ p.krgpk G — D, krgp,k G — p,krgpk
Uruy11 =< 00z Zuzuz > Zuzuz22 =< any Zuzuz > Zuzu212 =< Oawy Zuzuz >

Stiffness matrix

__ 71010 1001 0110 0101 0000

1001 1010 1
Ug Uy =T & Zuwuy12 +Z & Zuwuyléi +I1OLI

Ug Uy Ug Uy

0010 0001
Ugp Uy :quuz ® Zau1u255 +Iuruz & Z8u1u245 +I

Uy Uy

110 000
& ZuzquG +Igzuy ® ZuzuyGG +I?Lzuy ® Zauzauyélf)

1000 0100
2 Uz ® Zu16u213 +Iumuz ® ZuxauZSG

0010 0001 0100 1000
Uy Uz =7 & Zauyuz45 +Iuyuz & Zauyuz44 +Iuyuz ® ZuyBuZQS +Iuyuz ® Zuyauz36

T uyuy

K
K
Koyu, =L0000 @ Zujuyoz + (L0000 + 000 ) @ Zuyuy26 + Lol @ Zuyuyo6 + Lonony @ Lo, ouy a4
K
K

__ 71010 1001 0110 0101 000
Uz Uz _quuz Y Zuzuz55 + (quuz +Iu2uz) 0y Zuzuz45 +quuz & Zuzuz44 +I10;,zuz ® Z8u26u233

where the generic thickness integral is

Z(0yu, (9yu.rs =< CRSZLE, >

Uz Uz
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