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Abstract—Components are often subject to multiple competing
degradation processes. This paper presents a reliability assess-
ment framework for multicomponent systems whose component
degradation processes are modeled by multistate and physics-
based models with limited statistical degradation/failure data.
The piecewise-deterministic Markov process modeling approach
is employed to treat dependencies between the degradation pro-
cesses within one component or/and among components. A com-
putational method combining binary decision diagrams (BDDs)
and Monte Carlo simulation (MCS) is developed to solve the
model. A BDD is used to encode the fault tree of the system
and obtain all the paths leading to system failure or operation.
MCS is used to generate random realizations of the model and
compute the system reliability. A case study is presented, with
reference to one branch of the residual heat removal system of
a nuclear power plant.

Index Terms—Binary decision diagrams (BDDs), degra-
dation dependency, Monte Carlo simulation (MCS),
piecewise-deterministic Markov process (PDMP), system
reliability analysis.

NOMENCLATURE

Acronyms

PBMs Physics-based models.
MSMs Multistate models.
FTA Fault tree analysis.
CCFs Common cause failures.
BDDs Binary decision diagrams.
MCS Monte Carlo simulation.
RHRS Residual heat removal system.
WDFLM Weighting depth-first left-most.
DFLM Depth-first left-most.
ite if-then-else.
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Notations

C Number of components in the system.
L Group of degradation processes modeled

by PBMs.
K Group of degradation processes modeled

by MSMs.
DOc Degradation state of component Oc.
−→
XLm(t) Time-dependent continuous variables of

degradation process Lm.−→
XD

Lm
(t) Nondecreasing degradation variables vector.

−→
XP

Lm
(t) Physical variables vector.

FLm Set of failure states of degradation process Lm.

YKn(t) State variable of degradation process Kn.
SKn Finite state set of degradation process Kn.
FKn Set of failure states of degradation process Kn.�Z(t) Degradation state of the system.
θKn Environmental and operational factors in Kn.
λi( j|θKn) Transition rate from state i to j.
θLm Environmental and operational factors in Lm.
−→
fLm(·,·|θLm) Physics equations of degradation process Lm.
−→
Zp,q(t) Stochastic process of one group of interde-

pendent degradation processes.
N(·,·,·|θKn) Semi-Markov kernel.

I. INTRODUCTION

MOST components undergo degradation processes before
failure. A number of degradation models have been

proposed in the field of reliability engineering based on
the available information/data, which can be mainly clas-
sified into the following groups: 1) statistical distribu-
tions (e.g., Bernstein distribution [1]); 2) stochastic processes
(e.g., Gamma process [2]); 3) MSMs (e.g., semi-Markov
model [3]); and 4) PBMs (e.g., probabilistic superposi-
tion model [4]). Among the existing degradation models,
PBMs [5]–[7] and MSMs [8]–[10] can be used to describe
the evolution of degradation in structures, systems, and com-
ponents, for which statistical degradation/failure data are
insufficient, e.g., the highly reliable devices in the nuclear
and aerospace industries. A PBM gives an integrated mech-
anistic description of the component life consistent with the
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underlying real degradation mechanisms (e.g., wear, corrosion,
fatigue, etc.) by using physics knowledge and equations [4],
whereas an MSM describes the degradation process in a dis-
crete way, supported by material science knowledge, degra-
dation and/or failure data from historical field collection or
degradation tests [11], [12].

In reality, components are often subject to multiple com-
peting degradation processes. The dependencies among these
processes within one component (e.g., the wear of rub-
bing surfaces influenced by the environmental stress shock
within a micro-engine [13]), or/and among different compo-
nents (e.g., the degradation of the prefiltrations stations leading
to a lower performance level of the sand filter in a water
treatment plant [14]) need to be considered. Components
can be dependent due to functional dependence, where the
failure of a trigger component causes other components to
become inaccessible or unusable [15], [16]. Competing fail-
ure propagation and failure isolation effects have been studied
in [17] and [18], where a failure not only causes outage to the
component from which the failure originates, but also propa-
gates through all other system components causing the entire
system failure and failure isolation occurs when the failure
of one component causes other components within the same
system to become isolated from the system.

Recently, Lin et al. [19] employed the piecewise-
deterministic Markov process (PDMP) modeling framework
to integrate PBMs and MSMs for treating the dependencies
among degradation processes for a system with a small num-
ber of components, where the whole system is modeled by
one PDMP. For systems of larger size, the high dimension
of its PDMP can lead to very heavy computational burdens,
because solving the PDMP of a small system is already time
consuming due to the combinatorial nature of MSMs and
the need to simulate the trajectory between any two sys-
tem states [19]. In addition, the dependencies may only exist
within certain groups of components and leave different groups
being independent [20], and the causes of systems failure are
not easy to be identified.

FTA [21] is typically used to identify the combinations of
events leading to system failure and compute its probability
by using minimal cut sets found from the fault tree struc-
ture. For real systems, this can be computationally intensive,
when the tree structure is large and, especially, if it contains
repeated basic events [22]. In addition, all basic events are
usually assumed statistically independent.

CCFs of components have been considered in [23]–[25]:
implicit and explicit methods have been developed to eval-
uate the system reliability. In binary-state systems, com-
ponents failures with dependent propagation effects have
been studied in [26], within a dynamic FTA framework.
The statistical dependence of component states across dif-
ferent phases of phased-mission systems has been treated by
using multiple-valued decision diagrams to encode fault trees
in [27] and [28].

On the contrary, the dependencies of the degradation pro-
cesses leading to failure of different components need to be
considered which render certain basic events under different
gates being dependent. To the knowledge of Song et al. [29],

there is no published research work to tackle this problem,
of practical reference.

To take into account such dependencies at a relatively low
computational cost for systems of larger size, a system reli-
ability assessment method is proposed combining BDDs [30]
and MCS [31]. Instead of modeling the degradation of the
whole system by one PDMP as in [19], the proposed method
can identify the groups of components being dependent and
decompose the original PDMP into a group of smaller ones
which are independent from each other and easier to be
solved. Besides, the states of these PDMPs leading to the
systems failure can be easily obtained. First, a fault tree
is transformed to a BDD from which all paths leading to
the system failure or operation can be efficiently obtained.
BDDs [30] are directed acyclic graphs, encoding Shannon’s
decomposition of a formula, and have been implemented in
many domains; they possess the feature of sharing equiva-
lent subgraphs and hence can reduce the computational time
and memory requirements [32]. An algorithm based on BDD
has been developed for reliability analysis of phased-mission
systems with multimode failures in [33] to improve the effi-
ciency and reduce the computational complexity. BDD has
also been employed for network reliability and sensitivity anal-
ysis in [34]. Second, MCS is used to estimate the probability
of each path to compute the system reliability taking into
account the dependencies between basic events, since analyti-
cally solving the PDMPs is difficult, if not impossible, due to
the large size and complex behavior of the system [35].

The rest of this paper is organized as follows. Section II
provides the assumptions and model descriptions. The
proposed reliability assessment method is presented in
Section III. Section IV presents one case study on one branch
of a RHRS of a nuclear power plant. Section V concludes
the paper.

II. ASSUMPTION AND MODEL DESCRIPTION

A. General Assumptions

We consider a multicomponent system, made of C compo-
nents denoted by O = {O1, O2, . . . , OC}.

The following assumptions are made.
1) The fault tree of the system is available and contains

Q basic events denoted by e = {e1, e2, . . . , eQ} which
include the failures of components and other events such
as erroneous operation caused by human errors. The
component-failure type of events are determined by their
underlying degradation processes.

2) Each component may be affected by multiple degra-
dation processes, possibly dependent. The degradation
processes can be separated into two groups: a) L =
{L1, L2, . . . , LM} modeled by M PBMs and b) K =
{K1, K2, . . . , KN} modeled by N MSMs, where Lm,
m = 1, 2, . . . , M and Kn, n = 1, 2, . . . , N are the indexes
of the degradation processes. The degradation state of
a component Oc ∈ O, c = 1, 2, . . . , C, is determined by
its degradation processes DOc ⊆ L ∪ K and the compo-
nent fails when its degradation processes enter its failure
state space (see items 3 and 4 below for its definition).
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Fig. 1. Illustration of L1.

3) A degradation process Lm ∈ L in the first group
is described by dLm time-dependent continuous vari-

ables
−→
XLm(t) = (

−→
XD

Lm
(t),

−→
XP

Lm
(t)) ∈ R

dLm in terms of:

a) the nondecreasing degradation variables vector
−→
XD

Lm
(t)

(e.g., crack length) representing the component degra-

dation condition and b) the physical variables
−→
XP

Lm
(t)

(e.g., velocity) influencing
−→
XD

Lm
(t) and vice versa. dLm is

the number of nondecreasing degradation variables and
physical variables for a degradation process Lm. Their
evolution is characterized by a system of first-order

differential equations
−→̇
XLm(t) = −→

fLm(
−→
XLm(t), t|θLm), i.e.,

physics equations, where θLm represents the environmen-
tal factors to Lm (e.g., temperature and pressure) and the

parameters used in
−→
fLm . The evolution of physical vari-

ables can be characterized by physics equations. The
environmental factors are the parameters of the physics
equations and their evolution is not characterized by
physics equations. If any environmental or operational
factor is modeled by physics equations and influencing
the degradation variables, then, it is considered as one

physical variable. Lm fails when one xi
Lm

(t) ∈ −→
XD

Lm
(t)

reaches or exceeds its corresponding failure threshold
denoted by xi

Lm
∗. The failure state set of Lm is denoted

by FLm . An example of L1 is shown in Fig. 1.
4) A degradation process Kn ∈ K in the second group is

described by the state variable YKn(t), which takes val-
ues from a finite state set SKn = {0Kn , 1Kn , . . . , dKn},
where “dKn ” is the perfect functioning state and “0Kn ”
is the complete failure state. All intermediate states are
functioning or partially functioning. The transition rates
λi( j|θKn),∀i, j ∈ SKn , i > j characterize the degrada-
tion transition probabilities from state i to state j, where
θKn represents the environmental factors to Kn and the
related coefficients of λKn . The failure state set of Kn is
denoted by FKn = {0Kn}. An example of K1 is shown
in Fig. 2.

Dependencies between degradation processes may exist
both within and across groups L and K. The degradation lev-
els of the components in the first group may influence the

Fig. 2. Illustration of K1.

transition times and transition directions of the degradation
processes of the second group and the degradation states of
the second group may influence the evolution trajectories of
the continuous variables in the first group [19]. PDMPs are
employed to model this dependency, the detailed formulations
are shown in (1) and (2).

B. PDMPs for Dependent Degradation Processes

Let us consider one group of interdependent degradation
processes Lp = {Lp1 , . . . , Lpn} and Kq = {Kq1, . . . , Kqm},
which have no dependencies with the other degradation
processes. Their degradation states are represented by

−→
Zp,q(t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎝

−−→
XLp1

(t)
...−−→

XLpn
(t)

⎞
⎟⎟⎠ = −→

Xp(t)

⎛
⎜⎝

Yq1(t)
...

Yqm(t)

⎞
⎟⎠ = −→

Yq(t)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∈ Ep,q = R
dLp × SKq, ∀t ≥ 0 (1)

where Ep,q is the space combining R
dLp (dLp = ∑n

k=1 dLpk
)

and SKq = {0, 1, . . . , dKq} denotes the state set of

process
−→
Yq(t).

The evolution of the vector of degradation states
−→
Zp,q(t)

involves: 1) the stochastic transition process of
−→
Yq(t) and 2) the

deterministic progression of
−→
Xp(t), between successive transi-

tions of
−→
Yq(t), given

−→
Yq(t). The first process is governed by

the transition rates of
−→
Yq(t), which depend on the degradation

levels of the components in the first group, as follows:

lim
�t→0

P

(−→
Yq(t + �t) = �j

∣∣∣−→
Zp,q(t)

=
(−→

Xp(t),
−→
Yq(t) = �i

)T
, θKq

)

= λ
q
�i
(�j
∣∣∣−→Xp(t), θKq

)
�t, ∀�i,�j ∈ SKq,

�i �= �j (2)

where the parameter vector θKq represents environmental
and operational factors influencing the degradation processes
in Kq. The second evolution process is described by the deter-
ministic physics equations which depend on the degradation
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states of the second group as follows:

−→̇
Xp(t) =

⎛
⎜⎜⎝

−−→̇
XLp1

(t)
...−−→̇

XLpn
(t)

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

−→
fLp1

(−→
Zp,q(t), t

∣∣θLp1

)

...−→
fLpn

(−→
Zp,q(t), t

∣∣θLpn

)

⎞
⎟⎟⎟⎠

= −→
fLp

(−→
Zp,q(t), t

∣∣θLp =
(
θLp1

, . . . , θLpn

))
(3)

where the parameter vector θLpk
, k = 1, 2, . . . , n represents

environmental and operational factors influencing the degra-
dation processes in Lpk . It should be noted that the evolution
of one degradation process in

−→
Zp,q(t) depends on the states of

all the degradation processes in
−→
Zp,q(t).

III. METHODOLOGY

In this section, a computational method combining BDDs
and MCS is proposed.

A. BDDs

A BDD is a directed acyclic graph encoding Shannon’s
decomposition of a formula. A BDD has two terminal ver-
tices labeled 1 and 0 to indicate the failure and operation of
the system, respectively. Each nonterminal vertex is labeled
with a variable and has two outgoing edges: 1) 1-edge and
2) 0-edge which indicate the occurrence and nonoccurrence
of the corresponding basic event, respectively.

A BDD is employed to encode the fault tree of the sys-
tem according to the given ordering of the indicator variable
Xi which denotes the occurrence or nonoccurrence of the
basic event i (Xi = 1 indicating the occurrence of the basic
event i and Xi = 0 indicating the opposite). The size of the
BDD largely depends on the given ordering and the prob-
lem of finding the global optimal ordering is an intractable
task [36], [37]. Several ordering heuristics have been devel-
oped, whose performances may vary on different problems. In
this paper, we employ the WDFLM ordering technique pro-
posed in [38], which leads to satisfactory results according to
the tests in [39] and [40]. WDFLM first assigns weight 1 to
each basic event. Then, it traverses the fault tree bottom-up
to calculate the weight of each gate by adding the weights of
all its inputs, i.e., gates and basic events. Fig. 3 shows an exam-
ple of a fault tree where the weights of the gates are obtained
through WDFLM. Then, the inputs of a gate are rearranged
in the order of increasing weights as shown in Fig. 4.

Finally, the DFLM ordering technique [41] is applied to the
fault tree to get the variable ordering. In this technique, the
basic events are placed in the ordered list as soon as they
are encountered during the DFLM traversal of the fault tree.
Let < be a total ordering of variables, for the fault tree in
Fig. 3, it is X3 < X4 < X1 < X2.

Based on the variable ordering, the related BDD can be con-
structed using the bottom-up procedure. First, all basic events
i, i ∈ e are associated with the ite structure [42] ite(Xi, 1, 0),
where ite(Xi, f1, f2) = (Xi ∧ f1) ∨ (¬Xi ∧ f2) which means if
the basic event i occurs then consider function f1 else con-
sider function f2. Then, work from the bottom to the top of
the fault tree and obtain the ite structure for each gate by using

Fig. 3. Illustration of fault tree labeled with weights.

Fig. 4. Illustration of fault tree with rearranged inputs of gates.

the following principle: let us consider two variables Xa < Xb

and four functions f1–f4, let <> be any logic operation AND

or OR, then

ite(Xa, f1, f2) <> ite(Xa, f3, f4) = ite(Xa, f1 <> f3, f2 <> f4)

(4)

and

ite(Xa, f1, f2) <> ite(Xb, f3, f4)

= ite(Xa, f1 <> ite(Xb, f3, f4), f2 <> ite(Xb, f3, f4)). (5)

The ite structure of the top event of the fault tree in Fig. 3 can
be obtained as ite(X3, 1, ite(X4, 1, ite(X1, 1, 0))). The associ-
ated BDD shown in Fig. 5 can be constructed by breaking
down each ite structure into its left and right branches, and
eliminating the vertexes that are not useful (a vertex is not
useful when its two outgoing edges point to the same vertex
or it is equivalent to another vertex) [43].

Finally, all the paths leading to system failure can be
obtained as: 1) X3 = 1; 2) X3 = 0, X4 = 1; and 3) X3 = 0,
X4 = 0, X1 = 1 and the path leading to system operation is
X3 = 0, X4 = 0, and X1 = 0. The exact system reliability is
equal to the sum of the probability of occurrence of each path
leading to system operation or 1—the sum of the probability
of occurrence of each path leading to system failure.

B. MCS for PDMPs

To derive the probability of occurrence of one path, all the
PDMPs containing the variables involved in that path need to
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Fig. 5. BDD for fault tree in Fig. 3.

be solved. Since the PDMPs are independent from each other,
the product of the probabilities of PDMPs being in the states
indicated by the path equals the probability of occurrence of
that path. Analytically solving the PDMPs is a difficult task,
whereas MCS is well suited.

We develop a MCS algorithm for solving the PDMPs.
It consists of sampling the transition time and the arrival state
for the MSMs and, then, calculating the behavior of the PBMs
within the transition times using the physics equation.

Refer to one PDMP presented in Section II-A. Let
−→
Zk

p,q =
−→
Zp,q(Tk) =

(−→
Xp(Tk)−→

Yk
q

)
∈ Ep,q, k ∈ N, where

−→
Yk

q ∈ SKq , k ∈ N

denotes the state of
−→
Yq(t) after k transitions from the beginning

(a transition occurs as long as any one of the elements in
−→
Yq(t)

changes its state) and Tk denotes the time of arrival at state
−→
Yk

q .

Then, {−→
Zk

p,q, Tk}k≥0 is a Markov renewal process defined on
the space Ep,q × R

+ [44]. We can obtain that

P

[−−→
Zn+1

p,q ∈ B, Tn+1 ∈ [Tn, Tn + �t
]∣∣∣−→

Zn
p,q = �i, θKq

]

=
∫∫

B∗[0,�t]

N
(�i,−→dz , ds

∣∣θKq

)
,

∀n ≥ 0,�t ≥ 0,�i ∈ Ep,q, B ∈ ε (6)

where ε is a σ -algebra of Ep,q and N(�i,−→dz , ds|θKq)

is a semi-Markov kernel on Ep,q, which verifies that∫∫
Ep,q∗[0,�t]N(�i,−→dz , ds|θKq) ≤ 1,∀�t ≥ 0,�i ∈ Ep,q. It can

be further developed as

N
(�i,−→dz , ds

∣∣θKq

)
= dF�i

(
s|θKq

)
β
(�i,−→dz

∣∣∣s, θKq

)
(7)

where

dF�i
(
s|θKq

)
(8)

is the probability density function of Tn+1 − Tn given−→
Zn

p,q = �i and

β
(�i,−→dz

∣∣∣s, θKq

)
(9)

is the conditional probability of state
−−→
Zn+1

p,q given
Tn+1 − Tn = s.

Fig. 6. Flowchart of the computational method.

The simulation procedure consists of sampling the transi-
tion time from (8) and the arrival state from (9) for

−→
Yq(t),

then, calculating
−→
Xp(t) within the transition times, by using

the physics equation (3) until the time of system evolution
reaches a certain mission time Tmiss.

To calculate the probability of occurrence of one path
(let

−−→
Z∗

p,q indicate the state space, which contains all the states

of
−→
Zp,q(t) that are consistent with the state of the path), the

procedure of the MCS is presented as follows.

Set Nmax (the maximum number of replications) and k = 0
(index of replication)
Set k′ = 0 (number of trials that end in the state indicated
by the path)
While k < Nmax

Initialize the system by setting
−→
Z′

p,q(0) =
(−→

Xp(0)−→
Y ′

q

)

(initial state), and the time T = 0 (initial system time)
Set t′ = 0 (state holding time)
While T ≤ Tmiss

Sample a t′ by using (8)
Sample an arrival state

−→
Y ′′

q for stochastic process
−→
Yq(t)

from all the possible states by using (9)
Calculate

−→
Xp(s),∀s ∈ [T, T + t′

]
by using eq. (3)

Set
−→
Z′

p,q(s) =
(−→

Xp(s)−→
Y ′

q

)
,∀s ∈ [T, T + t′

[

Set T = T + t′,
−→
Z′

p,q(T) =
(−→

Xp(T)−→
Y ′′

q

)
and

−→
Y ′

q = −→
Y ′′

q

End While
If

−→
Z′

p,q(Tmiss) ∈ −−→
Z∗

p,q
Set k′ = k′ + 1

End if
Set k = k + 1

End While �

The estimated probability of occurrence of one path at time
Tmiss can be obtained by

P̂(Tmiss) = 1 − k′/Nmax (10)
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Fig. 7. Diagram of one branch of the RHRS.

Fig. 8. Fault tree of one branch of the RHRS.

TABLE I
DEFINITIONS OF THE BASIC EVENTS

with the sample variance [45] as follows:

varP̂(Tmiss)
= P̂(Tmiss)

(
1 − P̂(Tmiss)

)/
(Nmax − 1). (11)

C. MCS for PDMPs

The flowchart of the whole proposed computational method
combining BDDs and MCS is shown in Fig. 6.

IV. CASE STUDY

The illustrative case refers to one branch of the RHRS [46]
of a nuclear power plant shown in Fig. 7. The fault tree
is shown in Fig. 8. The definitions of the basic events are
presented in Table I.

By knowledge and experience of the field experts, the degra-
dation dependency is described as follows: the degradation of

Fig. 9. Representation of the degradation processes of the circuit breaker,
motor, and pump contactor.

Fig. 10. Representation of the degradation processes of the pump.

the pump can lead it to vibrate [47], which will, in turn, cause
the vibration of the other neighboring components (e.g., the
valve) and therefore aggravate the degradation process of the
latter [48]. The dependency exists between basic events 1–4
and 6, as indicated in Fig. 6. The component degradation mod-
els provided by the expert colleagues of Electricité de France
are presented below. Some degradation processes are modeled
by PBMs if their degradation data is unavailable and, thus,
the physics equations have to be used, whereas the others are
modeled by MSMs supported by the degradation and/or failure
data from historical field collection.

The circuit breaker, motor, and pump contactor each have
one degradation process modeled by MSMs K1–K3, respec-
tively, as shown in Fig. 9.

The pump has two degradation processes modeled by
MSMs K4 and K5, as shown in Fig. 10. K4 relates to the failure
on demand and K5 relates to the external leakage which can
cause the pump to vibrate when YK5(t) reaches the state 1K5 .

Closure due to human error follows one MSM K6, as shown
in Fig. 11.

The valve has one degradation process modeled by one
PBM L1 related to the crack propagation due to manufacturing
defects. L1 is based on a deterministic crack growth model,
which follows Paris–Erdogan law [49]. For the phase of crack
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Fig. 11. Process of closure due to human error.

Fig. 12. Representation of the degradation processes of the pneumatic valves.

propagation, the threshold is defined as the number of cycles
calculated as follows:

Nc =
1
/(m

2
− 1

)
∗
(

1
/

a

(
m
2 −1

)

0 − 1
/

a

(
m
2 −1

)

c

)

C
(

f (R)MaxYMax
√

π�σMax
)m (12)

where the definition of the parameters can be found in [50].
The valve fails when the number of solicitation exceeds Nc.
The equivalent number of solicitations executed per year is
assumed to be constant and equal to dc.

The diaphragm has one degradation process modeled by
one PBM L2 related to the cavitation erosion mechanism,
which can cause the thickness loss. The threshold is defined
as the thickness required to ensure pressure resistance, which
is calculated as follows:

tm = PD0/2(S + yP) (13)

where P is the estimated pressure for RHRS, D0 is the outside
diameter of the pipe, y is a coefficient, and S is the allowable
stress in the pipe. The diaphragm fails when the thickness
loss exceeds tm. The annual loss of thickness is assumed to
be constant and equal to dm.

The pneumatic valves VP1 and VP2 each have one degra-
dation process modeled by MSMs K7 and K8, respectively, as
shown in Fig. 12.

K5 has impacts on K1–K4 and L1. When YK5(t) reaches
the state 1K5 the transition rates of K1–K4 will increase to
λ′

1, λ
′
2, λ

′
3, and λ′

4, respectively, and dc in L1 will change to
d′

c. All the parameter values in the degradation models are
presented in Table II. For confidentiality, we use artificially
scaled values; they are set in a way to simulate the system
under accelerated aging conditions.

Applying the WDFLM ordering heuristic [38], the variable
ordering obtained is X5# < X6 < X1 < X2 < X3 < X4 < X8 <

X9 < X7. The corresponding BDD is shown in Fig. 13. There
are two paths leading to system operation: 1) X5# = 0, X6 = 0,

X1 = 0, X2 = 0, X3 = 0, X4 = 0, X8 = 0, X9 = 0 and
2) X5# = 0, X6 = 0, X1 = 0, X2 = 0, X3 = 0, X4 = 0, X8 = 0,

X9 = 1, X7 = 0.
The degradation processes are divided into five groups:

1) {K6}; 2) {L2}; 3) {K7}; 4) {K8}; and 5) {K1, K2,

K3, K4, K5, L1}. Each of the first four groups has only one

TABLE II
PARAMETER VALUES

Fig. 13. BDD corresponding to the fault tree shown in Fig. 8.

degradation model. The PDMP related to the last group is pre-
sented as follows:

−→
Z1,5(t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

N(t)
YK1(t)
YK2(t)
YK3(t)
YK4(t)
YK5(t)

⎞
⎟⎟⎟⎟⎟⎟⎠

∈ E1,5

= R × SK1 × · · · × SK5 ,∀t ≥ 0 (14)

where N(t) denotes the number of solicitations applied till t,

Ṅ(t) =
{

dc, if YK5(t) = 2K5

d′
c, if YK5(t) = 1K5

and YKq(t), q = 1, 2, . . . , 5

are characterized by the related transition rates.
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Fig. 14. Estimated system reliability with/without dependency.
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Fig. 15. System failure time density function with/without dependency.

MCS over a time horizon of eight years has been run 106

times to solve the PDMPs and, then, estimate the probabil-
ity of occurrence of each path. The numerical experiments
are carried out in MATLAB on a personal computer with
an Intel Core 2 Duo CPU at 3.06 GHz and a RAM of
3.07 GB. The estimated system reliability with and without
dependency throughout the time horizon, under accelerated
conditions, is shown in Fig. 14. The average computation time
is 34.3 s. We can see from the figure that neglecting depen-
dency can lead to overestimation of the system reliability. The
system reliability with dependency has experienced one rapid
decrease after around 6.2 years (point A), which is due to the
valve failure in some simulation trials caused by the vibra-
tion of the pump. This sharp decrease in system reliability
relates to the sharp increase in the system failure time density
function, as shown in Fig. 15.

V. CONCLUSION

In this paper, we have proposed a framework for the reliabil-
ity assessment of systems whose components have dependent
competing degradation processes. The modeling framework
rests on MSMs and PBMs, and the PDMP modeling approach
is employed to treat dependencies between the degradation
processes within one component or/and among components.
The numerical solution involves the translation of the system
fault tree into a BDD, and the estimation of the proba-
bilities of the paths of events occurrences by MCS. The

case study demonstrates the relevance of degradation process
dependencies for the system reliability.

It is interesting to include failure isolation as future research
in our proposed model. Failure detection and isolation can
be used to mitigate degradation dependency by performing
corresponding maintenance tasks or failure isolation actions.
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