Symbolic dynamics: from the N-centre
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Abstract. We consider a rotating N-centre problem, with N > 3 and
homogeneous potentials of degree —a < 0, o € [1,2). We prove the
existence of infinitely many collision-free periodic solutions with nega-
tive and small Jacobi constant and small values of the angular velocity,
for any initial configuration of the centres. We will introduce a Mau-
pertuis’ type variational principle in order to apply the broken geodesics
technique developed in Soave and Terracini (Discrete Contin Dyn Syst
32:3245-3301, 2012). Major difficulties arise from the fact that, contrary to
the classical Jacobi length, the related functional does not come from a
Riemaniann structure but from a Finslerian one. Our existence result allows
us to characterize the associated dynamical system with a sym-bolic
dynamics, where the symbols are given partitions of the centres in two non-
empty sets.
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1. Introduction and main results

In the classical N-centre problem it is investigated the motion of a test particle
of null mass under the gravitational force fields of N fixed heavy bodies (the
centres): if ¢, and my denote respectively the position and the mass of the
k-th centre, the motion equation is
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where = x(t) € R? denotes the position of the particle at time ¢t € R; basic
references for such a problem are [3,4,6-9,11] and the references therein. In this
paper we consider a-gravitational potentials of type

N
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Of course, for @« = 1 we get the classical Newtonian potential; moreover, we
assume that the centres are not fixed, but rotate according to the law & (t) :=
exp {ivt}cg. Under this assumption, the equation for the motion of the test
particle is

N
=— 1k z(t) — etey) .
kZ::l |z(t) — ety |o+? ( (t) k) (2)

We will refer to the research of solutions to this equation as to the rotating
N-centre problem (briefly, the rotating problem). It is convenient to introduce
a different frame of reference for z, taking into account the rotation of the
centres: setting x(t) = exp {ivt}z(t), E q (2) becomes

3(t) 4 2viz(t) = v22(t Z| _Csz( 2(t) — ) . (3)

We introduce @, (2) := 1%|2|2/2 + V(2), so that (3) can be written as
E(t) + 2viz(t) = VO, (2(t)).

Since the terms in z and 2 are multiplied by powers of v, the idea is that if || is
sufficiently small, then Eq. (3) can be regarded as a perturbation of the planar
N-centre problem, which we dealt with in [11]. Note that, contrary to (1), Eq.
(3) is not a conservative system; however, it is possible to find a first integral
defining

. 1.
Jo(2,2) = §|z\2 —®,(2).

The value h = J, (2(t), 2(t)), which is the same for every ¢ € I, is called the
Jacobi constant, in analogy with the same integral of the circular restricted (N +
1)-body problem (see the discussion below for the relationship between the
rotating problem and the restricted one). Note the similarity between J, and
the usual energy function H(z, 2) = ||?/2 — V (2): it results H = Jo. In this
paper we generalize the approach already developed in [11], proving the
existence of infinitely many collision-free periodic solutions of Eq. (3) with
negative and small (in absolute value) Jacobi constant, provided the angular
velocity |v/] is sufficiently small. As a consequence, for those values of h and v we
can characterize the dynamical system induced by (3) on the level set

U= {(z,v) ER*: J,(2,v) = h}
with a symbolic dynamics, where the symbols are some selected partitions

of the centres in two different non-empty sets. Coming back to Eq. (2), this
means that for h < 0 and |h,|v| sufficiently small we have infinitely many



collision-free relative periodic solutions (i.e. periodic in the rotating frame of
reference) of the rotating problem; this existence result allows to prove the
occurrence of symbolic dynamics in a proper submanifold of the phase space
(which correspond to Uy, , through the transformation x e~ z).

Motivations. The N-centre problem can be considered as a simplified version
of the (N + 1)-body problem, when one of the bodies is much faster then the
others. Therefore, in order to understand if the broken geodesics technique we
introduced in [11] can be somehow extended to find solutions of the (N + 1)-
body problem, it seems reasonable to start considering an “easy test motion”
for the centres, such as the uniformly circular one. This is strictly related to the
study of the circular restricted (N + 1)-body problem, which we briefly recall;
assigned N positive masses my,..., mny, let us consider any planar central
configuration (ci,...,cy) of the N-body problem. A relative equilibrium of
the N-body problem is a motion of type & (t) := exp {ivt}cr (kK =1,...,N),
with v € R, i.e. an equilibrium point in a rotating frame of reference with
angular velocity v. The restricted problem consists in studying the motion
of a test particle of null mass under the gravitational force field of N bodies
(the primaries) which move according to a motion of relative equilibrium. This
leads to the search of solutions to (3), but now v cannot be considered as a free
parameter: indeed, each central configuration determines the unique admissible
value of v through the relation

N
2 mjmk 1 2

v = ,  where U(c) = E —— I(c) =< E mglcel”,  (4)
2I(c) <[ Then le; — cil 2 pt

see Meyer [10]. In particular, letting v to tend to 0, the relation (4) implies that
either my, — 0 for every k or |c;| — 0 for every k; as a consequence, the equation
of the restricted problem in the limit case v — 0 tends to 2 = 0, which has no
relation with the N-centre problem or the N-body problem. As a toy model
towards the real restricted (N + 1)-body problem, we introduce the rotating N-
centre problem; we point out that the motivation for its study is prevalently
mathematical: our goal is to understand if the techniques intro-duced in [11] are
sufficiently robust to survive when we perturb the N-centre problem by letting
the centres move; the answer is yes, but, as we will see, the extension of our
broken geodesics method is not trivial and requires new ideas. Therefore, the
generalization to the real restricted problem seems possible, but extremely
complicated.

1.1. Periodic solutions

Let P be the set of the possible partitions of the centers in two different non-
empty sets. There are exactly 2V~ — 1 such partitions, and to each of them we
associate a label:

P={Pj:j=1,...,28 -1}
We give particular labels to those partitions which isolates one centre with
respect to the others:



Pj = {{c;},{c1,....en}\{¢;}} j=1,...,N.
The collection of these labels is the subset
Pr:={PjeP:j=1,...,N} CP. (5)
We define the right shift T, : P™ — P" as
TPy, P Py)) = (P, Prave o P,

and we say that (Pj,,...,P;,) € P" is equivalent to (P} ,..., P} ) € P" if

there exists m € N such that

(Pj’l, .. "le'n) =T ((Pjy,...,P;)).
To describe the first main result which we are going to prove, let us look
at Theorem 1.1 of [11]; therein we proved the existence of h < 0 such
that for any h € (h,0) we can associate to any finite sequence of partition
(Pj,,...,Pj,) € P" aperiodic solution L((p;,,....P;,),h) Of the N-centre problem
(1) with energy h. Under particular assumptions on (P;,, ..., P;, ), assump-tions
which are specified in points (4i)-b) or (i7)-c) of the quoted statement, we have to
allow collision solutions, but it is always possible (for every N > 3) to build
infinitely many collision-free solutions. We would like to repeat the game
associating to a finite sequence of partitions, for sufficiently small values of the
absolute value of the Jacobi constant |h| and of the angular velocity |v], a
periodic solution of Eq. (3). In this paper we will put some restrictions on the
sequences of partitions which we want to consider; this is motivated by the fact
that the rotation of the centres makes impossible the use of some techniques
employed in the study of the behaviour of collision-solutions. In this sense we
observed in [11] that the study of the collisions requires a distinction among

1) a=1and N >4, 2) a=1and N =3, 3) ae(1,2).
We start from the first case.

Theorem 1.1. Let « =1, N >4, ¢1,...,cy € R?, my,...,my € RT. There
exists hy such that, given h € (h1,0), there is iy = p1(h) > 0 such that to
each v € (—in,in), n € N and (Pj,,...,P;,) € (P\ P1)" we can associate a

collision-free periodic solution Z((Pjy s Py ) o) of

{ Z(t) 4+ 2viz(t) =V, (2(t))
120 = @,(2() = h,

which depends on (Pj,,...,P; ) in the following way. There exist R,§ > 0
(depending on h only) such that z( Py, sy, ) ho) CTOSSES 2n0 times within one
period the circle 0B (0), at times (tk)kf()’__ﬂgn_l, and

(6)

o in (tok,tops1) the solution stays outside Bg(0) and

),h, V)(t2k+1)| < 5

o in (tokt1,lopt2) the solution lies inside BR(O) and separates the centres
according to the partition Pj, .

l2((Py, o Py ) o) (B2K) — 2((y, .

Jn



The following picture represents the typical shape of a trajectory in the
rotating frame of reference, moving with angular velocity v.

Note the analogy with Theorem 1.1 of [11]: if « = 1 and N > 4 we can
easily find a condition on (Pj,,...,P;, ) in order to ensure that the periodic
solution z((p, ,....p;, ),n0) of the N-centre problem

{Iz’(t) = VV(z(t))
sEOP =V (@) =h

is collision-free; it is sufficient to impose that P;, € (P \ Pi) for every k. If
N = 3 then P = Py, so that if in addition o = 1 we have to use a little trick:
let

(P17P13P27P3):G1; (P23P27P37P1):G23

and let G := {G1,G2}. We will observe (Remark 15 below) that no composed
sequence obtained by the juxtaposition of G; and G5 satisfies the symmetry
conditions of cases (ii)-b) or (ii)-c) of Theorem 1.1 in [11]; this implies that a

solution of the N-centre problem associated to (P, , ..., Py,,) € G" C P*"is
collision-free. Coming back to the rotating problem, it results

Theorem 1.2. Replacing the assumption N > 4 in Theorem 1.1 with N = 3, the
same statement holds true replacing (P \ P1)™ with G™.
If oo # 1 this is not necessary, since in such a case z(( Py,
to be always collision-free.

P;,),h,0) Was proved

Theorem 1.3. Replacing the assumptions « = 1 and N > 4 in Theorem 1.1
with « € (1, 2) and N > 3, the previous statement holds true, replacing the set P
\ Py with P.

Remark 1. The assumption “|h| is sufficiently small” is substantial, as we can
immediately realize observing that if z is a solution of (6), then the curve
parametrized by z in the configuration space has to be confined in {®, (z) >
—h}. If h < 0 becomes large in absolute value, we obtain a disconnected set,
so that to find solutions exhibiting the behavior described in the previous
statements becomes impossible.



1.2. Symbolic dynamics

Similarly to Corollary 1.3 of [11], as a consequence of Theorem 1.1, 1.2, 1.3,
we obtain the following result.

Corollary 1.4. Let o € [1,2), N > 3, my,...,mn € RT and c1,...,cn €
R2. Let h € (hy1,0) and v € (=1 (h),v1(h)), where hy and 1 (h) have been
introduced in Theorem 1.1, 1.2, 1.5. There exists a subset I, , of the level set
Un,, o return map R : 1, , — I, for the dynamical system associated to
Eq. (3), a set of symbols P and a continuous and surjective map m : I, , — 732,
such that the diagram

R
Hh,l/ —_— Hh,y

Lk

-~ i ’\Z
PZHP ,

commutes (here T, demotes the right shift in 732); namely for every h € (hy,0)
and v € (—in(h),1(h)), the restriction of the dynamical system associated to
the rotating problem on the level set Uy, ,, has a symbolic dynamics.

1.3. Plan of the paper

We follow here the same general strategy already developed for proving The-
orem 1.1 of [11]. In Sect. 2 we will perform a suitable rescaling in order to
pass from problem (6) to an equivalent problem where the parameter Jacobi
constant will be replaced by the parameter given by the maximal distance of
the centres from the origin. This leads to the study of a rotating problem with
a rescaled potential

my,
Ve(y) = Z —c® where | ax, ek = &, (7)

and a different angular velocity v'; we will be interested in solutions with
Jacobi constant equal to —1. In this way, outside a ball or radius R > ¢ > 0,
and for |v/| sufficiently small, the equivalent problem

() +20'i(t) =V (Ul + Vo)

Lg()2 — CE ()2 - Va(y(t) = -1

is a small perturbation of the Kepler’s problem with homogeneity degree
—a < 0, a € [1,2). This is why we will face the research of periodic solu-
tions of (8) splitting the study of the dynamics outside/inside a ball Bgr(0)
(R will be conveniently chosen). As in [11], outside Br(0) we will find arcs of
solutions of (8) connecting two points pg, p1 € 0Br(0), provided their distance
is sufficiently small, via perturbative techniques. With respect to [11], we have
to take into account the new parameter v/, but the argument is substantially
the same.

(8)



In Sect. 4 we study the problem inside Br(0), trying again to follow the line
of reasoning of [11]; we will search minimizers of the Jacobi type functional

L, = /01 | /By (u) — 1+ \;ﬁfolgu,u)

under suitable constraints, in order to connect any pair p1,ps € dBg(0) with
arcs of solution of (8) which separate the centres according to any prescribed
partition in P. The functional Ly ,, contrary to the classical Jacobi length,
does not come from a Riemaniann structure but from a Finslerian one. A
main consequence is the lack of reversibility of the problem, and this marks
a significant difference in the argument to rule out the possibility of hav-
ing collisions for its minimizers. The alternative “collision less” or “ejection-
collision”, valid for the N-centre problem, does not hold anymore. This is
why we will need an “ad hoc” argument, which will be exposed in Sects. 6
and 7.

The collection of the outer and inner dynamics will be the object of
Sect. 5. Assigned a sequence (Pj,, ..., P;, ) € P" and € and v/’ sufficiently small,
the aim will be the construction of a weak periodic solution Y((PjyrorPs ) ") of
the restricted problem crossing 2n times within one period the circle 9Bg(0),
at times (tx)x=o0,... 2n—1, and

e in (to,tar41) the solution stays outside Br(0) and

(P, sy o) (B2k) = Y((Pyy Py, o) (P2bg 1) <O

e in (fakt1,tar42) the solution lies inside Bz (0) and parametrizes an inner
local minimizer of the functional L_; ,» which, up to collisions, separates
the centres according to the partition FPj, .

This will be achieved glueing the fixed ends trajectories found in Sects. 3 and
4, alternating outer and inner arcs. In order to obtain smooth junctions, we are
going to use the variational argument already carried on in [11] with success.
Finally, in Sects. 6 and 7, we will complete the proof of Theorems 1.1, 1.2 and
1.3, providing sufficient conditions on the sequences (Pj,,...,P;,) in order
to have collision-free solutions; we will see that the minimizers of L_; ,, are
weakly convergent in H!, as v/ — 0, to the minimizers of L_; g, which is
the classical Jacobi functional. Therefore we will exploit the description of the
behaviour of such minimizers given in [11].

Remark 2. If o = 1, the existence of periodic solutions to problem (6) can
be obtained by means of a perturbation argument in the following way: the
Poincaré map associated to the N-center problem (N > 3) admits a compact
hyperbolic invariant set of periodic points on any energy level J, o with h > 0
(see Klein and Knauf [7]); the corresponding closed trajectories are global
minimizers of the Jacobi length, and lies in a bounded region surrounding
the centres. Due to the stability under perturbations of compact hyperbolic
invariant sets, if h < 0 and |h| and |v| are small enough, periodic solutions of
problem (6) still exist.



On the other hand, the results of [11] are not achieved through a perturba-
tion argument from the case h = 0. Actually, the periodic solutions we found
tend, as h " 0, to a “concatenation” of parabolic unbounded orbits. In par-
ticular, since they were build by the gluing of constrained minimizers (near
the centres) and perturbed Keplerian ellipses interacting with the boundary of
the Hill’s region (which, clearly, do not carry any hyperbolicity property), the
previous discussion does not apply. This is why we have to adapt step by step
the construction already carried on in [11]. Of course, compared with those
obtained by Klein and Knauf, we obtain different periodic solutions yielding a
new symbolic dynamics.

2. Preliminaries

Let us fix N > 3, a € [1,2), ¢1,...,cy € R? and mq,...,my > 0, and let
M = chvzl my; we fix the origin in the centre of mass. In this section we
prove that to find a periodic solution of the rotating problem (3) with Jacobi
constant h < 0 is equivalent to find a periodic solution of a different rotating
problem with Jacobi constant equal to —1. In this perspective the maximal
distance of the centres from the origin replaces h as parameter, and the angular
velocity changes as well. To be precise one can easily prove:

Proposition 2.1. Let z € C? ((a, b); R?) be a classical solution of (3) with Jacobi
constant h < 0. Then the function

a+2 a+2

yt) = (- 2 (7= 8), e (M= a (=)= b)) (9)

18 a solution of a rotating problem with

a+2

& =(=h)"c;, j=1,..,;N and v =(=h)" > u; (10)

the Jacobi constant of y as solution of the new problem is —1. Conversely: let
y € C? ((a'7 b) ,R2) be a classical solution with Jacobi constant —1 of a rotating
problem with initial configuration of the centres {c}} and angular velocity v'.
Let us set
cij=(=h)y"=¢, j=1,...,N and v=(—h)2z V.
Then
_1 ot2 _a+2 _a+2
20 = (-h) Fy (W), e ((Ch)7F a (-h) = )
is a classical solution of (3) with Jacobi constant h < 0.
Corollary 2.2. For every e > 0 and for every v € R there exist (1(¢) and
C2(e,v) € R such that if h = (1(g) and v = (a(e, V) then

max_|c;| = ¢, vV =r.
1<k<N
The function (1 is strictly decreasing in €, the function (s is strictly increasing
both in & and v.



Remark 3. Problem (8) for (e,v') € (0,€) x (—#/,7') is equivalent, through
Proposition 2.1 and Corollary 2.2, to Eq. (3) associated with Jacobi constant
h < 0 and angular velocity v for (h,v) € (—(1(),0) x (=(2(&, ), (2(&,7)). Two
corresponding solutions exhibit the same topological behaviour, as showed by
Eq. (9). Note that more the Jacobi constant is small, more the admissible
angular velocities have to be small.

Let us fixe > 0, v € R, and K := Bpg,(0)\ Bg,(0), with Rs > R; > €. In
K we can consider the new problem as a small perturbation of the a-Kepler’s
problem, whose potential is

Voly) == Cﬁ y € B2\ {0}.

Indeed, setting

(v)?
2
(V2 has been already defined in (7)), it is not difficult to check that

D (y) = > + Ve(y),

[®0rc — Voller (k) = ole) + o(v) fore — 07, v/ — 0. (11)

Let us observe that if y is a solution of §j+2v'iy = V@, .(y) with Jacobi
constant —1 over an interval I C R, then

O, (yit)>1 Vtel

To exploit the perturbative nature of the problem outside a ball Br(0), we
have to check that, for e > 0 sufficiently small and for ' in a neighbourhood
of 0, there exists R > 0 such that

B.(0) C Br(0) C {y eR*: @, (y) > 1}. (12)

Then, considering any compact set Br(0) C A C {®,/ .(y) > 1}, we will be
able to use (11) in A\ Bg(0).

Proposition 2.3. Let e >0, v/ € R. Let R > 0 such that e < R < (%)1/CY —e.
Then (12) holds true. There exists 1 > 0 such that, for every 0 < & < 1, this
choice is possible.

Actually, we will make the further request ¢ < R/2 < R < (%)Ua — &. which
is satisfied for every € € (0,e1/2). As in [11], we select R so that OBgr(0) is the

image of the circular solution of the a-Kepler’s problem with energy —1:
1
(2—a)M\*~
= —_—mm . 1
R ( 2« (13)

This is consistent with the previous restriction on R, if €; is sufficiently small
(if this was not true, it is sufficient to replace €1 with a smaller quantity).



Remark 4. For future convenience, note that for every y € Bg(0)

M M
Ve(y) —1 > —-1> -1

a <((2°‘)M>é +€)a - o <<(2a)M)i + 61)(’
%a 2a

=: M; >0, (14)

and hence ®,/ ¢(y) —1 > M;. This value is independent on ¢ € (0,&1/2). From
now on we will use M, to denote this positive constant.

3. Outer dynamics
We are going to use a perturbative approach in order to find solutions of
(E) + 2/(t) = Y, (1)) te[0.T)
()P — v e(y(t) = -1 t€[0,7]
ly(t)] > R te(0,T)
y0)=po  y(T)=p

when the distance between pg,p1 € dBg(0) is sufficiently small; 7" has to be
determined. To be precise we will prove the following proposition.

(15)

Proposition 3.1. There exist 6 > 0, e2 > 0 and v; > 0 such that for every
(e,v") € (0,e2)x (=, 1), for every po,p1 € OBR(0) : [p1—po| < 20, there exist
a unique solution Yeg(-;po,p1;e, V) of (15) with T = Teu(po,p1;e,v’) > 0.
This solution depends in a C' way on the endpoints py and py, and

1
M

max |Yeat(t; Pos P13 €, V)| < 2 (>
t€[0,Text(po,p136,v")] «

M
.ez t; ’ 1€y | < 2y /2| -1 16
ter[%%%u] et 0, Prs €] < \/ ( v aRO‘> (16)

for every (po,p1) € {(po,p1) € (0Br(0))? : |po — p1| < 26}, € € (0,e2) and
Ve (—v, 1),

We will follow the same line of reasoning of the proof of Theorem 3.1 of [11],
with the only difference that here we add the parameter v/. For the reader’s
convenience, we will review the main steps. For every py = Rexp {ity} €
OBR(0), the unperturbed problem (¢ =0 and v’ = 0) is

G(t) = —M% te[0,7]
%|y(t)|2 - a‘yj(vé)‘a =-1 t e [O,T] (17)
ly(@®)| > R te(0,7)

y(0) =po,  y(T) = po.



Let us solve the Cauchy problem
ii(t) = —M 0

ly(t)[>F2
y(O) = Po, y(O) = 2 (_]‘ + ozjlg"‘) (%) '
The trajectory returns at the point pgy after a certain time 7' > 0, having swept
the portion of the rectilinear brake orbit of energy —1 starting from py and

lying in R? \ Br(0). Our aim is to catch the behaviour of the solutions under
small variations of the initial conditions. We consider

) .
i(t) = *M%
y(0) =po,  9(0) = Foei? + Rigiet’,

(18)

where 7 is assigned as function of Jo by means of the energy integral. We
denote as y(-;99,99) the solution of (18). For the brake orbit y (-;9,0), it
results

’19(t,190,0) 5’190 Vit € [O,T]
We introduce ¢ : © x I — R? as
Do, T) == y(T'; 00, Jo),

where © x I C S x R is a neighbourhood of (0,7') on which 1 is well defined.
The following result is Lemma 3.2 of [11], see the proof therein.

Lemma 3.2. The Jacobian of v in (0,T) is invertible.

Now we introduce the parameters € and v': let us define
U0 x I x dBR(0) x [O,%) x R — R2
(Do, T, p1,, V") = y(T; 90,905, 0) — pu,
where y(-; 99, Jos e, V') is the solution of

i(t) + 20y (t) = VO, (y(t)) (19)

y(0) =po,  9(0) = Fpr ce?0 + Rigie™,
and 7,/ . is assigned as function of 190, e,V by means of the Jacobi constant.
The proof of the following statement is a straightforward generalization of the
proof of Lemma 3.3 in [11].

Lemma 3.3. There exist 6 > 0, 0 < 3 < £1/2 and v{ > 0 such that for every
(e,v") € (0,e2) x (=v1,v1), for every p1 € OBR(0) : [p1 — po| < 20, there
exists a unique solution y(-; 99, Jo; €, V') of (19) defined in [0,T] for a certain
T > 0, and satisfying also (15). Moreover, it is possible to choose 0, €5 and v}
independent on py € OBR(0).

Proposition 3.1 follows. The solutions obtained are uniquely determined and
depends in a smooth way on the ends pg and p;, and on the parameters e



and v/ (by the implicit function theorem). Since a brake solution yp.(-) =
y(+ 3o, po; 0,0) of the Kepler’s problem is such that

o ()] = () nd e i)l =2 (<14 ).

telo, T o te[0,T)

it is possible, if necessary, to replace €2 and v with smaller quantities in such
a way that (16) is satisfied.

- (%)%\ - {(I)l/’,s \:\;1}

The picture represents the comparison between the rectilinear brake solu-
tion for the a-Kepler problem and a “close to brake” solution obtained for the
perturbed problem with potential ®,/ . via the implicit function theorem.

Definition 1. For any ¢ € (0,22) we pose
OS8. := {Yext (- 500, P1;6,V') = po,p1 € OBR(0), V'] <1},
i.e. OS. is the set of the outer solutions corresponding to a fixed value of .
Lemma 3.4. For every e € (0,e3) there exist C1,Cy > 0 such that
C1 < Tew(po,p1;e,') < Co Y(po,p1,v') € (9Br(0))* x (=7, 7).
Also, there exists C3 > 0 such that
Yewt(- s 00,013, V) L1 ([0, T0ms (90 p1560)]) < C3
for every (po,pr, V') € (9Br(0))* x (=, ).

Proof. The boundedness of Text(po, p1;€,v') is a consequence of the continuous
dependence of the solutions with respect to variations of initial data. As far as
the bound in the H' norm is concerned, we can use (16) and the first part. [

Remark 5. We could make the boundedness properties described above uni-
form in e. But we will use this lemma in Sects. 5, 6 and 7, where ¢ will be
fixed.



4. Inner dynamics

In contrast with the previous one, this section is not a direct generalization of
Section 4 of [11]; however, it is convenient to summarize the main ideas that
we developed therein. Our goal was to find solutions of

i(t) = VV.(u(t) te o]
WP -V =1 teloT] o0
ly(t)| < R te(0,T)

y(0) = p1, y(T) = pa.

satisfying particular topological requirements; T" was not determined a pri-
ori, while the energy was fixed to —1; hence, in order to give a variational
formulation of (20), it was convenient to adopt the Maupertuis’ principle
rather then the minimal action principle. Let [a,b] C R and p;,ps € 0Bg(0),
p1 = Rexp{i}, po = Rexp{iva} (the case p; = ps is admissible). We intro-
duced the set of collision-free H' paths

~

lepz ([avbD = {u € Hl ([aa b]vRQ) : u(a) = D1, U(b) = P2,
u(t) # ¢; for every t € [a, b], for every j € {1,...,N}}, (21)

the set of colliding H! functions

Colly, , ([a, b)) := {u e H! ([a,b],RQ) cu(a) = py, u(b) = pa,
3t € [a,b] : u(t) = ¢; for some j € {1,...,N}},

and their union

~

Hy,p, ([a,0]) = Hp,p, ([a,b]) U Colly, p, ([a,b]) .

Briefly, we will write H , €oll and H when there will not be possibility of
misunderstanding. Note that H is the closure of H in the weak topology of
H'. A pathu € H can be characterized according to its winding number with
respect to each centre. This number can be computed by artificially closing
the path itself, in the following way:

u(t) t € la,b]
{Rei@b%) t € (byb+ 01 + 21 — )
D(t) == < ult) t € [a, b if ¥4 = 9
u(t) t € la,b]
{Rei<t—b+ﬂ2> t € (b,b+ 91 —a)

if Y7 < o

if ¥4 > o,

i.e. if p1 # po we close the path u with the arc of 9Br(0) connecting ps and
p1 in counterclockwise sense. Then it is well defined the usual winding number
Ind (u([a, b)), c;). Given I = (l1,...,lx) € ZV, a connected component of H is
of the form

77 ([0, b)) i= {u € Hpppu([a,8]) : Ind (u(fa, ), c;) =& Vj=1,...,N}.



We needed classes containing self-intersections-free paths, so that we consid-
ered | € Z instead of [ € ZV, and set

Hy = H""*([a,b]) := {u € Hy,p,([a,b)) : Ind (u([a,b]),c;) = 1; mod 2
Vj:L...,N};

namely we collected together the components with winding numbers having
the same parity with respect to each centre. We also assumed that

Jj.ke{l,...,N}, j#k, suchthatl; #[; mod 2. (22)

In this way, each u € ﬁl has to pass through the ball B.(0), and cannot be
constant even if p; = ps. Actually we proved that the functions in H; are
uniformly non-constant, in the sense that there exists C' > 0 such that

|il|2 > C  Vue H.

Furthermore, the constant C' can be chosen independently on p; and py (see
Lemma 5.2 of the quoted paper) and also on [ (the proof is the same).
We said that | € ZY is a winding vector, and we term IV = {I € Z§ :
1 satisfies (22)}. In order to apply variational methods, we needed to consider
H, = HI'"*([a,b]), the closure of H, with respect to the weak topology of H';
of course, in H; there are collision-function. Since we searched functions whose
images are in Bgr(0), we considered the subsets

K = KPP ([a,b]) :== {u € H, : Ju(t)] < RVt € [a,b]}
K; = K" ([a,b]) :={u e H; : |u(t)| < RVt € [a,b]}.

The set K; is weakly closed in H'. Recall the definition of the Maupertuis’
functional associated to problem (20):

b b
Moaw) = Marllabin) =3 [ i [ L@ -Ds @3)

It is well known that solutions of the fixed energy problem given by the first
two equations in (20) are obtained as re-parametrizations of critical points of
M_ at positive level in the space H (see, e.g. [1]). It is also possible to consider
re-parametrizations of critical points of the functional

b
Loy(u) = La([a,b;u) := / V (Ve(u) = 1) faf?, (24)

which is defined in the closure with respect to the weak topology of H' of
H_y = H"*([a,b]) := {u € Hp,p,([a,b]) : V(u(t)) > 1, [i(t)| >0
for a.e. t € [a,b]}.
Actually local minimizers of M_; are local minimizers of L_1, and the converse
is true up to a re-parameterization. The functional L_; has a useful geomet-

ric meaning, since for u € H_; the value L_;(u) is the length of the curve
parametrized by u with respect to the Jacobi metric g;;(y) = (Vo(y) — 1) d;5,



where 6;; is the Kronecker’s delta; this metric makes the set {V.(u) > 1} a
Riemannian manifold.
Let us look at Theorem 4.12 of [11]. We proved that there exists e5 > 0
such that for every e € (0,e3), p1,p2 € OBr(0) and | € TV problem (20)
has a solution ;(-;p1,p2;e) € K'P*([0,T]) (T = T(p1,p2;e;l)) which is a
re-parametrization of a local minimizer of the Maupertuis’ functional M _; in
K}*P2([0,1]), for some T > 0. If p; = po and
l1:'~':lj,1:lj+1:'-':lN7élj m0d2, (25)
then this solution can be an ejection—collision solution with a unique collision in
¢j, otherwise it has to be self-intersection-free and collision-free. The successive
step consisted in the translation of Theorem 4.12 in the language of partitions.
This is possible since if u € IA(l is self-intersection-free then it separates the
centres in two different groups, which are determined by the particular choice
of I € 3V; namely, a self-intersection-free path in a class K ; induces a partition
of the centres in two non-empty sets. Hence we could define the application
A : 3N — P which associates to a winding vector

lrk=0 mod2 keAyC{l,...,N}

I=(l,...Iy) with
(oo lv) wi {lkzl mod2 keA, c{l,... N}

the partition
A :={{ek I € Ao}, {ck : I € A1} ).
It is then natural to set
Rp, = K57 (0. b)) = {u e KPP ((a,b]) : 1 € Afl(Pj)} ,
Kp, = K7 ((a,b]) = {u € KP'7([a,b]) : 1 € A7 (P)}

In comparison with [11], note that we don’t require that a path in Kp, has no
self-intersection; for the N-centre problem such a requirement was proved to be
natural, in the sense that every minimizer of the Maupertuis’ functional in K, !
is necessarily self-intersection-free, unless it is an ejection—collision minimizer;
for the rotating problem this is not necessarily true, therefore we drop this
condition in the definition of K P;-

From Theorem 4.12, we obtained, for every ¢ € (0,¢3), p1,p2 € 0Br(0) and
P; € P, the existence of a solution yp, (-;p1,p2;€) of problem (20), which is a
re-parametrization of a local minimizer of the Maupertuis’ functional M_; in
Kf;;pQ([O, 1]). If p1 = p2 and P; € Py then yp,(-;p1,p2;€) can be an ejection—
collision solution with a unique collision in ¢;, otherwise it is always collision-
free (recall the definition of Py, Eq. (5)).

Let’s come back to our “fixed Jacobi constant problem”

gt) +20'ig(t) = VO, (y(t)  t€[0,T]
%ly(t)‘z =Py e(yt) = -1 te[0,7]
y() < R t€0,7]
y(0)=p1  y(T) = pa.

(26)



The variational formulation of (26) will be the object of Sect. 4.1. We will
state the main result of this section in Sect. 4.2.

4.1. The variational formulation

Let us consider a general problem of type
Z(t) + 2viz(t) = VO, (2(t)) t€0,7T)
32O — @, (2(1) = h te[0,7] (27)
z(0) =py z(T) = pa.

with T > 0 to be determined and p;,p; € R?. In order to solve it, we cannot

use the Maupertuis’ functional because it is suited for fixed energy problems.
However, exploiting the existence of the Jacobi constant, we can study the

Maupertuis-type functional
b b
/ () + h —l—u/ (iu, 1),
a a

b
My ([a,b]: ) = V2 (/ u|2>

We will briefly write M, ,, instead of M}, ., ([a, b]; -) when there is no possibility
of misunderstanding. The domain of M}, ,, is the closure in the weak topology
of H! of

Hp P ([a,0]) == {u € Hp,p,(a,b]) : @y (u(t)) > —h,[iu(t)|>0 for ae. t € [a,b]}.

If
\/§</b|a|2> (/b<1>l,(u)+h> > 0, (28)

2 f: Py (u) +h
W= b,
3 Jo L2
and it makes sense to consider the re-parametrization z(t) = u(wt), defined
Ll o(H? 1y*

in [a/w,b/w]. The functional M}, , is differentiable over H N Hy, ()
(seen as an affine space on H}). We will consider [a,b] = [0, 1] for the sake of
simplicity.

1
2

[

1
2

we can set

(29)

- - o (H (HY)) o
eorem 4.1. Let u € Hy,p,([0,1])N(H'J* ([0, 1]) be a critical point

of My, i.e. dMp,, (u) [v] = 0 for every v € H} ([0,1]), and assume that (28)
is satisfied. Let w be defined by (29). Then z(t) := u(wt) is a classical solution
of (27) with T = 1/w, while w itself is a classical solution of

w2ii(t) + 2vwit(t) = VO, (u(t)) t€[0,1],
sl - 25 = & te 1, (30)

(.4)2

u(0) =p1, u(l) =p2.



Proof. 1t is not difficult to check that if M}, , (u)[v] = 0 for every v € H{ ([0, 1])
then z(t) = u(wt) is a classical solution the first equation in (27). The Jacobi
constant for z reads

1 2
5|z'(t)|2 —D,(2(t) =k Vte %m(sn2 —®,(u(s)) =k Vs,
where k € R. We deduce
1
2 _ fo @, (u) +k_
= 1. )
%fo ||
comparing with (29), we obtain k = h.

The previous statement says that the functional Mj, ,, plays, for problem (27),
the role that the classical Maupertuis’ functional M}, plays for a fixed energy
problem of type (20). In order to apply variational methods it is worthwhile
working in H rather then in H , since H is not weakly closed. As a consequence,
it is not possible to rule out the occurrence of collisions from the beginning.
This leads to the concept of weak solution for the problem (27).

Definition 2. Let u be a local minimizer of M, in H}';**([0,1]) such that
(28) holds true, and let w be defined by (29). We say that z(t) = u(wt) is a
weak solution of (27) in the time interval [0, 1/w].

If z is a weak solution, we can define the collision set as:

1
T.(z) := {te {O’w} :2(t) = ¢ for somej:L...,N}.

Tt is not difficult to check that if z is a weak solution and (a,b) C [0,1]\ T.(2),
then z is a classical solution of the restricted problem in (a,b), with Jacobi
constant h: indeed for every ¢ € C°(a,b) it results

d
7Mh,l/(u + )\@)

= ~0. (31)

A=0

One can verify that the set T.(z) is discrete and finite, so that z is a classical
solution almost everywhere in [0,1/w]. On the other hand, a local minimizer
in K of M}, does not satisfy the motion equation in every time interval [c, d]
such that |u(t)| = R for every t € [c, d]; indeed, in such a situation it is not true
anymore that (31) holds true for every variation ¢ € C°([c, d]). Nevertheless,
the conservation of the Jacobi constant still holds true.

o(H',(H)")

Proposition 4.2. If u € (H};"7*([0, 1]) is a local minimizer of My, ,,
then

1, d(u)  h

§|U(t)| _T:E fO'r a.e.t € [0,1]

Proof. Tt is a consequence of the extremality of u with respect to time
re-parametrization keeping the ends fixed. For every ¢ € C°((0,1),R), let us



consider uy (t) := u(t+Ap(t)). For A sufficiently small the function ¢ — t-+Ap(t)
is increasing in [0, 1], so that in particular it is invertible; the minimality of u
implies

d
— My, (un)

=0.
dX

A=0

Remark 6. Note that, if v = 0, the functional M, ,, reduces to

b 3 b 3
My o(u) = V2 (/ |ﬂ2> (/ (V(u) + h)) =2/ Mp(u),

where Mj, is the classical Maupertuis’ functional of type (23). This reflects
the perturbed nature of problem (26). Actually, due to the monotonicity of
the square root for positive values of its argument it is immediate to deduce
that u is a (local) minimizer of M}, at a positive level if and only if it is a
(local) minimizer of My, o such that (28) is satisfied. Therefore, if we work in
a set in which My}, is bounded below by a positive constant, it is equivalent to
minimize Mj, or Mj, . In particular, since in Lemma 4.16 of [11] we proved
that for every py,ps € OBr(0) and for every | € IV there exists C' > 0 such
that

M_y(u)>C>0  VYue KPP([0,1)),

the characterization of the minimizers of M_; in K; (and consequently also in
Kp,) described in Theorem 4.12 of [11] (or Corollary 4.14 of [11]) applies for
the minimizers of M_j o; this will be crucial in Sect. 6.

As announced in Sect. 1, there is an analogue counterpart for the functional
Ly,. We introduce Ly, ([a,b];-) : Hp 7,7 — RU{+o0} as

Ly, ([a,b];u /\/ +h|u\+—u/ iu, )

For u € H! ([a,b]) let us consider the following class of orientation-preserving
re-parametrizations

Ty = {(le.d], f): f:ce,d] — [a,b], f € C" ([c,d],R) and increasing, such that
uofeH" ([c,d)}.
It is not difficult to check that Ly , is invariant under re-parametrizations of
I',. We point out that this is false if we consider re-parametrizations which do
not preserve the orientation. In particular, differently from Ly, Ly, is not a
length. It is possible to check that if |v| is sufficiently small then
D, (2) + hlz] + v{iu, u)

is a Finsler function which makes the “Hill’s region” {®,(z) > —h} a Finsler
manifold.



Theorem 4.3. Let u € H'P*([0,1]) N Hy,p, ([0,1]) be a non-constant critical
point of Ly, ,,. Then there exist a re-parametrization z of u which is a classical
solution of (27) for some T > 0.

Proof. We can adapt the proof of Theorem 4.5 of [11] with minor changes. 0O

The relationship between minimizers of M}, and Ly, is given by the
following statement.

Proposition 4.4. Let u € H;WOI? be a non-constant (local) minimizer of Mj, ,,
such that (28) holds true. Then w is a (local) minimizer of Ly, , in Hp, N H.
On the other hand, let v € Hp, N H be a non-constant (local) minimizer of
Lp,.. Then, up to a re-parametrization, u is a (local) minimizer of My, in
Hp, N H such that (28) holds true.

Proof. Due to the Holder inequality we have
V2L, (u) < My, (u)  Vue Hy,, NH,
with equality if and only if there exists C' > 0 such that
lu(t)]? = C (@, (u(t)) — 1) vt € [0, 1].

Now we can follow step by step the proofs of Proposition 4.6 and Proposition
4.7 of [11].

4.2. Existence of inner solutions
The following result is a partial counterpart of Theorem 4.12 of [11].

Proposition 4.5. There exist ¢4 > 0 and vl > 0 such that for every
(p1,p2,6,V/,1) € (8BR(0))2 x (0,e4) x (=4, vh) x IV, problem (26) has a
weak solution y;(-;p1,p2;€,v') € K['P*([0,T]) which is a re-parametrization
of a local minimizer w(; p1,p2;€,v') of the Maupertuis’ functional M_1 , in
K72 ([0,1]).

Before proceeding with the proof of Theorem 4.5, we state the translation of
this result in terms of partitions.

Corollary 4.6. For every (p1,p2,e,v', P;) € (0Br(0))* x (0,e4) X (=, h) x P,
problem (26) has a weak solution yp,(-;p1,p2;e, V') € KgpQ([O,T]) which is a
re-parametrization of a local minimizer up, (; p1, p2; ¢, 1/’)' of the Maupertuis’-
type functional M_y,+ in KpP*([0,1]).

We fix [a,b] = [0, 1] and the Jacobi constant to —1, so we will write M,
instead of M_4 ... Also, we fix p1,ps € 0BR(0) and [ € N,

Remark 7. In the statement of Theorem 4.5 the values €4 and v} depend
neither on py,ps € dBR(0), nor on I € JV. But here we fixed py,ps and [
before finding £4 and V4. Actually, once we will find e4 and v/, we will see that
they are independent on the previous quantities.



We aim at applying the direct methods of the calculus of variations in
order to find a minimizer of M, in K;. Assuming that we can find such a
minimizer w;(-; p1, p2; €,v’), in order to obtain a weak solution of (26) we have
to show that
1) wi(-;p1,p2;e, V') satisfies (28), 2) Ju(t;p1,p2se, V)| < RVt e (0,1).

Note that the first requirement is satisfied: for every u € U, ., K7'"**([0,1]),
it results |u| < R; therefore we can use the bound of Remark 4. We will discuss
about the second condition after the minimization.

Lemma 4.7. The functional M, is coercive in K.

Proof. Let (uy,) C K such that ||4y,| g1 — oo for n — oco. Since ||un||r2 < R,
necessarily ||tz — 400 asn — oco. As V.(y) —1 > M; > 0 in Bg(0),

(1/)2 1 % 1
M) = Valiallze (3014 95 [T )= 1 [ i
0 0

. V| .
= V2lfitn]| 2 (ﬂlunm + A ) = [V lunll 2 [ 22
for some A > 0. Hence M, (u,) > V2|t 22

Lemma 4.8. The functional M, is weakly lower semi-continuous in K;.

Proof. Let (u,) C K; such that u,, — u weakly in H'. It is by now standard
the proof of

(/01 Iul); (/Oldw,e(u) - 1)§ < lim inf (/01 |an|>; (/Olcpy,’e(un) _ 1)%7

see for instance [2,13]. It remains to show that

1 1
z// (tu, ) < liminf 1// (1, Uy )- (32)
0 0

n—oo

The weak convergence of u,, to u implies that u,, — u uniformly in [0, 1] and
Uy — U weakly in L2, as n — oo. We have

V'/Ol<iun,un> = 1/'/01<i(un —w), Up) + 1/’/01<iu712n>.

The first term tends to 0 and the second term tends to v/ fol (tu, ) as n — oo;
(32) follows.

Remark 8. The term v fol (tu, ) is not only weakly lower semi-continuous in
H', but also continuous in the weak topology of H'.

Due to the coercivity and the weak lower semi-continuity of M/, we can apply
the direct methods of the calculus of variations on the functional M,  in the
weakly closed set K. For every (e,v') € (0,e1/2) x R, we obtain a minimizer
u(+;p1,p2; €, V') for which (28) is satisfied. The following result concludes the
proof of Proposition 4.5.



Lemma 4.9. There are e4,v5 > 0 such that for every (p1,pa,e,vV',1) €
(0BRr(0))? x (0,e4) x (=, 1) x IN the minimizer w(-;p1,pa;e, V') is such
that

lw(spr,p2ie, )| <R Vte(0,1).
Proof. We can follow the same line of reasoning which was used in [11] in

order to prove Proposition 4.22. For the reader’s convenience, we report here
the ingredients of the proof. Let us term

Tr(u) == {t € 0,1 : [u(t)| = R}, Ty ,(u) := {t € [0,1] : [u(t)| > ]2%}

A connected component of T (u) is an interval (possibly a single point) [t1, t2]
with ¢; < t5. It is possible to show that u € C1([0, 1]), and if (a, b) is a connected
component of T}'{/Q(u) \ Tr(u), then u|(, ) is of class C* and is a solution of

1

&, (u)—1

W2ii(t) + 2/ wit(t) = Vd (u(t), where w? = M
, i

2 fo [

Moreover, there are €4, v5, 7 > 0 such that, if (¢,0") € (0,e4) x (=04, 14), then
for every t3,t4 such that

(ts,tq) ift5 <ty
u(ts)| = R, |u(ty)| = ’
|u(ts)| [u(ta) (ta,ts) if tg >ty

)

R
2

=

< |u(t)] < R Vte{

there holds |ty — t3] < 7. Neither &4 nor v4 depend on pi,ps or I. Let
[t1,t2] be a connected component of Tr(u), let (a,b) be a connected com-
ponent of Tg/Q such that [t1,t2] C (a,b). Let us consider y(t) := u(wt). Since
y € C*((a/w,b/w)), it must lean against the circle {y € R?: [y| = R} with
tangential velocity, and for every A > 0 there exists t5 > to (or, if t5 = 1,
ts < t1, and in this case the following inequality has to be changed in obvious

way) such that
y () = mettaro)| 4|y (18 — mi (12 seivtare)

w w w
Thus, recalling that R is the radius of the circular solution of energy —1 for
the a-Kepler’s problem, the theorem of continuous dependence of the solutions
with respect to the vector field and the initial data implies that y cannot enter
(or exit from) the ball Bg/3(0) in time 7, provided £4 and v are sufficiently
small (if this was not true, we can replace them with smaller quantities); this
is in contradiction with the choice of [.

<A

In order to exploit the description of the behavior of the solution which we
obtained for the N-centre problem in Theorem 4.12 of [11], we will replace
£4 with min{es,e4} (for the reader’s convenience, we recall again that e3 has
been introduced in Theorem 4.12 of [11]).

Definition 3. Let us fix arbitrarily v4 € (0,min{v},/2M;/R}). For every
€ € (0,e4) we term

IME = {ul(';plap2;€7y/) P Pp1,p2 € aBR(O)7 le Zév> |V/| < Vil’,}a



the set of the inner minimizers of {M,},|<,; for a fixed value of €, and
ISE = {yl(';p17p2;€7yl) D p1,p2 € aBR(O)7 le Zéva |Vl| < Vé}7
the set of the corresponding inner solutions for a fixed value of e.

We conclude this section with a collection of boundedness properties for
the functions of ZM..

Proposition 4.10. Let € € (0,e4). There are Cy,Co,Cs3,C4,Cs > 0 such that

Cr< inf il < sup lillze < Co

ue .
1
Cs < inf / D, (u) —1
u=wu(-;p1,p2.6,0")EIM. J
1
< sup / q)u’,a(u) — 1< 0y,
u=u;(-;p1,p2,e,v')EIM. JO

sup  My(u) < Cs.

u=uy (- ;p1,p2,6,v")

Remark 9. Since sup{||u||z2 : u € ZM.} < R, the set ZM, is bounded in the
H! norm.

Proof. Every u € TM. is of type w(-;p1,p2;¢€,v") for some py,ps € dBR(0),
1 €3N v e (W, v4). Since TV is discrete and finite, we can prove the statement
for a fixed [. In [11] we proved that the functions of U, . can, o) K7 ([0, 1])
are uniformly non-constant, which ensures the existence of Cy. Furthermore,
as an immediate consequence of the estimate in Remark 4, we obtain C3 = M;.
Now let us fix p1,p2 € dBg(0); there exists u € K;'?*([0,1]) such that, for
some Cg > 0 and p = p(e) € (0,¢), it results

F01 = Co, [A(t) — il 2 pl=) VEe [0,1,¥) € {1,...,N}.
For every v/ € (—vj, v5) we have
1 1 /)2 /\2
~ — o )7 M (v3)”
/ = I <7 —_— ::
[ o= [ (v@+ Gre) < 25w Yhe o

where C7 = C7(g). Starting from this bound it is possible to obtain a uni-
form bound with respect to p1, pa, v’ for the level of the minimizers of M, . If
(p1.p2) # (B1,P2), we consider the path

Cr(3t;p1,p1) t€[0,1/3]
() = d a3t —1) te(1/3,2/3)
Cr(3t—250pa) L€ (2/3,1],

where, for p.,p.. € OBRr(0), Cr(-;ps,psx) : [0,1] — R? parametrizes the
shorter (in the Euclidean metric) arc of 0Bg(0) connecting p, and p.. with
constant velocity. As far as the velocity of Cg(-;p«, Pss) is concerned, it is easy
to see that it is uniformly bounded with respect to py, p.«s. This, together with



the assumptions on u, implies that also the velocity of @ is bounded in [0, 1],
and

1
2

1
Ml,/(ﬂ) <C(/ <I>,,/75(17)—1—|—C) +|V/|RO§C5
0

Again, C5 = C5(g) > 0, while it does not depend on the ends p; and py or on
the parameter . Consequently, for the family of the minimizers there holds

My (wi(-5p1,p2;6,0") < Cs  Vp1,p2 € OBR(0), V| < ws. (33)
Using (14), we obtain
Cs — v fol (iur (-3 p1, 0258, V), (-5 p1, p2s &, V"))
oM,

_ Co V[ Rlia(- iy, pai e )
- 2M, ’
for every p1,p2 € 0Bg(0) and |v'| < v4. Now
VIR : Cs
1- u\-; ) eV < 0.
(1= L) it v pusenn e < S

Since || < v < /2M; /R, the coefficient on the left hand side is bounded
below by a positive constant; therefore

. Cs 4R\ "
= se, v )||lp2 < 11— 3 = C
||Ul( yP1, P25,V )HL ~ \/m ( 2M1 2(5)
V(plap%y/) € (aBR(O))2 X (7V§7Vé)'

It remains to find Cy; from (33), using the existence of C1, it follows

(-3 p1,p2s e, V)12 <

1 2 / . /
C Rliu(-; pr, po;
(/ q)yr,s(ul(ﬁphpz;s,v/))—1) < i | [t ,p1,p2,,8,v)||L2
0 V2 (-5 p1,pase, )| 12
C5 I/éR 1
< + B2 op.
V20, V2 !

Remark 10. The fact that some constants depend on ¢ reflects the fact that
more the Jacobi constant is small, more the admissible values of the angular
velocity are small, see Remark 3. This is why we keep ¢ fixed, letting v/ vary,
instead of considering both e and v/ as parameters.

We termed [0, 7;(p1,p2; &, v')] as the time interval of y;(-;p1,pa;e,v') € ZS-.
It results

1
Tl(php2;€,z/’) = m, where
b) b b
1
Jo ®ur (w5 p1,pase, V) — 1

(- p1,p2ie )2

wl(p1,P2;€7V/) =



Corollary 4.11. Let ¢ € (0,e4). There exist Cy,Ca,C5 > 0 such that
C1 < Ty(p1,p2se, ') < Co
v (-5 p1, P25 6, V) L (113 (1 paie))) < O
for every (po, p1, v/, 1) € (OBR(0))* x (—v4,v4) x IN.

4.3. Forward normal neighborhoods

In [11], we exploited the geometric interpretation of L: it is the length in
the Riemannian manifold {V.(y) > —1} endowed with the Jacobi metric. In
particular in section 5 of the quoted paper we used classical results concerning
the existence of totally normal and strongly convex neighborhoods (for the
definitions, see [5]). Now we are not dealing with a length anymore, but with
a Finsler function; so, something similar can be proven. The following is a
known result, but since we cannot find a proper reference we give a sketch of
the proof for completeness.

Proposition 4.12. Let p > 0 be small enough, in such a way that B:(0) C
Brja—p(0) € Bryp(0) C {®y(y) > 1} and R/2 — p > ¢. There exist €5 €
(0,e4], vy € (0,04] and 7 € (0,2p) such that if € € (0,e5), |V'| < v}, p1,p2 €
Bgr(0) \ Br/2(0) and |p1 — p2| < T then there is a unique minimizer

Umin (- 501, D25 €,V") of My in the set

{u € Hp,po([0,1]) s u(t) € Brip(0) \ Brya—,(0) Vt}.

Moreover, it depends in a C* way on its ends and on the parameters & and V',
and is the unique global minimizer of M, in H,, ,,([0,1]).

Definition 4. Let ¢ € (0,¢e5), || < v}, and let us take p > 0 as above; let
p € Br(0) \ Br/2(0). For every pair p1,p2 € m(p) there is a unique (up to
a re-parametrization) local minimizer of L,, which starts from p; and arrives
at pz, depending smoothly on the ends. We will say that By/s(p) is a forward
normal neighborhood of p.

Proposition 4.12 says that every point of Br(0) \ Br/2(0) has a forward nor-
mal neighborhood; moreover, the set Br,(0) \ Bg/2—,(0) is “convex”, in the
sense that the minimizers wmin (- ;p1,p2; €, v’) stay in it.

Forward normal neighborhoods plays the role of totally normal ones of a Rie-
maniann manifold, with the difference that, since our functional L,/ is not
invariant under orientation-reversing re-parameterizations, a minimizer of L,
in Hp, p,([0,1]) could not be a minimizer of L, in Hp,p, ([0, 1]).

Actually for every p € {®,/ (y) > 1} it is possible to prove the existence of a
forward normal neighborhood, but due to the degeneracy of our Finsler func-
tion, which can become even negative if we are close to the boundary of the
“Hill’s region”, the radius of these neighborhood becomes smaller and smaller
and tends to 0 as p approaches {®,/ .(y) = 1}.

Proof. Let p1,p2 € Br(0) \ Br/2(0), € € (0,e4), V' € (=}, v)). The existence
can be proved applying the direct methods of the calculus of variations. If
p1 = p2, observe that the minimizer is simply the constant function p;.



Let @min(-;p1,p2;€,v') be a minimizer in Hp,p,([0,1]); there exists 7 >
0 such that if |p; — pa| < 7, then wumin(-;p1,pe;e,v') is contained in
Brp(0) \ Brja—,(0): if not, there are sequences (r,) C R and ((p},p5)) C
Bgr(0) \ Bgr/2(0) such that |[p? — py| < 7, and umin(-;pT,py;e,v') touches
9 (Br+5(0) \ Brja—,(0)). But this is absurd, because if r,, — 0 the minimizers
tends to be constant functions in Br(0) \ Br/2(0). The value p is independent
on € € (0,e4) and || < v/4. For the uniqueness and the C* dependence, we
consider the map

(BR(O) \ BR/Q(O))2 X (0’54) X (_Vélhyéll) X HPIPQ([O’ 1]) - (Hp1p2([07 1]))*
(p1, 2,6,V u) = dMy (u).

Let @ be a minimizer of M, in Hp,,,([0,1]), whose image is contained in
Bpry,(0) \ Brj2—,(0); an explicit computation shows that, if |p; — pa| and
V' are sufficiently small, the second differential d? M, (u) is positive definite,
so that it is invertible. Thus, the implicit function theorem applies to give
uniqueness and smooth dependence.

Remark 11. In Sect. 3 we prove that, if p;,ps € 9Br(0) are sufficiently close
together, we can find a “close to brake” solution of problem 15 which, of course,
passes close to the boundary of the “Hill’s region” {®,. .(y) > 1}. This is not
in contradiction with the previous result, since an outer solution parametrizes
a non-minimal critical point of L.

5. A finite-dimensional reduction

In this section we glue the fixed ends trajectories previously obtained, alternat-
ing outer and inner arcs in order to construct periodic orbits of the restricted
problem (3) in the whole plane. Since in this procedure we need smooth junc-
tions, we are going to use a variational argument which is essentially the same
we introduced in [11]. Let us set £ := min{ey, &5}, 7' := min{vj,v;}. The
quantities €2 and vq have been introduced in Proposition 3.1 (recall also the
definition of § therein), while e5 and 1} have been introduced in Proposition
4.12, respectively. This is the main result of this section.

Proposition 5.1. There exist £,0' > 0 such that for every (e,v') € (0,&) x
(=v',7"), for everyn € N and (Pj,,...,Pj,) € P" there exists a periodic weak
solution v ((Fivo-Pin)ev') of problem (8), which depends on (Pj,,...,P;,) in
the following way: the image of ’y((Pfl"“’PJ‘n)’S’”/) crosses 2n times within one
period the circle 0Bgr(0), at times (ty)k=0,... 2n—1, and

o in (tog,logt1) the solution stays outside Br(0) and
|y (PivoeeesBin oo (1) — A (PiroeeesPin) o) (1, )| < 6

o in (togy1,takt2) the solution lies inside Br(0), and, if it does not collide
against any centre, then it separates them according to the partition Pj, .



Let us fix € € (0,8), || <V, n €N, (Py,, P,,..., P, ) € P". We define
D = {(p()a"'ap2n) S (aBR(O))Qn-Fl . |p2j+1 _p2_7| S ) fOI’j = 07 , b — la
PQnZPO}-

Let (po,...,p2n) € D. For every j € {0,...,n — 1}, we can apply Proposi-
tion 3.1 to obtain an outer solution ya;(¢) := Yext (; p2j, P2j+1; €, ') defined in
[0,T5;], where Ty := Toxi(p2j, p2j+1;€,v"). We recall that yo; depends on poj
and poj4+1 in a C' manner. Also, from Corollary 4.6 we obtain an inner weak
solution ya,41(t) = yp,,, (t; p2j+1,p2j+2;€, V") defined in [0,T5;41], where
Tojq1 = Tpkj+1 (p2j+1,P2jt2;€, V') (recall that vj < v4). Being L,/ invariant
under orientation-preserving re-parameterizations, y2;1 is a local minimizer of
the functional L,/ ([0, T5j41] ;). We point out that y2;41 could not be unique;
however, if there is more then one minimizer of L,/ in Kp,, we can arbitrarily
choose one of them.

We set T, := Z?:()TJH k=0,...,2n—1, and

Yo(s) 5 € [0,%]
y1(s — o) s € [T, %]

((Pay P ) 20) .
o) (8= (34)

Yon—2 (8 — Topn_3) 5 € [Ton—3,Tan_s]

Yon—1 (8 — Topn—2) 5 € [Ton—2,Ton_1].

((Pry s Pry )oesv")
(Poy--->P2n)

function. It is a weak solution of the restricted problem (3) with Jacobi
constant —1 in [0, T2,—1] \ {0,%0,...,T2,_1}, but in general is not C! in
{0,%0,...,%an_1}; however, the right and left limits of the derivatives in these
((Pry s Prp)sev")
(Po,---,P2n)

has collisions. Thanks to Lemma 3.4 and Corollary 4.11, we are sure that the
((Pry s Pry )sesv’

The function -, is a piecewise differentiable T, _1-periodic

points are finite, so that it is in H'. It is also possible that v

time interval of +, ) is bounded above and bounded below, uni-

(P0,-+->P2n)
formly with respect to (po,...,p2n) € D, by positive constants; therefore for
every (po,...,p2n) € D the period of the associated function is neither trivial,

nor infinite.
We introduce a function F = F(py,Pi)eny D — R defined by

Pr,y...,Pr, ,E,l//
F(po, ... pan) == Ly ([07§2n71]57((1z(70,1€..1.,p2n)k : ))
2n—1

= > Lo ([0, Ty]y)

=0

Proposition 5.2. There exists (po,...,D2n) € D which minimizes F. There
exist £,0' > 0 such that, for every (e,v') € (0,8) x (=, 7"), the associated



function 'y((l()f’f‘l""};'z’f’“")’e’y/) is a periodic weak solution of the restricted problem
8). The values & and U’ depends neither on n, nor on (Py,,..., P, ) € P".
1 n

Remark 12. Proposition 5.1 is an immediate consequence of this statement.

From now on, we will write ((Fx1 e Pin)e’) to denote the periodic weak
solution associated to an arbitrarily chosen minimizer of F((Pkly_wpkn)’syy/).

We will reach the result through a series of lemmas. We will follow the
same sketch already used in [11], see also [12].

Lemma 5.3. The function F is continuous, so that there exists a minimizer of
F in the compact set D.

Proof. Repeat the proof of step 1) of Theorem 5.3 of [11].

Remark 13. The main existence result of inner solutions, Proposition 4.5, is
stated in terms of winding vectors rather than in terms of partitions. Thus,
it could seem reasonable to prescribe a finite sequence of winding vectors
(I,...,1,) € Z5 and try to prove the existence of a periodic solution asso-
ciated to this sequence in the same way as 7((P’€1""’P’“n)’€’”l) is associated to
(Piys -+, Pg, ). This, clearly, would lead to a larger class of periodic solutions.
But such a generalization does not seem possible, for the following reason. For
the proof of Proposition 5.2 we consider variations of an inner minimizers with
respect to its endpoints p1, pe; the function Ind(u([a,b]),¢;) is not continuous
in u with respect to the uniform convergence topology if we let p; and py vary
on 0Bg(0), and this makes impossible to prove the continuity of a function
like F'. Note that the discontinuity occurs when p; = ps:

R.-~ D2 1 R."~ \p\l‘
N
// N // \p2
7/ \ / A\

’ c1 \ / Cc1 \
/ C5 o 2 \ / C5 o \
| ) . \ | . \

| |

\ ! \ !
\ . . I \ . . I
cy c3 / cy c3 /

\ \

\ / \ //
7/
\\ , \\ ,

When py moves continuously on dBg(0) and crosses p;, although the
two represented arcs remains “close” in the uniform topology, the winding
vector drastically changes, passing from (1,0,1,1,1) to (0,1,0,0,0) (recall that
to compute the winding vector we close the arc with the portion of dBr(0)
connecting ps with py in counterclockwise sense). On the contrary, the partition
which is determined by the inner arc does not change when ps crosses p;.
This makes possible to prove Lemma 5.3 only when working with prescribed
sequences of partitions, and not of winding vectors.

Let (Do, - .., Pan) be a minimizer of F. We aim at showing that the mini-
mality of (o, ..., P2,) implies smoothness in the junction times for the asso-
((Pryoo P )20 ). In order to prove it, we would like

ciated periodic function VFor.-.an)



to write explicitly the equation VF(py,...,p2,) = 0. As we noticed in [12], it
is not evident that this can be done, because of the lack of uniqueness of inner
minimizers of M,  in Kp,: for this reason it is not immediate that an inner
solution depends smoothly on its ends. In order to overcome the problem, we
can use Proposition 4.12: for any j € {0,...,n — 1}, we consider a forward
normal neighborhood Usj; 41 of the point pajy1. Let us choose t, € (0,T5;41)
such that

Paj1 = Yoja1(t) € Ugjr,  [Poja| <R, y([0,84]) C (Br(0) \ Bry2(0)):

There exists a unique minimizer y(-; p2j41, P2j+1; €, ") of My, and hence also
of L, (up to a re-parameterization), which connects psj;1 and pa;q;1 in time
1, and depends smoothly on its ends. For the uniqueness, 7 has to be a
re-parametrization of ys;41. Note that if poji1 € Uszjr1 N Br(0), then there
is a unique minimizer y(-; pa;t1, P2j+1;€,v’) of M, which connects psj1 and
D2j+1. We will consider its re-parametrization (- ; paji1,D2j+1;€) such that

y(t) + 20/iy(t) = V&, (§(t)

Sl = v (1) = 1,

denoting by [0, T'(p2j41, D2;+1)] its domain. Due to the minimality of §(- ; p2j41,
D2j+1;€, V') for Ly, such a re-parametrization exists, see Theorem 4.3. In this
way

y(- ;ﬁzj+1,ﬁ2j+1; g, V') =Yp,,, (- ;ij+1a§2j+1§ g, V/)|[0,T(52j+1,ﬁzj+1)]- (35)

Let D2j+1 = {pgj_;,_l S (8BR(O)ﬂ(72j+1) : ‘ﬁzj —p2j+1| S 5} We define
Gajy1: Doji1 — R by

Gojr1(p2j41) = L ([0, T(p2j+1)]: Yext (- : D255 P2j415 €, V"))
+L ([0, T(p2j41,D2j+1); (-3 P2j41, D24 156 V) 5
where T'(pgjy1) denotes Toxi(P2j,p2j+1;€, ') (we will adopt this notation in
this section). Of course, with minor changes we can also define a function Gy;,
for every j € {0, ...,2n}. Note that G}, is continuous (for every k), since it is a

sum of terms which are both continuous with respect to py. As a consequence,
G, has a minimum.

Lemma 5.4. If (po,...,P2n) s a minimizer for F, then py is a minimizer for
G-

Proof. The proof is the same of Lemma 1 of [12].

The main reason to pass from the study of F' to the study of the functions
G, is that, in contrast with F', Gy is differentiable for every k: let’s think
at k = 2j + 1; L([0,T(p2j11)]; Yext (-5 P2j, P2j11;€,v')) depends smoothly on
p2j+1 for the differentiable dependence of outer solutions with respect to the
ends, and L ([0, T'(p2j+1,P2;)]; ¥(- ; p2j+1, D €, V")) depends smoothly on pa;j1
for Proposition 4.12. Therefore the minimality of ps;41 implies that

. 0G4, _

if p2jy1 € D3jq = #(szﬂ) =0

P2j+1



(the notation D5, denotes the inner of Dy;i1). This partial derivative is a
linear operator from the tangent space Tj,,,, (0Br(0)) into R. In what follows
we will show that, if ¢ and v/ are small enough, p, € Dy for every k, and
that the stationarity conditions are nothing but regularity conditions for the
functions
C25 ()

yp, (t + Toj—1 — T(p2j, P2j); P2j—1, P25 €, V") if t € [0, T(p2j, P2j)]

1= Yext (t — T(P2j, P25); P2, P2j+13 €, V') if t € [T'(p2j,P25), T (P2j, P2j)
+T(P2j+1)]
and
Yext (t; P2j, P2j+1; € V') if t € [0, T(p2;+1)]
Ci1(t) = qyp,, (6= T(P2j41)i P2js Pojrrs &) if € [T(Paja), T(P2j41)

+T(P2j+1,D25+1)]-

Taking into account that (x is (up to a time translation) the restriction of
(P o Pen)ie’) on g neighbourhood of the junction time T;_;, we obtain C!
regularity for ’y((P’Cl""’Pkn)’E’”l) itself.

Lemma 5.5. For every j = 0,...,n — 1, pa; € Dyj, and for every ¢ €
Ty, (Br(0)), we have

Dp2j

0Gy; 1 _ . _
W;(pzj)[ﬂ = E@(T(PZjaij);ijaij;5aV/) — Yeut(0; P2j, P2j+15 €, V'), ).
For every j =0,...,n — 1, pajy1 € Daji1, and for every ¢ € T, (Br(0)),
we have

8G2j+1 1

Opay it (P2j+1)[e] = ﬁ<yezt(T(p2j+1);ﬁ2j7p2j+1;57I/)

—y(0; p2j+1, P2j+1; 6, V), ).

Proof. Tt is not restrictive to consider the derivative of G to ease the notation.
The same calculations work for the other cases. There holds

0G, 0 _ /
a_ = —L, T s Yext 3 5 5 €,
Op (p1) apy v ([0, T(p1)]; Yext (- : Do, P13 €, V"))

L ([0, T B 51 Prsen ). (36)

ap1

Let us consider the first term in the right side, writing simply yo instead of
Yoxt (3 Po, P15 €, V'); we consider ug(t) = yo(Tot), defined in [0, 1]. Tt results

é%u%MT@Mww
0
= 872)1'[/”/ ([07 1]3 UO)

1 ! ’[LO d BUO > < 8u0 >:|
= 7= T 1 a9 + T vq)y’ € [
\/§ ‘/0 |:<T0 dt 6]71 0 ’ (Uo) 8p1



+11//1 (<18“° i >-|—<w dauO)
V2 o ap " O dt 9p,

1 . ’l','LO 8u0
S 00 oyl + ToVd, - (ug), o0
5/, < T Vit + ToV®,r . (ug), 8p1>
1 uo(t) . dug >T
+— + 1), =2 (t
75 (5 viua(e) 500 0
1 ) Yo >:|T(P1)
= t) + vyo(t), == (t )
5 [ (in0+ v 320)|

In the second equality we use the Jacobi constant for yg, in the last one we
use the fact that gy is a classical solution of the motion equation.
As in the step 3) of the proof of Theorem 5.3 of [11], we can compute

1o}
aTvlyo(O) =0 TmyO(T(pl)) = ldr, (9BR(0))-
Hence
aiple (10, T(p1)]; y0) [¢] = % ((90(T'(p1)), ) + V' (ip1, ©)) -

We can repeat the same computations for the second term in the right side of
the (36), with minor changes: terming 7, = y(-;p1,p1;€, V'), we obtain
1

o Lo (0.1, P ) = == (2000 + /i, 01

Lemma 5.6. There exist £ > 0 and 7' > 0 such that if € € (0,€) and |V'| < V'
then

Dr. minimizes Gy, = Py, € Dy Vk.
The values € and v' are independent on (Py,, ..., Py, ) € P™.

Proof. Adapt the proof of Lemma 3 in [12].

Conclusion of the proof of Proposition 5.2. We can follow step 5) of the proof
of Theorem 5.3 of [11] in order to check that each (j is smooth. Recalling the

Py

construction of 4((Frir- )’E’”,), the proof is complete.

6. Collision-free weak solutions

We will work with e € (0,&) which is fixed. The aim is to find a threshold
1), () such that, if [v/| < 7], (¢), then APy Pin)er’) g collision-free. It is
necessary to distinguish among:

1)a=1and N >4, 2) a=1and N =3, 3) ae(1,2).



1) « = 1 and N > 4. We start by looking at Theorem 5.3 of [11]. Since
N > 4, we have a simple way to choose (Pj,,...,P;, ) so that the weak
solution ~((Pii-Pin)e0) is g collision-free solution of the N-centre prob-
lem § = VV.(y), with energy —1: it is sufficient to take P;, € P \ P; for
every k = 1,...,n. Indeed in such a situation the conditions (i7)-b) or (i%)-
¢) of the quoted statement cannot be satisfied. Note that if N = 3 the set
P\ P1 is empty, and this is way that case deserves a different discussion.
Now, let ¢ € (0,¢), v € (—=¢,7'), n € N and (P},,...,P;,) € (P\P1)™
let (po,...,p2n) be the minimizer of F(p, . p, ). found in Proposition

.....

5.2, and let 7((Pj1""’Pin)’E”’l) be the corresponding periodic weak solution of
(8). Is it true that, for v/ sufficiently small, such a solution is still collision-
free? The answer is affirmative: the idea is that if v/ — 0 the “minimizers”
A ((PiysPin)er’) are weakly convergent in HY to ~v((PiiPin)€0)  which is
collision-free. This is true in a local sense, and can be considered as a kind of
Gamma-convergence argument.

Continuity Lemma 6.1. Let ¢ € (0,8), P; € P, ((p7*,p3")) C (9Br(0))* and
(V) C (=0, 7). Let wp = up, (-5 07", p5'; €, V,,) be a minimizer for the follow-
ing variational problem:

min {Mwn (u):ue K%"PE'L([O’ 1])} .

Assume that (p,p5") — (P1,D2), Vi — 0, and u,, — U weakly in H'. Then
w s a minimizer for

min {Mo(u) cu e KBP2([0, 1})} .

We postpone the proof of this continuity lemma in the next section; now,
as announced, we use it in order to prove the following proposition, which is
the last step in the proof of Theorem 1.1 (recall Proposition 2.1 and Remark 3).

Proposition 6.2. Let « =1 and N > 4. Let € € (0,&). There exists vj(g) such
that for every v' € (—v1(e),vi(€)), n € N and (Pj,,...,P;,) € (P\ P1)", the
function ’y((Pil""’PJ'n)’”") 18 collision-free.

Proof. Let (Pj,,...,P;,) € (P\P1)" and v/ € (=, 7’). The key observation
is the following: when ~((PirFin)&) stays inside Bg(0), it coincides with a
re-parameterization of an inner minimizer up, (-;p1, p2;e, V'), for some py,po

and P;. Therefore the thesis follows if we show that there exist 7} = 7] (¢), 81 =
B1(g) > 0 such that

i i t: e V) — > 37
efiny (i om ipuicn /) - ) 2 5 o

for every (p1,p2, Pj, V') € (OBR(0))? x (P\ Py) x (—,, 7).

Assume by contradiction that this claim is not true. Then there are (8,,) C RT,
(V) C (=7, 7), (7,p8") C (9BR(0)), (P") C (P\Py) and (k) C
{1,..., N} such that 3,, — 0, v/, — 0 for m — oo, and

min |upm (t;p)", Py e, vy,) = Chp| = B Ym
te(0,1] 7



Since {1,...,N} and P \ P; are discrete and finite, we can assume k,, = k
and P/" = P; for every m. Also, since Br(0) is compact, up to a subsequence
(p1", p5") — (p1,D2) € OBR(0). We term u,, = up, (-;p7*,ph"; €, v),). The set of
the minimizers ZM, is bounded in the H' norm, therefore up to a subsequence
Uy — U E Kg;ﬁ 2([0,1]) weakly in H' (and hence uniformly). In particular,
the function u has at least one collision. The Continuity Lemma 6.1 implies
that u is a collision minimizer of My in Kg;ﬁz([& 1]); this is in contradiction
with Theorem 4.12 of [11], since P; ¢ P; (recall Remark 6).

Remark 14. The Continuity Lemma permits to restrict the attention on a
unique passage inside Br(0); in particular the argument is independent on n,
which can be arbitrarily large.

2) a = 1 and N = 3. This is the hardest part, since if we look at Theorem 5.3
of [11] we realize that it is not immediate to give conditions on (P},,...,P;,)
to obtain a collision-free periodic solution y((Fir-+Fin):€0) for the fixed energy
N-centre problem

{@(t) = VV.(y(1))
Wi - Vely(t) = —1.

In order to work with a set of symbols such that the corresponding solutions
are collision-free, we introduced G (see Sect. 1); for every n and for every
(Pj,,...,Pj,,) € G", the weak solution A((Piys s Pisn):2.0) of the N-centre prob-
lem is actually a classical solution, because no composed sequence of elements
of G has the reflection symmetry which characterizes a collision trajectory
(see the following Remark 15). For € € (0,&), we aim at showing that, if |/|
is sufficiently small, for every n € N and (P, P;,.) € G" the function
7((P11""7Pi4n)’57”/) is still collision-free. The idea for the proof is exactly the
same which we have already used in point 1). Unfortunately, while therein
we can simply restrict our attention to the behaviour of any inner minimizer
(that is a local argument), here this approach does not work. Indeed, for every
Pj € P and p; € 9Bg(0) it is possible that a minimizer of My in K72”* ([0, 1])
has collisions. Therefore we have to use an argument which is local, “but not
too much”.
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Remark 15. A possible way to check that there aren’t collisions for solutions to
the 3-centre problem associated to sequences of partitions of G is the following.
Let 4((PrroPri):2:0) he the periodic solution of the N-centre problem found
in Theorem 5.3 of [11]. Writing (Py,, ..., Pk,,) € G" as an infinite periodic
sequence, a group of 5 consecutive partitions is one of the following:

PLP\PyPsPy P\P\PyPsPy PiPyPsP\Py Pi\PyPsPyPy PyPsPiPiPy PyP3PyPsPs
PsPiP1PoP3s P3PoPa P3Py PoPoPsPi Py PoPoPsPiPy PaPsPiPi Py

PoPsPyPyPy PsPiPiPiPy P3PiPyPyPs PiPLP\PyP3 PyPyPyPsPy
(38)



Assume that the considered solution has a collision with the centre ¢;. Accord-
ing to the periodicity of ((Ps1+Pra,):20) and recalling that any collision solu-
tion is a collision—ejection solution, this means that there exists a group of five
consecutive partitions (Py,,..., Py, ) in (38) such that

o Py, =D

o Pk1 = Pks and sz = Pk4.

It is immediate to check that none of the groups in (38) satisfies both the
requirements. Analogously, it is possible to check that ((Ps1>Prin):€0) does
not collide against ¢ or cs.

We collect the possible groups of 5 consecutive partitions in (38) in a set P5
P. Let us fix € € (0,2), p1,p10 € OBR(0), (Py,,...,Pr,) € P>, vV € (—i,1).
Let

B:={(p2,...,p9) € (0BR(0))® : |p2j — paj11| <6, j=1,...,4}.

As we associated to each point of D a periodic function, to each point
of B we can associate a (non-periodic) function in the following way. For
each j = 1,...,4 we can connect py; and py;;1 with an outer solution
Y2 = Yext (-3 P25, P2j41:€,v') of (15); for each j = 0,...,4 we can connect
D2j+1 and py;o with an inner solution y2;41 = Ypy, (-5 P2j41,P2j425 €, V') of
(26). We set t1 := 0, t := Zf;ll T; for k =2,...,10, where [0,T}] is the time
interval of y;. We define

y1(t) t € [t1,t2]

, t—t t e |ta,t
((p1,010),(Pry -, Prg )s8,v )(t) _ y2( 2) [ 2 3] (39)

(p2,---,p9)

Yo(t —to) t € [tg, tio).

By the definition 0_((p17p10)7(Pk17~--1Pk5)157’/ )
(p2,---,p9)

S((P17P10)7(Pk1 s Prg)en’) B — R as

(tx) = pr. We introduce a function

S((pl,pm),(Pkl,...,PkS),a,u’)(p27 . ,pg) = Ly ([0, th]; O'E;ZT.’IZ.”;’;)»(PM ,,,,, Prg).e.v )) )
Note the analogy between the definition of § = S((p17p10)7(pk17“_,pk5)787,,/) and
F = F((ph’.__,pkn),e’,,/). The function § is continuous on the compact set B
(apply the same proof already used for the continuity of F'), therefore it has
a minimum. We denote by o((P1:710):(PryPrs)ev') the glued function associ-
ated to an arbitrarily chosen minimizer.

Let (Py,,...,Px,,) € G". The following Lemma relates the minimality prop-
erties of F' and of §; in what follows the indexes have to be considered by
periodicity: for instance writing 25 + 5 we mean 25 + 5 mod 8n.

Lemma 6.3. Let (Do, ...,Psn) € D be a minimizer of Fpy,,....Pe, )ew)- Then,
for every j =0,...,4n —1, the point (DP2j42,...,P2j+9) € B is a minimizer of
S((meme%(PkHl 77777 Pioj 5) ') In particular



— ((P2j+1,52+10)s(Ph, sy > Pr iy 5),8:0")
V(Pay g oo Py )2 ) 1525, Tajno) = 000000 i+1 i+ :

Proof. 1t is an immediate consequence of the additivity of the functional L, .

As a consequence, the following statement can be proved applying the same
argument already explained in Remark 15.

Lemma 6.4. Let € € (0,€). For every ((p1,p10), (Pry, - - -+ Prs)) € (0Br(0))* x
P5 the function o((Pr:P10):(Pry o Pis).0) 4 collision-free during its third passage
inside the ball Br(0).

We denote with T'(o) o T(((pl’p ;09))(13“ """ Pes)#¥) the maximum of the time

interval of ,
EZ()I;I';']')I;);),(Pkl,~~~7Pk5)75,1’ ). We collect the boundedness properties of outer

and inner solutions, see Lemma 3.4 and Corollary 4.11.

O =0

Lemma 6.5. Let € € (0,&). There are C1,Cy,C5 > 0 such that
((P1,010),(Pry 5+, Pry )s6,0")
CL=Ty, ey S0

((P1,210)+(Prey s+, Prs ),€s0")
10y (0, < Cs

Jor every ((pa, ..., o), (p1,010)s (Prys-- > Pry),v') € B x (0B(0))* x P x
(=7, 7).

It is preferable to deal with functions defined in the same time inter-

, (Pray seees Py, ).,V .
gf;l pl;)))( k1 s) ) we introduce the re-

((pl’plo)v(Pkl7~~:Pk5):57’/)(t)_ ((P1,210),(Pry s--sPry )se,0")
(p2;---,p9) = Y(pasepo)

val. Therefore, for every ¢ = o

parameterization v(t) :=
(T(o)1), for t € [0,1].

Definition 5. We collect the “glued function” v in

GF. = {v — {P1P10),(Pry oo Prs ),

(p2,---,p9) o )for some (p27 e ap9) € Bv

(p1.p10) € (OBR(0)), (Pys-- . Piy) € 7, /| < 7'}

For each v € GF. we term

w(v)? = —fo 1.

2 fo |0

Note that, if v(t) = o(T(0)t), then w(v) = 1/T(c). Note also that for every
e € (0,¢) there exists C > 0 such that |[v||g: < C for every v € GF.. It
follows from Lemma 6.5, taking into account the boundedness properties for
the time intervals of inner and outer solutions. In order to work with sequences
of functions in GJF., it is convenient to introduce some notation. Fixed
(Pg,,...,Px;) € P°and € € (0,&), assume that we have ((p5',...,p§"))m C B,

(P, P ) € (0BR(0))?, (v,,) C (=7, ') such that
(5, ...,p5") = (D2, ---,po) (1" 0T0) — (P1.Dw0) v, — 0.



We will use the following notations

L (7"p10) s (Pry ey Pys)sesv),) _7
U 2= Vpm ") ! 5 W 1= w(vp) (40)
(7" ,78)s(Pry e Prg ) 56300, o )
O = U(pz,;,iw]:l;gl k ¥ T :=T(om); (41)

Subscripts will be replaced by the accent ~ for the function corresponding to
the limit points. Recall that o, has been obtained by the juxtaposition of

.M m . / ., m Loamoom . / _..,m
YPy, (- 7P2j+1»P2j+2»€>Vm) = Y2541 and  Yex (- 1P255P254+15 ) Vp,) =t Yaj-

Each 4 is defined over a time interval [0,77]. There are 0 = t* < t5* <
J J 1 2

.5 < 7y = T'(04,) such that o, (t]") = pi* for every k =1,...,10. We have

m =t — 7" For j =0,...,4, recall that

1) m . / _ ) L m . / _..m
YPu, 4 (- 1P2j+15P25425 6, Um) = UPy, <Tm 3 P2j415P25425 6 Vm) =i U541
2j+1

Lemma 6.6. Lete € (0,&), (Py,,- .., Pk, ) € P°. Assume that we have sequences
(B3 -s25"))m © B, (07255 € (0BR(0)), (vy,) C (=7, 7/) such that

(pgla"'apgl)_)(ﬁ%"'aﬁg) (pTvp%)_)(ﬁl,ﬁlo) V;n_>0
Using the notations previously introduced, assume that exists v € H'([0,1])
such that v,, — v weakly in H'. Then

_ ) ((P1,910),(Pry 55 Preg ),,0)

v PS Pe
(P2,---,D9)

Proof. Under the convergence of the ends and of v//,,, inner and outer solutions
yp are weakly convergent to inner and outer solutions ¥ (see Propositions 3.1
and the Continuity Lemma 6.1); the thesis follows easily.

To each ((p1,p10);, (Prys - - s Pis), V') € (0BR(0))? x P® x (=7}, #}) we can asso-
ciate an element of GF. in the following way: it is well defined the function
3((pupm),(Pkl ..... Prs)se,v’)s and we know that it has a minimum. To a mini-
mum we associated the function 0((1’1’1’10)’(P’<1"“’P’“s)’s”"), which can be re-
parametrized obtaining v((P1:P10).(Pry s Prg).er”)  We are ready to state the
counterpart of the Continuity Lemma 6.1.

Continuity Lemma 6.7. Let ¢ € (0,2), (Py,,---,Pr.) € P35, ((p7*,p1)) C
(0BR(0)) and (V) C (=7, 7). Let vy, = v(P1"P10)-(PryoePrs)ev0) pe  func-
tion of GF . associated to a minimizer of the following variational problem:

min {S«pr,p;@),(ml,.A.,Pk(s),a,u:n)(my -3 p9) + (P25 po) € B}-

Assume (p*, pis) — (P1,D10), Vi, — 0, and vy, — U weakly in H'. Then v is
the function associated to a minimizer for

min {3((51,510),(&1,M,Pks),e,o)(pz, ooy D9) (P2, .5 p0) € B}~

This continuity result permits to prove the following proposition, which is the
last step in the proof of Theorem 1.2.



Proposition 6.8. Let & = 1 and N = 3. Let € € (0,€). There exists v4()
such that for every v € (—=v4(e),v5(e)), n € N and (P},,...,P;,,) € G", the
function ’y((le""’PJ'4n)’5*”') 18 collision-free.

Proof. Let (Pj,,...,Pj,,
tion of

v = 7((PJ'1"“’PJ'4n)’8”’/) in a time interval [s1, s2], chosen in such a way that
Ylisy,s5) describes one passage of v inside Br(0). The goal is to show that
'y|[81’52] is collision-free. There are

e {; € Rand pp € 0BR(0) such that v(tx) = pg, for every k =1,...,10.
° (Pk17~~~7Pk5) GPS,

such  that [y, 1, = o PP P Pia) ) = and fy, 00 = 0lies el
where t5 and t¢ have been defined in (39). This means that each pas-
sage of v inside 0BR(0) is the third passage inside 0Br(0) of a function
o ((P1:10):(Prys Pis) o) - for some py, pro € OBR(0) and (Py,, ..., P, ) € P5.
This observation is the key point of the proof: it implies that our thesis follows
if we show that there are o/, B2 > 0 such that

)€ g™ and v/ € (=7, 7). Let us consider the restric-

i ; ((P1,910)5(Pry s Preg)sev’) (1) _

B (i O-ul) 2
for every ((p1,p10), (Piys- - - Pry), V') € (OBR(0))? xP5x (=i, 7,); this implies
that v(@1210):(PryseeesPg).€0") (and hence U((pl’pw)’(P’“l’“"P’%)’E”’/)) cannot have
a collision in its third passage inside Br(0), independently on (p1,p10) and
(Pryy--os Prs)-

Assume by contradiction that (42) is not true. Then there are (8,,) C RT,
W) C (=0, 7)), (P p2)) C (OBR(0))?, ((Pa,s- .., Pe)™) C P° such that
Bm — 0, v, — 0 for m — oo, and

min |u (PP (PryoeeesPis )™ €00) () — ckp | = B Vm.
te[rm o
Since P is discrete and finite, we can assume (Py, , . .., Py )™ = (P, s Pr.)
for every m. Also, since dBg(0) is compact, up to a subsequence (pi*, p5*) —
(P1,P2) € OBR(0). We term v, = v(@"216).(PrysPrs)™ev0) - The image of
U intersects the circle dBR(0) in 8 points (ph',...,p§") € B in succession. Up
to a subsequence (p3,...,pg") — (P2, ...,P9). We observed that the set GF. is
bounded in the H! norm, therefore up to a subsequence v,, — v € H*([0, 1])
weakly in H' (and hence uniformly). The image of ¥ intersects the circle in

the 8 points (pa, ..., Pg) in succession. To be precise
P ((51-,:510)7(Pk1 ..... Pk5)1570)
U= Ypy,....50) €G7e,

see Lemma 6.6. By the Continuity Lemma 6.7, the point (pa, . .., Pg) minimizes
S 510)2(Py 1o Pis ),6,0) in B. But the uniform convergence implies that v has
a collision in its third passage inside Br(0), and this is in contradiction with
Lemma 6.4.



3) @ € (1,2). This is the easiest case, since for every ¢ € (0,&), n € N,
(Pj,,...,P;,) € P" the weak solution y((Fi1»Fin).0) ig collision-free (Theo-
rem 5.3 of [11]). Thus, we can simply follows the sketch already developed for
point 1) with minor changes.

Proposition 6.9. Let o € (1,2). Let € € (0,&). There exists v5(e) such that
for every v' € (—v4(e), vh(e )), n € N and (Pj,,...,P;,) € P", the function
A ((Piyseess Pin)e') g collision-free.

7. Proofs of the continuity lemmas

7.1. Proof of Continuity Lemma 6.1

Let ug be a minimizer of My in Kgm ([0,1]). We aim at proving that My(z) =
Mo (ug). We will briefly write L,, for L,, and M,, for M, .

The following statement is a continuity property for the functionals {M,,} in
the set of the minimizers {u,, }.

Lemma 7.1. The family {M,,}, tends to My as m — oo, uniformly in the set
{tm : m € N}. This means that for every A > 0 exists my € N such that

m > my = |Mp(um) — Mo(um)| <X Vim € N.
Proof. Let m € N. For every m we have

| M (wm) — Mo(um)|
|u

<|um|/ il
+\/§(/0 Ium|> (/V 4 )|“m> (/V“ )

L A1, 2)
Let pm(v) = (fo Ve(um) — 14 57 |um | ) . It results

1

ont) = emO1 < 3 ([ Vetam) =1) [ lanP 00 < 5T 040

so that

2
My () = ()| < Bl ol + i i 2 (0,
< Ol + 04,

where C' is a constant independent on m (see Proposition 4.10).

We want to compare M, (u,,) with M,,(ug). Because of the minimality
property of u,, it seems reasonable to think that M, (u,;,) < M, (ug). This is
not immediate, and not necessarily true, since u,, is a minimizer of M, for the
fixed ends problem min{M,,(u) : u € K;;’fp‘? ([0,1])}, while ug connects p; and
p2. However, the fact that pi* — p; and pJ* — pa suggests that maybe we can
prove something similar (which in fact will be Eq. (45)). For every p., p. €



0BRr(0) we consider again the function (gr(-;ps«,ps«) which parametrizes the
shorter arc of 9B (0) connecting p, and p., in time 1 with constant angular
velocity. It is easy to check that

YA>0dp>0: |p* —p**\ <p= MO(CR(' %p*»P**)) <A,
so that

Mo(Cr(t; T, p1)) < A
VA>03m2€N:m>m2é{ olrltipt"F1)) (43)

Mo(Cr(t; P2, P5)) < A
Furthermore, the following continuity property holds true.

Lemma 7.2. The family {M,}.,, tends to My as m — oo, uniformly in the set
{Cr(-; Py Pix)  DisDux € OBR(0)}. This means that for every A > 0 exists
ms € N such that

m > mg3 = ‘Mm(CR( ;p*ap**)) — MO(CR( ;P*7P**))| <A Vp*yp** S aBR(O)
Proof. We can adapt the proof of Lemma 7.1 with minor changes.

Conclusion of the proof of the Continuity Lemma 6.1. Because of the mini-
mality of ug and the weak lower semi-continuity of M it results

Mo(uo) < Mo(u) < lim inf Mo (uy, ). (44)
For every m € NU {0} we have
%Mmﬁ — @y (uy) =—1 ae in[0,1] = \/§Lm(um) = My (um),
where wy, = wp, (p7", Ph'; €, v, ). The variational characterization of u,, implies
that
My (U) = \/iLm(um) < \/iLm(CR( 01, p1)) + \/iLm(UO)
+ V2L (Cr(-; P2, 15"))

< My (Cr(-5 21" 1)) + M (uo) + Min(Cr(-5P2,p5"))-  (45)

We passed to the functional L,, in order to exploit its additivity property,
which does not hold for M,,. Lemmas 7.1, 7.2 and Eq. (43) imply that for
every A > 0 if m > max{my, ma, m3} then

M () > Mo (um) — A
M (Cr(-5 1", P1)) < Mo(Cr(-5p1" P1)) + A < 2A
My (Cr(-3P2,p5")) < Mo(Cr(-5P2,p5")) + A < 2A
M, (uo) < Mo(ug) + A
Hence, from Eq. (45), for every A > 0 if m > max{m1, ms, ms} then
Mo (tum) — A < Mo(ug) + 5 = lim sup Mo (um,) < Mo(ug).

This, together with (44), says that the sequence (Mo(u,))m has a limit and
Mo(ug) = Mo(u) = lim,, Mo(up); in particular u is a minimizer of My in
K7 ([0, 1)).



7.2. Proof of the Continuity Lemma 6.7

Let 0p = o ((P1,510)s(Pry s+, Prog ),6,0) Uééilf.ég;)’(lt’klwu,Pkg,),e,O), where (P, ..., Do)
is a minimizer of F((z, p10).(Py, ... P, ).e,0)> and let vo(t) = a0(T(00t)). We aim
at proving that Mq(v) = My(vg). We need two intermediate results. The first

one is a generalization of Lemma 7.1 for the glued functions.

Lemma 7.3. Let (v,) C GF., where each v, is a glued function defined by
(40). The family { M, }m tends to My for m — oo, uniformly in {vmy, }m. This
means that for every A > 0 exists m1 € N such that

m > my = | My, (vm) — Mo(via)] < A V.
Proof. We can adapt the proof of Lemma 7.3; the only difference is that we
used the uniform bounds

1
lul: <R il < C /Va(u)—lel Vu € TM..
0

Now we are considering glued functions, so we need similar properties for
the function of GF.. We have already noticed that there is C' > 0 such that
|0 || g1 < C for every m; furthermore,

1 4

/ Velom) =12 50

Jj=1

Tajn 4M
[ e -0 = 75
0

O

Lemma 7.4. Let paj, paj+1 € OBR(0) be such that |paj —paji1| <9, let (v),) C
(=7',7") be such that v), — 0 as m — oo.
For every A > 0 there exists my = ma(p2j, p2j+1) € N such that

|Lur (Yeat(- 50255 P2i+13 €, Vi) — Lot (Yeat (-3 D255 P2j415€,0))] < A
for every m € N.

Proof. We will write y,,, instead of Yex (- ; p2j, D2j+1; €, Vi, ) to ease the notation.
Let T,,, be such that y,,(T,n) = pajt1.

I%%WLMMS/M¢%MWW4M®W

0
To
—/ Byr - (vo(t) — 1fio(t)] di
0
T,

+ . (46)

/mwﬂm%m»w—/?mwmmmﬁ
0 0

We have already observed (Remark 8) that fol (iu, ) is continuous in the weak
topology of H'. We know that y,, — yo C'-uniformly; it is not difficult to
check that consequently

Ym (Tpnt) — yo(Tot) C'-uniformly in [0, 1], (47)



so that the second term in the right hand side of (46) tends to 0 as m — oo
(independently on m). As far as the first term on the right hand side of (46)
is concerned, it results

T?’YL

To
v (D) — Llim(t |dt—/ B,y (olt)) — Llgo(t)] dt

mo

= /01 |V (Tont) = 1= /@y (90(Tot)) = 1| [ (Tt dt

+ [ VB c0(To) = 1110 (To0)] = i (T )| . (48)

The function /- is 1/2-Holder continuous, so that for every m

/01 ‘\/(I)l,;h,a(ym(Tmt)) -1- \/‘bu;ﬁ,e(yo(Tot)) - 1‘ | (Tit)| dt

< (/01 VP (Tont)) = 1=/ @y (90 (Tot) — 1‘2 dt) i (T

<o / . (Tt) — B (T ) (19)

In the last inequality, we took advantage of the uniform bound for the L? norm
of outer solutions. Both y,, and yg are outer solutions, therefore we can exploit
the fact that V. is C*° with bounded derivatives outside dBr(0); using also
(47) and the first estimate (16), we obtain

S%pl] |(I)um,5(ym(Tmt)) - (pum E(yO(TOt))| < C(]- + |Vm‘ )
te

X sup |ym(Tmt) - yO(TOt)| -0 (50)
te[0,1]

as m — oo, independently on m (recall that |v/,| < #'). Furthermore, using
again (47) it is easy to check

/ Vot w0(Tot) — 1l (Tod)] — lim (Tut)l| dt — 0, (51)

as m — oo, independently on m. Collecting (49), (50), (51) and comparing
with (48) we deduce that also the first term on the right hand side of (46)
tends to 0, uniformly in m.

Conclusion of the proof of the Continuity Lemma 6.7. The conservation of
the Jacobi constant holds true both for vy and o (recall that v € GF, as
showed in Lemma 6.6); using this property, the minimality of oy and the weak
lower semi-continuity of My, we have

Mo(’Uo) = Lo(’l}o) S Lo(f’l;) = Mo(fﬁ) S lim inf MO(U77L)~ (52)

m—00



We pose p1 := p1 and pig := p1o. The minimality of (p§’,...,pg") for
S (01 :075)-(Py - Prg ) v}, ) IPlies that

((P™,p™),(Pry ooy Prs ), 7y;n)
My (0m) = V2L (0) < V2L (g0t 7300 Pl )20

A17A1 7P' 7~~-7P ’ 7V;n mo
< V2 (Lo on P DS L (Ca (i )

+L, (Cr(- ;ﬁlo,P%)))

4
=2 Z Lin(ypy,,, (-3D2j+1, D2j+23 €, Vpy))
=0
4

+ Z L (Yext (-1 2j, P2j+13 €5 V)
=1

L (Cr (5P P1)) + L (Cr(: ;ﬁm,p%))) (53)

The variational characterization of Ypy ., (+; D25, D2j+1; €, Vi) implies that

Lm(yPk.].+1 (*3D2j+1,P2j+2; €, V) < Lm(yPkHl(' iP2j+1,D2j+2;€,0)).

Also, let us collect the uniform estimates of Eq. (43), Lemmas 7.2, 7.3 and 7.4:
for every A > 0 exists ms := max{my, ..., max{mq(paj, p2j41) : j =1,...,4}}
such that

M (V) > Mo(v) — A

V2L (Cr(-; 07", D1)) < My (Cr(-3 07", D1)) < 2A

V2L (Cr(-: P10, PT5)) < M (Cr(-5 P10, PTh)) < 2A

L (Yext (-3 D245 D2j+15 85 Vi) < L (Yext (- 5 P2js P2j+13€,0)) + A
M, (vo) < Mp(vo) + A

for every m > ms. Therefore, for every A > 0 the chain of inequalities (53)
gives

1
Mo(om) — A < V2 ZLm(yPkHI(' iD2j+1,D2j+2;€,0))

=0
4
+ 3 Lo (Yext (- 525 Paj41; €, 0))
i=1

+ (14 V2)4\ = V2L, (00) + CA < M,,(00) + CA

if m > mg. With a change of variable, we can see that the previous inequality
is equivalent to

M()(’Um) -2 < Mm(’l)()) + C\ = Mo(’l)m) < Mo(Uo) + (C + 1))\



if m > ms; since A has been arbitrarily chosen, it results lim sup,,, My (v,,) <
My (vp); comparing with (52) we deduce that My(vy) = My(v), and the proof
is complete.
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