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Abstract. Two sequences (a1, a2,...,a,) and (b1,b2,...,b,), sharing
n—1 elements, are said disarranged if for every non-empty subset Q C [n],
the sets {a; | ¢ € Q} and {b; | i € Q} are different. In this paper we
investigate properties of these pairs of sequences. Moreover we extend
the definition of disarranged pairs to a circular string of n-sequences and
prove that, for every positive integer m, except some initials values for
n even, there exists a similar structure of length m.
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1 Introduction

Let n be a positive integer, [n] = {1,2,...,n} and R = (aj,as,...,a,)
and S = (b1, ba,...,b,) n-sequences of distinct elements, sharing exactly n — 1
elements. We associate with R and S the bijection f defined by the relation
f(a;) =b;, 1 <i <mn, and represented in two line notation by the 2 x n array

ay a2 ... Qp

<b1 by ... bn)' )
Let w and v be the different elements which belong to the first and the sec-
ond line respectively. The function f is formed by the linear ordering I(f) =
(u, f(u), f2(u), ..., fF"1(u),v), where k is the minimum positive integer such
that f*(u) = v, and a permutation 7(f) on the remaining elements. In [2] a
similar function, called widened permutation, is investigated in the context of
the theory of species of Joyal. A subset H C R is f-fixed if f(H) = H. If we
want emphasize the involved sequences, we denote the function f by f(R,S) and

I(f) by (R, S).

Definition 1. R is said disarranged with respect to S if for every set
{ilviQa s 7ir} - [n] {ailaaizv cee 7017;7‘} 7& {bilabigv s 7bir}'



From the definition it follows that the relation is symmetric; then we say
that R and S are disarranged. We also say that the pair (R, S) and the function
f(R,S) are disarranged. The sequences R and S are called 1-disarranged if
there exists an index 4 € [n] such that a; = b; and the sequences, obtained from
R and S after deleting a; and b;, are disarranged. In this case we say that the
pair (R, S) is 1-disarranged.

Now we extend the definition 1 to a string of n-sequences.

Definition 2. Let n,m € N; an m-string (S1,S52,...,Sm) of n-sequences, is
called disarranged if:

(A1) S; is disjoint from S;—1 and Sii1,
(A2) S;_1 and S;y1 are disarranged.

for every i=2,...,m—1.

A disarranged m-string of n-sequences is circular when the properties (A1)
and (A2) are satisfied for every ¢ = 1,2,...,m (taking the indices modulo
m).

An m-string of n-sequences is 1-disarranged if there exists at least one index i
such that S;_; or S;41 form a 1-disarranged pair.

The concatenation of two strings of sequences P = (P, P,,...,P.) and T =
(Th,T>,...,Ty,) ,isthe string PT = (P, Ps,..., P, Th,Ts,...,T,) . Assume that
P and T are disarranged. If P, and T3 are disjoint and in addition (P._1,7})
and (P,,Ty) are disarranged, then we have that PT is disarranged. Moreover,
if P, and T, are disjoint and the pairs (Py,T,—1) and (P, T,) are disarranged,
then PT is a disarranged circular string. A similar definition holds in the case
of 1-disarranged sequences.

The notion of circular disarranged or 1-disarranged string of n-sequences has
application in relation to an edge coloring problem of graphs [5], where sequences
of sets of colors which satisfy (A1) and (A2) are used; in [4] and [7] a similar
structure is investigated.

Recall that an edge coloring of a finite simple undirected graph G is a map «
from the edge set E(G) of G to a finite set of colors C. The coloring « is proper
if a(e1) # afes) whenever edges e, e5 are adjacent.

The color set of a vertex u € V(@) with respect to « is the set Cy(u) := {a(uv) :
wv € E(G)} of colors assigned by « to edges incident to u. The coloring « is
adjacent vertex distinguishing (avd for short) if wv € E(G) implies Cy(u) #
Co(v). The adjacent vertex distinguishing chromatic index of the graph G is the
minimum number X/, (G) of colors in a proper avd edge coloring of G.

The avd chromatic index was discussed also for graphs resulting from binary
graph operations; good information about such operations are contained in [6].
In particular one can mention the direct product ([4], [7], [1]). The direct product
of graphs G and H is the graph G x H with V(G x H) := V(G) x V(H)
and E(G x H) := {(u,z)(v,y) : uwv € E(G),zy € E(H)} (where (u,x)(v,y) is



a simplified notation for the undirected edge {(u,x), (v,y)}). This product is
commutative and associative (up to isomorphisms).

In order to evaluate the avd chromatic index of the direct product of a simple
graph G by a cycle C,,, it is useful to employ the concept of a structure such
as a circular disarranged or 1-disarranged string. The main result of this paper
is the proof of the existence of circular disarranged strings of every length m,
except three initial cases, where the strings are 1-disarranged.

We are interested in investigating disarranged pairs of sequences and the
existence and construction of circular disarranged strings of sequences having
equal length. This paper is organized as follows. In section 2 we determine a
characterization of a pair of disarranged sequences. In section 3 we associate with
a pair of disarranged sequences a permutation, which turns out to be formed
by one cycle only; in the same section we determine many cases of circular
disarranged strings. In sections 4 and 5 we prove by construction that for every
positive integer m, there exist circular disarranged m-strings of n-sequences,
n > 2, of every length, except the cases of n even and m = 6, m = 14 and
m = 2n+ 7, where the strings are 1-disarranged. All these conclusive results are
contained in the last section.

2 Disarranged Pairs of Sequences

In this section we determine a characterization of disarranged pairs of se-
quences of equal length.

Theorem 1. Let R and S be n-sequences, sharing exactly n —1 elements. They
are disarranged if and only if the linear ordering l(R, S) contains all the elements
of R and S.

Proof. Let R = (ay,aq,...,a,) and S = (by,ba,...,b,) be n-sequences, sharing
exactly n — 1 elements. Assume they are disarranged.

If the function f(R,S) contains a cycle C' = {iy,i2,...,is}, where s > 0, then
f(C) = (f(ir), f(ia),..., f(is)) = (i2,i3,...,i1) = C. Then C turns out to be
f-fixed, a contradiction to the assumption. Thus s = 0 and f consists only in
the linear ordering I(f).

Now assume that the sequence I(R,S) contains all the elements of R and S.
Then, for every subset J of the set of elements of R, represented by the ordered
subsequence of I(f) J = (x1,22,...,x;), where j > 1, we have that f(z;) ¢ J.
This implies that f(J) # J; then J is not f-fixed and consequently R and S are
disarranged.

In other words R and S are disarranged if the function f(R,S) is a widened
permutation which consists only of the linear ordering I(f).
A similar characterization holds in the case of two 1-disarranged sequences.

Proposition 1. Let R = (ay,a2,...,a,) and S = (b1, ba,...,b,) sequences,
sharing exactly n —1 elements. They are 1-disarranged if and only if there exists



an i € [n] such that a; = b; and the linear ordering l(R',S"), where R’ and S’
are obtained from R and S by deleting a;, contains all the elements of R’ and

S’

Example. Let R = (1,2,3,4,5,6) and S = (2,3,4,5,7,1), having different
elements respectively 6 and 7. The bijection f(R,S) represented by the array

123456

<2 3457 1) @)
is formed by the linear ordering (6, 1,2, 3,4, 5, 7), which contains all the elements
of RUS. Thus R and S are disarranged.
An example of 1-disarranged sequence is given by the two sequences R =
(1,2,3,4,5,6,7) and S = (7,4,3,1,6,8,5). In this case 3 is fixed, u = 2, v = 8
and the function f(R, S) is partitioned into the cycle (3) and the linear ordering
(2,4,1,7,5,6,8).

3 Disarranged Permutations

In this section we introduce and investigate the notion of disarranged per-
mutations to show the connection with the notion of disarranged pairs of n-
sequences.

Definition 3. A permutation « of [n] is said disarranged if every proper subset

D of [n] is not a-fized.

Thus a disarranged permutation turns out to be a generalization of a de-
rangement, which consists in a permutation without fixed points.
Recall that a permutation is cyclic if it consist of one cycle only [3].

Theorem 2. A permutation « of [n] is disarranged if and only if « is cyclic.

Proof. Let a be a disarranged permutation of [n]. Assume that o has more than
one cycle; in particular let C' = (j1,Jo,...,js) one of its cycles, where s < n.
Then o(C) = (a(j1), a(j2), - .-, a(Js)) = (42,73, -- -, s, J1) = C, a contradiction
to the assumption.

Now, assume that a has only one cycle, say H. Let S = {i1,142,...,4,}, where
r < n, a proper subset of [n]. Then «(S) = {a(i1), a(iz),...,a(i,)} is the set
of the elements of H which are consecutive to the elements of S in H. Because
r < n, it follows that «(S) # S and « is disarranged.

Proposition 2. Let R = (aj,as,...,a,) and S = (b1,ba,...,b,) sequences
sharing the elements of a (n—1)-set A and having u and v as different elements
respectively. The function f(R,S) is disarranged if and only if the function ob-
tained by replacing v by w in S is a cyclic permutation of AU {u}.



Proof. Let f be disarranged and let I(f) = (u,ak,, kg - - -, 0k, _,,v). If we re-
place v by u, we obtain a permutation of AU {u}, which is one cycle.

On the contrary, let 7 be a permutation of AU {u}, formed by only one cycle,
represented in two-line notation

iy Qjy oo Qg

aiz ai3 ail
We replace the element u by v in the second line and we obtain a disarranged
function.

Lemma 1. Let o be a permutation of A = {ay1,as,...,a,} such that a(a;) =
@itk (ai—k), wherei € [n], k is a positive integer coprime with n and the integers
i+ k (i — k) are modulo n. Then « is cyclic.

Proof. The permutation a contains the cycle C' = (a1, @14k, ..., 014(—1)) (C' =
(a1,a1—k, . .. 7(11_(70_1)16)), where 7 is the minimum positive integer such that
1+7k=1(1-rk=1)mod n. Because k is prime with n, then r = n and C
(C") contains all the elements of A.

Let R and S be n-sequences sharing n — 1 elements; v and v are the different
elements respectively. For every k € [n — 1] we say that S is a k-right (k-left)
shift of R if S is obtained from R by cyclically shifting of k positions to the right
(left) all the elements of R and replacing u by v.

Moreover S is a k-shift of R when it is either a k-right or a k-left shift of R.
Given the permutation o = (1,2, ..., n) of [n], a k-left shift of R = (a1, a2, ..., a,)
is o"(R) = (a1, @24k ---,ansk), while a k-right shift of R is o F(R) =
(a1—k, A2k, - ., an_f), where the indices are modulo n.

Proposition 3. Let R and S be n-sequences sharing n — 1 elements and let S
be a k-shift of R, where k is a positive integer coprime with n. Then (R,S) is
disarranged.

Proof. 1t follows from Lemma 1 and Proposition 2.

An example of application of Proposition 3 is given from the circular disar-
ranged string of n-sequences of length 2n+1, n > 2, of the following Proposition.

Proposition 4. Let n > 2 be a positive integer. Then the circular string

Cont1 = (Q1,Q2,...,Qant1),

where Q1 ={1,2,...,n}, Qa={n+1,n+2,...,2n} and every other sequence
Qi, 3 < i < 2n+4 1, is obtained from Q;—1 by taking n cyclically consecutive
elements of the sequence {1,2,...,2n+ 1} , is disarranged.

Proof. By construction, every @; is 1-right shift of Q;_2, 3 <7 < 2n+ 1 and by
Proposition 3 the result is done.



Lemma 2. Let R = P, P,... P, be a concatenation of d-sequences, d,t > 1.
Then the sequences S = PyPs...Pot*(P)) and S' = o**(P)P\P,y... Pi_1,
where k is a positive integer coprime with d, form together with R a cyclic per-
mutation.

Proof. Let P; = (p;1,Di2s---5Di,d), 1 < i <t, and denote V; = (p1,5,P2,j5---,Pt,j)s
where 1 < j <d.

Note that, since k is coprime with d, the set {p1,1,p1,14%,--,P1,14(d—1)k}
coincides with P;. Thus the permutation having R and S as rows in the line

notation
P11 --- Pid---Pt1---Ptd
P21 ... P2d---P1a+k---Pld+k
is formed by the cycle obtained by the concatenation ViV14xVitok .- Vig@—1y,

which contain all the elements of R. A similar situation holds for the pair R and

S’

Proposition 5. Let R = PP, ... P; be a concatenation of d-sequences, d,t > 1,
S = PyPs...Pot®(P) and S' = 0*F(P)P\P,... Pi_1, where k is a positive
integer coprime with d. If an element x of R is replaced by y in S or in S’,
y # x, then the new pairs of sequences are disarranged.

Proof. 1t follows from Lemma 2 and Proposition 2.

Lemma 3. Letn be a positive even integer, R = (1,2,...,n) and S = (3,4,...,n,z,1),
where © ¢ R. Then (R, S) is disarranged.

Proof. Tt is easy to prove that I(R,S) = (2,4,...,n,1,3,...,n — 1,x) contains
all the elements of R and S.

Lemma 4. Letn be a positive even integer, R = (1,2,...,n) and S = (3,4,...,n,2,y),
where y ¢ R. Then (R, S) is disarranged.

Proof. As in the previous lemma (R, S) = (1,3,...,n—1,2,4,...,n,y) contains
all the elements of R and S.

4 Circular Disarranged Strings of Even Length

In this section we determine a construction of circular disarranged m-strings
of n-sequences, where n is a positive integer and m € {8, 10,12}, whose elements
belong to the set [2n + 1].

Throughout this section and the following ones we apply properties of Proposi-
tion 3 and Proposition 5 without an explicit recall.

Moreover if we want to remark the different elements u and v of a disarranged
ordered pair of sequences, we write [u — v].

Recall that Q;, 1 < i < 2n + 1, denotes the i-th sequence of the circular string
Co,4+1 of Proposition 4.



Proposition 6. Let n be a positive integer. Then the circular 8-string of n -
sequences

E:T,=Q,1<i<5Tg=(n+1,....2n—1,n—-1),T7r = (n,1,...,n—2,2n),

Ts=02n+1,n+1,...,2n—1)

is disarranged.

Proof. By Proposition 4 the sequences T3,T,,Ts are 1-right shift of T1,75,T3
respectively.

Moreover it is easy to see that Tg is 1-left shift of Ty = (n,n+1,...,2n — 1)
([n — n—1)), Ty is 1-left shift of T5 = (2n,2n+1,1,2,...,n—2) ([2n+1 — n])
and 1-right shift of T} ([n — 1 — 2n])and, finally, T is 1-right shift of T ([n —
2n +1]) and Ts ([2n — 2n + 1]).

Proposition 7. Let n be a positive odd integer. Then the circular 10-string of
n-sequences

El:Zi=Qu1<i<4,Z5=(1,2,...,n—1,2n),
Ze=(02n+1,n+2,....2n—1,n),Z7 =(2,...,n—1,2n,n+ 1),
Zs = (n+2,...,2n—1,1,2n+1),Zg = (3,...,n+1,2), Z1p = (2n,2n+1,n+2,...,2n—1),
18 disarranged,

Proof. By Proposition 4 the sequences Z3, Z4 are 1-right shift of Z;, Z respec-
tively. Moreover the sequences Z;, for 5 < i < 8 are 1-left shift of Z; o, Zy is
1-left shift of Z; and 2-left shift of Z;. Finally Z1(¢ is 2-right shift of Zg and
1-right shift of Z5. Note that because n is odd, then 2 is coprime with n.

Proposition 8. Let n = 2h be a positive even integer, h > 2. Then the circular
10-string of n-sequences

El:Zl=Qi,1<i<4,ZL=(1,2,...,n—1,2n),
Zy=(02n+1,n+2,....2n—1,n), Zt = (h+1,...,n—1,n+1;h,1,2,... ,h—1),
Zi=m+h+1,....2n—1,n,n+2,...,n+ h,2n),
Zy=(n,1,2,....,.h—1,h+2,n—1,n+1,h+1),

Zio=Mm+2,....,n+h2n2n+1,n+h+1,...,2n—1),

is disarranged.



Proof. Recall that the sequences Z5, Z) are 1-right shift of Z7, Z) respectively.
The sequence Zf is 1-left shift of Z}. Moreover, denoted Z] = P;P,, where
P =(1,2,...,h), Py=(h+1,...,2h—1,2n), we obtain Z}, = Pyo~!(P;), with
[2n < n+1]. Now, denoted Z; = Ry Ry, where Ry = (h+1,...,n—1,n+1) and
Ry = (h,1,2,...,h—1) we have Z§ = Roo(R1) = (n,1,...,h—1;h+2,...,n—
1,n+1, h+1) with [ — n]. Then (Z§, Z}) = (n+1,n—1,...,h+1,n,1,2,...,h)
contains all the elements of Z] and Zj.

Now we establish that Z§ = (2n+ 1,n+2,...,2n — 1,n) is 1-left shift of Z, =
(n,...,2n —1) with [n 4+ 1 — 2n +1].

Denoted Z} = A1 Ay, where Ay = (2n+1,n+2,...,n+h) and As = (n+h +
1,...2n —1,n), then Z§ = Aso(A1) =(n+h+1,....2n = 1,n;n+2,...,n+
h,2n) = ThTy with [2n + 1 < 2n]. It follows Zj, = Teo "} (T1) = (n+2,...,n+
h,2n;2n + 1,n + h +1,...,2n — 1) with [n — 2n + 1]. Finally (Z,,24) =
2n+1,n+h+1,....2n,n+h,...,n+ 1), where the sequence contains all the
elements of 71, and ZJ.

By all previous motivations the string F’? is disarranged.

For n > 3, consider the (n — 1)-sequences A = {1,2,...,n — 1} and B =
{n+1,n+2,...,2n — 1} of the set [2n + 1]; for every = € {n,2n,2n+ 1} denote
Az the ordered set obtained by inserting x after last element of A. A similar
definition holds for A, Bx and zB.

The following sequence is an example of disarranged 6-string of n-sequences:

P, = (An,B2n,(2n + 1)A,nB, A2n, B(2n + 1)). (3)

Indeed the third and the fourth sequences are 1-right shift of the first and the
second respectively, while the fifth and the sixth are 1-left shift of the third and
the fourth respectively.

A similar situation holds for the following 6-string of n-sequences.

P, = (nA,2nB, A(2n + 1), Bn,2nA, (2n + 1)B). (4)

From previous disarranged strings it is immediate to obtain the following
circular disarranged string.

Proposition 9. The concatenation Py Py is a disarranged circular 12-string of
n-sequences.

Ezample 1. For n = 3, we have the following disarranged 6-strings of 3-sequences
Py, = (123,456,712, 345,126, 457)
P, = (312,645,127,453,612, 745)

and the following circular disarranged 12-string of 3-sequences

PPy = (123,456,712, 345, 126, 457, 312, 645, 127, 453, 612, 745).



4.1 The circular strings of length 6 and 14

Now we consider the particular case of circular strings of length 6 or 14 of
n-sequences.

Proposition 10. Let n be a positive integer. Then, for n odd, the circular 6-
string

Ef:Vi=Qi1<i<4,Vs=(2,...,n—1,2n,1), Vg = (n+2,...,2n—1,2n+1,n+1),
is disarranged, while, for n even, the circular 6-string
E:Vi,1<i<4, V)= (1,n—1,2n,2,...,n—2),V{ = (n+1,2n—1,2n+1,n+2,...,2n-2),

is 1-disarranged. In particular the sequences Vi and VI have the element 1 fized,
while Vo and V§ have n+ 1 fized.

Proof. Let n be odd. By Proposition 4 (V3,V;) and (Vy,Vs) are disarranged;
moreover Vz and Vg are 1-left shift of V4 and V5 respectively, while they are
2-left shift of V3 and Vj respectively. Being 2 coprime with n, by Proposition 3
(V3,V5) and (Vy, Vi) are disarranged. By Lemmas 3 and 4 Ef is disarranged.
Let n be even. By the same previous motivation (V3, V) and (Vg Va) are dis-
arranged. Moreover V{ \ {1} and V§ \ {n + 1} are 2-right shift of V; \ {1} and
Vo \ {n + 1} respectively. Finally we have that the sequence

I(V5,V2)y=(2n+1,1,n—1,...,2,2n)
contains all the elements of V3 and V7 and the sequence
Vi, Vi) =(n,n+1,2n—1,...,n+2,2n+1)

contains all the elements of V; and V{. By Theorem 1 the pairs (V3, V) and
(Va, V) are disarranged.

Now let us consider the case of m = 14. Since 14 = 8 + 6, by concatenating
a circular disarranged string of length 8 from Proposition 6 and a 1-disarranged
string of length 6 from Proposition 10, we obtain that there exists a 1-disarranged
string of length 14.

Particular case. Take the case n = 4. From the circular strings Eg of Propo-

sition 6 and the circular 1-disarranged string E§* of Proposition 10 we obtain
the circular strings Ej : (1234,5678,9123,4567,1382,5796) and
Ei - (1234, 5678,9123,4567,8912, 5673, 4128, 9567).
Note that E§* is 1-disarranged. Indeed last two strings have the elements 1 and
5 fixed with respect the first and the second sequence respectively. By concate-
nation we obtain the 1-disarranged circular string E14 : (1234,5678,9123, 4567,
8912, 5673,4128,9567, 1234, 5678, 9123, 4567, 1382, 5796).
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5 Circular Disarranged Strings of Odd Length

In this section we give a construction of circular disarranged m-strings of
n-sequences, where n > 2 and m € {2n + 3,2n + 5}. Recall that by Proposition
4 there exists a circular disarranged (2n + 1)-string of n-sequences, denoted Q;,
1<i<2n+1.

Proposition 11. For n > 4 be a positive integer. Then, for n odd, the circular
string of length (2n + 3)

Conys = (Q1,. -, Qan—1, Won, Wany1, Wani2, Wianys)),

where Wop, = (n 4+ 2,3,...,n,1), Wapy1 = (2,n+3,...,2n + 1), Wa,i1o =
(3,4,....,n,1,n+1) and Wapa3 = (n+3,...,2n+ 1,n + 2), and, for n > 4,
even, the circular string

! _ ! / ! / ! !
CZn+3 - (Qla R Q2n737 W2n727 W2n717 W2n7 W2n+17 W2n+27 W2n+3)7

where Wi, o = (3,4,...,n+2) W), = (n+5,....2n+1,1,n+ 3,n + 4)
Wi, = (4,5,...,n+1,2,3) Wy, .y = (n+4,....2n+1,1,n+2) Wy, » =
(3,...,m+1,1), W, \a=(n+2,n+3,...,2n+1,n+3), are disarranged.

Proof. Let n be odd. We see that Wy, is 1-right shift of Qop,—2 = (3,...,n+2),
Wanto is 1-left shift of Wy, and it is 2-left shift of Q1.

Moreover Wa,, 11 is 1-right shift of Q2,—1 = (n+3,...,2n+1,1), Wa, 3 is 1-left
shift of Wa, 41 and it is 2-left shift of Q.

Let n be even. Recall that Q2,,—4 = (4,5,...,n4+2) and Qo2,,—3 = (n+4,...,2n+
1,1,2); and We have that W3, _, is 1-right shift of W3, _, with n 43 — 3, W4,
is 1-left shift of W5, _, with n 4+ 2 — 2, Wy, ., is 1-right shift of W3, 2 — 1.
Moreover W3, _; is 1-left shift of W5, _5 with 2 — n +3, W3, is 1-right shift
of W3, _y with 2 — n + 3, W5, , 5 is l-right shift of W3, ., with 1 — n + 3.
Moreover Wy, ., and @Q; are disarranged because there is the linear ordering
(n+1,n—1,...,1,n,n—2,...,2) which contain all the elements of W3, , and
Q1.

Finally W3, , 5 and Q2 are disarranged because there is the linear ordering (2n+
1,2n—1,...,n+3,2n,2n — 2,...,n+ 2,n + 1) which contain all the elements
of W3, 5 and Qs.

Proposition 12. For n > 4, the circular string
Conts = (Ul, oo s U2py Uzni1, Uant2, Uzny 3, Uan g4, U2n+5),
where U; = Q4,1 < i < 2n,
Uspi1 = (L,n+3,....2n,n+2),Uspi2 = (2n+1,2,...,n)
Usnis=(n+2,1,n+3,....2n—1,n+1),Uspta = (2,...,n,2n),
Usnis = (2n+1,n+3,....2n—1,n+1,n+2)),

1s disarranged.
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Proof. Recall that Us,,—1 = (n+3,...,2n+ 1,1) and Uy, = (2,...,n+ 1). It
is easy to prove that U;, for 3 < ¢ < 2n + 3 is a 1-right shift of U;_o, Uspy5 is
1-left shift of Us, 13 and compared with Uy determines the sequence

WU, Uspys) = (2n,m+2,n+3,...,2n—1,n+1,2n+1)

which contains all the elements of Uy and Us,, 5. By Theorem 1 (Us, Ugypqs) is
disarranged. Moreover Us,, 4 is 1-left shift of Us, 42 and of U;.

6 Conclusive results

In this last section we summarize previous results; in particular we prove
the existence of circular disarranged m-strings, for every positive integer m > 2,
except few initial values.

Lemma 5. Let m > 6 and m # 14 be a positive even integer. Then m may be
represented as integral linear combination of the integers 8,10,12.

Proof. 1t is sufficient to prove that every integer 10a < m < 10(a + 1), where a
is a positive integer, satisfy the request. It is immediate that the integers 16, 18,
10a,10a + 8,10(a + 1) satisfy the condition. Assume that a > 2. We write the
integers 10a+2,10a+4,10a+6, as 10(a—1)+12,10(a—2)+24 and 10(a—1)+16
respectively, thus proving the result.

Proposition 13. Let m be a positive even integer and n a positive integer. For
every m > 8 and m # 14, if n is even, and m > 4, if n is odd, there exists a
circular disarranged m-string of n sequences. For m = 6 and m = 14 there exists
a circular 1-disarranged m-string of n sequences.

Proof. By Propositions 6, 7, 8 and 9, there are circular disarranged sequences
for m = 8,10,12. By Lemma 5 for every even integer m > 8 and m # 14, by
concatenating suitable strings whose elements belong to [2n+ 1], we obtain a cir-
cular disarranged m-string. In the remaining initial cases we have a 1-disarranged
m-string.

Lemma 6. Let m > 2n+1 be a positive odd integer, where n > 3. Then m may
be represented as sum of 2n+ 1 or 2n+ 5 and an even integer k > 8.

Proof. Every integer h = 2n + b/, where ' > 9 is odd may be represented as
h = 2n + 1+ t, where t > 8 is a positive even integer. If t = 14, we write
h =2n+ 5+ 10.

Proposition 14. Let m > 2n+ 1, where n > 3, be a positive odd integer. Then
there exists a circular disarranged m-string of n sequences, except m = 2n + 7
where there exists a 1-disarranged circular string of n sequences.

Proof. By Lemma 6 every integer m, except m = 2n + 7, is a sum of 2n + 1
or 2n + 5 and an even integer > 8. Then by concatenating suitable strings we
obtain the result. In the case of m = 2n + 7 by concatenating a (2n + 1)-string
and a circular 6-string, we obtain a circular 1-disarranged m-string.
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In conclusion we obtain the following result.

Theorem 3. Let m,n be positive integers. For n odd and every m > 2 or forn
even and m > 6 even (m # 14) or form > 2n+1 odd (m # 2n+7), there exists
a circular disarranged m-string. For the remaining cases, there exists a circular
1-disarranged m-string.

A further development concerns the problem of establishing whether some
1-disarranged strings are disarranged.
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