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ABSTRACT. For a class of systems of semi-linear elliptic equations, including

—Auizfi(x,ui)—ﬂuiZaijug, i:1,...,k,

J#i

for p = 2 (variational-type interaction) or p = 1 (symmetric-type interaction), we prove that uniform
L boundedness of the solutions implies uniform boundedness of their Lipschitz norm as 8 — 400,
that is, in the limit of strong competition. This extends known quasi-optimal regularity results and
covers the optimal case for this class of problems. The proofs rest on monotonicity formulae of Alt-
Caffarelli-Friedman and Almgren type in the variational setting, and on the Caffarelli-Jerison-Kenig
almost monotonicity formula in the symmetric one.

1. INTRODUCTION AND MAIN RESULTS

In this paper we are concerned with the optimal uniform regularity of families of solutions to strongly
competing systems either of Gross-Pitaevskii type:

—Au; g+ A\ gui g = wiuiﬁ — Bu; Zj# aiju?ﬁ in O

(1) |
u;3 >0 in Q,

or of Lotka-Volterra type:

—Auip + Nt g = wiu? g — Bui g dojsitjp inQ

(1.2) |
u; g >0 in £,

with i = 1,...,k. In both cases, Q C RY is a domain neither necessarily bounded, nor smooth, w; € R,
and [ is a positive parameter which has to be thought as tending to +oco. In the previous setting, our
main results read as follows.

Theorem 1.1. In dimension N < 4, let us assume that a;; = aj; and (A g) is a bounded sequence. Let
{ug} be a family of solutions of (1.1|) uniformly bounded in L>°(2). Then for every compact set ' CC Q
there exists M > 0 independent of B such that

usllLip) = [usllL= () + [[Vugl L@y < M.
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Theorem 1.2. In any dimension N > 1, let us assume that A; € R. Let {ug} be a family of solutions of
(1.2) uniformly bounded in L>°(Q). Then for every compact set Q' CC Q there exists M > 0 independent
of B such that
sl = lasllLe (@) + [Vugllpe @) < M.
Here and in the rest of the paper we adopt the vector notation u = (uq, ..., ux).

1.1. Introduction to the problem. The study of the asymptotic behaviour of singularly perturbed
equations and systems of elliptic type is a very broad and active subject of research. In recent years,
a lot of interest has been given to systems of equations of competing densities, coming from chemical,
biological, physical or purely mathematical applications. Typical examples of such systems can fit under
the comprehensive model

—Au; = fi(w,u;) — Bgi(ur,...,ux)  in QCRY,
where the functions g;, modelling the interaction between the densities, can assume different shapes
according to the underlying phenomena.

(I) For models coming from the physics, typically related to the Gross-Pitaevskii equations (see e.g.
[22] 23], 26 [34]), the coupling between the different densities takes a variational form, as in

gi(ur, ..., ux) = u; Zaiju?.

J#i
Here the matrix a;; is assumed symmetric. This interaction is variational since one can eas-
ily see that the functions ¢i,...,gr are nothing but the partial derivatives of G(uq,...,ur) =

Ei7 oy aijufu?. These models are also of importance in other mathematical problems, such as the
approximation of optimal partition problems and of harmonic maps to singular manifolds [7] 25].
(IT) In biological or chemical application as in [20} 27], the interaction term is, in general, more sym-
metric, as it is derived from some probabilistic reasonings. In these situations one has, for instance,

gi(ula s auk) = Uj Zuj-
J#i
Note that the lack of a variational structure is compensated by the symmetry of the competition.
Great efforts have been directed to the description of a precise asymptotic of the solutions of the previous
systems when the competition parameter 8 diverges; with this we mean that the main goals have been:

(a) to develop a common regularity theory for the solutions of the system, which is independent of the
strength of the competition 8 > 0;

(b) to investigate under which assumptions one can guarantee convergence of the solutions to some
limiting profile;

(¢) to study the regularity of the class of limiting profiles, both in terms of the densities and in terms of
the emerging free boundary problem:;

(d) to give qualitative properties and precise estimates of such convergence.

This paper is mainly devoted to the improvement of the known results concerning the first point, since
this serves as foundation for the subsequent ones. Before presenting our contribution, we give a brief
review of the existing literature; this serves also as a motivation for our work.

1.2. Uniform bounds in Hélder spaces. The limiting behaviour of minimal solutions to variational
systems of type when 3 — 400 has firstly been studied in [12] [I3] by Conti, Terracini and Verzini
in the so-called focusing case w; > 0: it has been shown that any sequence of minimizers of the energy
functional associated to is convergent in H'(f2), as 8 — +oo, to a limiting profile u,, whose
components have disjoint support, that is u; uj 0 = 0 a. e. in Q for every ¢ # j. This phenomenon,
called phase separation or segregation, reflects the competitive nature of the considered type of interaction,
and has been analysed also in the de-focusing case w; < 0 in [I0] by Chang et. al. Afterwards, a
breakthrough in the comprehension of the regularity issues of the phase separation have been achieved
in [7], where for the first time Caffarelli and Lin have shown the C®“-uniform regularity for families of



minimizers. As far as the excited states are concerned, probably the most relevant result available in the
literature is the following.

Theorem (Noris, Tavares, Terracini, Verzini, [21]). In dimension N < 3, let us assume that a;; = a;;
and that (N g) is a bounded sequence. Let {ug} C H(Q) be a family of solutions of (L.1) uniformly
bounded in L (). Then for every 0 < o < 1 there exists M > 0 independent of 8 such that

H11,3||co,a(§) <M.

Up to a subsequence ug — U in CO%(Q) and in H'(Q), and us is a segregated configuration, that is
Ui, 00lj,00 = 0 10 Q for every i # j.

Such a result extends and improves previous ones obtained by Wei and Weth in [38], where under the
same assumptions the equi-continuity of {ug} was proved in dimension N = 2. We mention that in [3§]
a wider class of systems is considered, including both and (1.2).

Also in the symmetric setting phase separation phenomena arise in the limit 8 — 4o0.

Theorem (Conti, Terracini, Verzini, [I4]). In dimension N > 1, let us assume that (\; g) is a bounded
sequence. Let {ug} C HY(Q) be a family of solutions of (1.2) subjected to the boundary conditions

u; = @; on 0f,

where p; are positive Lip(OQ)-functions having disjoint supports. Then for every 0 < a < 1 there exists
M > 0 independent of 8 such that
agllco.e @y < M.

Up to a subsequence ug — s in C*(Q) and in HY(Q), and uy is a segregated configuration.

We point out that {ug} is uniformly bounded in L*°(2) as a consequence of the maximum principle.
We also remark that the results in [I4] are actually more general, in the sense that the reaction term
w;u? — A\u; can be replaced by a general reaction term of type f;(z,u;) (independent of 3).

All the aforementioned results are global, in the sense that the solutions are assumed to be defined on
smooth bounded domains of RY and to satisfy suitable boundary conditions, and consequently the uniform
estimates which are proved hold in the whole .

Concerning the regularity of the limit configurations and of their free-boundary, we mainly refer to [7]
for the variational setting, to [6] for the symmetric one, and in particular to [31], which provides a unified
approach investigating the regularity of a wide class of segregated vector valued functions, including
limiting configurations of both the classes of systems. Altogether, the main result which we want to
recall in this setting can be stated as follows.

Theorem (Caffarelli et al. [0], Caffarelli and Lin [7], Tavares and Terracini [31]). Under the assumptions
of the previous theorems, let ug — o in C%(Q) and in H(Q) as B — +0o0. Then us is Lipschitz
continuous in €.

As the limiting profile are not C', the uniform Lipschitz regularity is optimal for this class of problems.

1.3. Uniform bounds in Lipschitz spaces. As a matter of fact, especially in the variational setting, it
is still an open question whether one can deduce uniform bounds in the Lipschitz norm. The aim of this
paper is to show that this is the case, in a rather general framework. Some results concerning uniform
Lipschitz boundedness are already known in the literature, but in some specific cases.

In [2| Lemma 2.4] Berestycki, Lin, Wei and Zhao deal with the variational system ¢ = 2 in dimension
N =1, proving the following. Let {(ug,v5)} € Hg([0,1]) be solutions of

(1.3) {_ug + A1 gug = wiug — Bugvg  in [0,1]

fv’ﬁ' + Ao gug = (.()21)% - ngu% in [0, 1]
with uniformly bounded coefficients (A; g). If 0 < ug,vs < C, then ug and vg are uniformly bounded in

the Lipschitz norm. The proof of such result heavily rests on the ODE aspects of the one dimensional
Hamiltonian system.



In [I4, Theorem 3] Conti, Terracini and Verzini deal with the symmetric competition ¢ = 1. In the
case of two components without reaction terms, they proved that if {(ug,vs)} € H'(Q) are non-negative
solutions of

Aug = Pugvg in

Avg = yBugvg in Q

ug = @,vg =1 in 0§
with v > 0 and traces ¢, 9 € Lip(912), then {(ug,vs)} is uniformly bounded in the Lipschitz norm. With
a different method, the result has been generalized to systems with an arbitrary number of components
(possibly with suitable reaction terms) in [37]. We refer the interested reader also to the paper [8], where
it is possible to find some extensions of the previous result (involving different kinds of systems, but
always restricted to the case of two components).

We emphasize that the existence of uniform Lipschitz bounds is relevant not only for a pure mathe-
matical flavour. As already observed, it is necessary to obtain rigorous qualitative description of phase
separation phenomena. This is clearly the case of [2], where the authors derived a precise decay rate for
solutions of on the interface {ug = vg} in dimension N = 1, strongly using the uniform Lipschitz
boundedness of the solutions themselves (the Holder bounds would not be sufficient for this purpose).

Our aim is twofold: we shall extend the optimal regularity to general cases and, in the mean time,
we shall prove local versions of the regularity estimates, avoiding any assumptions on the boundary
behaviour of the solutions. This is in the spirit of the classical elliptic regularity theory, and turns out to
be particularly useful in blow-up analysis, when one has to deal with sequences of functions defined on
expanding domains and hence the global estimates would not be applicable. We mention that a first step
in this second direction can be found in [36, Theorem 2.6], where the author proves that the main results
in [21] hold also in a local setting. We refer to [3] [I7, [29] 30}, B6] for several applications which rest upon
the local nature of such statement. We refer also to the forthcoming paper [28] for further extensions,
see Remark 2.4

Finally, we mention that uniform regularity issues have been considered for fully non-linear equations
n [24], for non-local operators in [32, 33, [35], and in a parabolic setting in [16].

1.4. Main results. Concerning the optimal regularity problem, our main results, stated in the greatest
possible generality, are the following.

Theorem 1.3 (Case (I)). Let p > 1 and let Q C RY be neither necessarily bounded, nor necessarily
smooth, where N < 2(1+ 1/p) is a positive integer. Let {ug} be a family of weak solutions to

1 .
(1.4) —Duiy = fip(@,uig) = Buly X, a5 in Q2
wig >0 in Q,

with a;; = aj;, uniformly bounded in L>(Q): |[ug|lr~) < m for some m > 0. Let us assume that
fs € C(Q x R) are such that

fiﬁ(x’ 5)
S

<d

(1.5) max _sup
s€[0,m] z€Q

for some d > 0; moreover for any sequence [3, — +oo there exist a subsequence (still denoted 5,,) and
a function £ € C1(Q x R) such that f5, — £ in Cioc(Q x R). Then for any Q' CC Q there exists M > 0
such that

lugllLip@y = llusllLe @y + IVag|l ey < M.

As a second result we establish the uniform Lipschitz boundedness of solutions of symmetric systems
with an arbitrary number of components and general reaction terms, thus extending the results of [14 [37].

Theorem 1.4 (Case (I)). In any dimension N > 1, let Q C RY be neither necessarily bounded, nor
necessarily smooth. Let p; > 1 fori=1,....k, and let {ug} be a family of weak solutions to

(1.6) —Duig = fip(wuip) = Byl Yjpyufs  in Q)
ujg >0 in Q,



uniformly bounded in L>(Q). Let us assume that fg maps bounded sets in bounded sets, uniformly in 3.
Then, for any Q' CC Q there exists M > 0 such that

lugllLipy = lusllLe @y + IVag|l e () < M.

Theorems [T.1] and [T.2] follow straightforwardly.

Some remarks are in order.
Remarks. 1) In the variational case this is the first occurrence in the literature of semi-linear terms
depending on the independent variable x (in the symmetric setting, such a dependence has been already
considered in [I4]). This enables us actually to give an equivalent, but apparently more general, formu-
lation of the assumptions allowing the reaction terms f; g to depend upon u;, ..., u; and, if needed, also
on Vuy,...,Vug in a uniformly bounded way. Above all, we stress this in order to point out that the
locution variational and symmetric have to be referred to the type of interaction and not to the system
per se.
2) The restriction on the dimension in the variational case (I) is mainly a technical assumption, related
to the subcriticality of the potentials u? +1u§+1 associated to the interaction terms u? u§+1. We point out
that it can be easily dropped if one requires, for instance, that the semi-linear terms satisfy the additional
assumption

fip(z,8) <0 forse[0,m],i=1,...,k.

In [7] Caffarelli and Lin considered the variational system

(1.7) — Au; = —fPu; ZU?

J#i
(without any internal reaction term, f; 3 = 0). In their setting, they proved that minimal solutions to
such system are uniformly bounded in C%({2) for any o € (0,1). The proof of Theorem can be
slightly modified as indicated in the forthcoming Remark to obtain the following result, holding in
any dimension.

Theorem 1.5. In dimension N > 1, let {ug} € H'(Q) be a family of positive solutions of ,
uniformly bounded in L (Q). Then for any Q' CC Q there exists M > 0 such that

lusllLip@y < M.

3) Concerning the assumptions on the reaction terms in Theorem we firstly stress that the pre-
compactness assumption on {fg}, although technical at a first glance, is natural and is shared by all the
known results in the literature. Indeed, when considering the particular system , it is simply given
by the requirement that the sequence (\; g) is bounded. Regarding , we point out that so far limiting
configurations of systems of type have been proved to be Lipschitz continuous in [21], B1] using such
condition. Without it, the Lipschitz regularity of the limiting profiles is still an open problem. In this
perspective, we emphasize that Theorem not making use of , establishes the Lipschitz regularity
of all limiting profiles of system for a wider class of reaction terms with respect to those considered
in the literature [31].
4) In the symmetric setting, the possibility of considering different exponents p; can be used to obtain
uniform bounds in more general models. Indeed, with the change of variable v; := ul", equation
reads as

—Avil/p"':fi(x,vl,...,vk)—ﬁviz:vj in Q

J#i

that is, the Lotka-Volterra system for the fast-diffusion equation.
5) Concerning uniform regularity up to the boundary, we believe that all our results can be extended with
some efforts to deal with systems of equations with elliptic operators with variable coefficients. Since
we will make use of several monotonicity formulae, this would be very technical and not always easy;
the reader can easily understand what we mean by looking at the contribution [I9], where the Caffarelli-
Jerison-Kenig monotonicity formula has been extended to systems with variable coefficient. We point out
that such contribution allows to slightly modify the proof of Theorem to obtain uniform estimates



up to the boundary, and then to obtain also the global regularity for solutions of systems with boundary
conditions possibly depending on (3.

Theorem 1.6. Under the assumptions of Theorem let Q2 be smooth and bounded, and let ug satisfy
the boundary conditions
U3 = Pi B on 02
in a weak sense, where ¢; 5 € Lip(9Q) are uniformly bounded in Lip(0S). Then there exists M > 0
independent of 8 such that
||u/3||Lip(ﬁ) <M.

In the proof of Theorem [I.3] we shall make use of new monotonicity formulae which are still not
available for operators with variable coefficients. Therefore, for the moment the issue of the uniform
regularity up to the boundary remains open, and will be investigated in future works.

6) Finally, we point out that local estimates as the ones in Theorem and can be used directly to
obtain global uniform bounds in the case in which Q = RY. As an example, we have

Theorem 1.7. Let {ug} be a family of H, (RY) functions such that ||ugl| @~y < m for some m > 0.

loc

Let us also assume that {ug} solves either (L.4) or (1.6) in RN, under the respective assumptions. Then
there exists M > 0 independent of 5 such that

luglLipeyy < M.

In the proofs of the main results, only for the sake of simplicity, we focus on the particular cases

(1.8) —Au; = fip(w,w) = Bui 3, agui  in Q
u; >0 in Q
and
u; >0 in €.

The reader can easily check that all the results hold in the generality specified by Theorems and
with the same proofs. Moreover, in the proof of Theorem we assume that Q ¢ RN with N > 3. The
case N = 2 is in general easier to deal with, and it can be recovered extending the solution in one further
dimension in a constant way.

1.5. Outline of the proofs (Holder bounds vs. Lipschitz bounds). Here we give a rough idea of
the proofs of the main theorems, which we think can serve as a guide towards the rest of the paper. Both
the proofs of Theorem and [[-4] proceed by contradiction and are based upon a blow-up analysis. In the
following we focus on the variational setting, and we consider the case f; 3 = 0 to simplify the notation.
For any compact set K CC {2, we aim at showing that the Lipschitz semi-norm of ug is bounded in
K, uniformly in 8. To this aim, we introduce a cut-off function 0 < 7 < 1 such that n = 1 in K and
suppn =: K’ cC Q. If we prove that for some constant C' > 0 independent of n

sup |[V(nu; g)| < C i=1,...,k,
€N

then the desired result follows. Hence, we assume by contradiction that for a sequence 3, — +0o0

Ly, := supsup |V (nu; g, )| — +00;
i xEN

up to relabelling and up to a subsequence L,, := |Vuy g, (z,)| for some z, € K’'. We introduce two
blow-up sequences

(nuiﬂn)(mn + 7,)
Lyry

wi g, (Tn + Tnx)
Lyry,

and U () = ,

Ui,n(x) = n(zn)

where 7, — 0 is chosen in such a way that >, v; ,(0) = 1. It is possible to check that both of them are
defined in scaled domains exhausting R™Y. We point out that v,, satisfies an equation similar to that for



ug, but, at a first glance, does not exhibit any property of compactness. On the other hand, it is not
difficult to check that v,, is uniformly convergent on compact sets to a limit function v, but does not
satisfy any reasonable equation. We shall prove that for every r > 0

hm ||Vn — ‘_’n”LOO(BT) = O7
n— 00

so that the convergence v,, — v in Cjoc (RN ) will follows by the convergence of v,,. We show then that the

limit function v is non-constant and globally Lipschitz continuous in RY, and has only two non-trivial
components, say v; and vg; moreover, (vy,vs) is non-negative and solves either the regular problem

—A — 2 RN
(1.10) o nm M
—Avg = —vjve in R
or the segregated one
—Avy =0 in {v; >0}
—Avy = ]
(1.11) vg =0 ?n {ve > 0}
v v =0 in RN

—A(v; —v3) =0 in RV,

The fact that v solves either a regular problem or a segregated one depends on the asymptotic relation
of the sequences (r,,) and (L,,), which a priori is unknown. In both cases, a relevant fact which marks a
striking difference with the present literature concerning uniform bounds in Holder spaces is represented
by the existence of globally Lipschitz continuous solutions for both the previous problems (in particular,
in the second one the reader may simply consider v = 2], v = z7'). On the contrary, as proved in [21],
globally a-Hélder continuous solutions does not exist for any 0 < a < 1. This means that in order to
reach a contradiction we are not allowed to pass to the limit, but we have to argue directly on the blow-up
sequence {v,, } and to prove a kind of approzimate Liouville-type result, saying that in the previous setting,
the sequence {v, } cannot converge to a non-constant globally Lipschitz continuous limiting profile which
solves or . We will reach such a result by using Almgren type and Alt-Caffarelli-Friedman
type monotonicity formulae in the variational setting, while in the symmetric one we make use of the
celebrated Caffarelli-Jerison-Kenig monotonicity formula.

1.6. Plan of the paper. Section [2| concerns the blow-up analysis, which will be considered simultane-
ously for the variational case and for the symmetric one. In Section [3] we introduce the monotonicity
formulae which will serves as main tools in the proof of Theorem such proof will be the object of
Section[d In Section[5] we prove Theorem[I.4] We point out that, although all the monotonicity formulae
will be applied either to the sequence {ug, }, or to the blow-up sequence {v,}, in Section [3| we will state
and prove them in higher generality, in order to provide the reader with results as flexible as possible.

Some notations. As usual, B,(xg) denotes the open ball of centre zp and radius r. When 2y = 0, we
write simply B, instead of B,.(0) for the sake of simplicity. The normal derivative and the tangential
gradient of a funtion u on a given surface are denoted by 9, and Vy respectively. The capital letter C
stays for a positive constant which can differ from line to line.

2. ASYMPTOTIC OF THE BLOW UP SEQUENCE

In this section we consider a system of type

{—Aui = filw,wi) = BY 4 aijuguf  in Q

2.1
( ) u; >0 in Q,

and we address simultaneously the cases ¢ = 2 (variational interaction) and ¢ = 1 (Lotka-Volterra type
interaction); in the latter situation, as specified in Theorem we assume that a;; = 1 for every ¢ # j.
Without loss of generality, we suppose that 2 D Bj3, and we aim at proving the uniform Lipschitz bound
in By. Asin [14] 211, 28] [32], the problem of the uniform bound is tackled with the introduction of suitable
blow-up sequences. Let 0 < n < 1 be a smooth cut-off function such that n = 1 in B; and n = 0 in



8

RN\ By. By definition, the family {nusz} admits a uniform bound on the Lipschitz modulus of continuity
if there exists a constant C' > 0 such that

|Gruip) (@) = (ruig) W) _

(2.2) sup  sup <
i=1,.k 2y |z =yl
©,y€Bsy

Since 7 =1 in By, this is sufficient to give the desired result. We first observe that, if 5 is bounded, then
a uniform bound of such kind does exist as a consequence of the regularity theory for elliptic equation
(for which we refer, here and in the rest of the paper, to [I8]): indeed the right hand side of is in
this case uniformly bounded in L*°, and the solution ug is uniformly C1:®-regular in the interior of €, for
every a < 1. Hence, we only need to consider the case § — +00. We shall show that there exists C' > 0
such that
sup sup |[V(nu;g)(z)| <C for every 5> 1.
i=1,..k e By
Let us assume by contradiction that this is not true and, consequently, that there exists a sequence
Brn — 400 and a corresponding sequence {ug, } such that
(2.3) L, := sup sup |V(nu;g,)(z)| = o0 as n — +oo.
i=1,....k zc By
Up to a relabelling, we may assume that the supremum is achieved for ¢ = 1 and at a point z,, € Bs.
Moreover, in the variational setting ¢ = 2, thanks to the local version of the main results in [2I] (which
have been proved in absence of the terms f; g, in Theorem 2.6 of [36], and which will appear in a more
general setting in [28]), we may also choose a subsequence {ug, } which converges to some limiting profile
u in H'(Bs) and in C%%(By) for every 0 < o < 1. The contradiction argument is based upon two blow-up
sequences:

(24) vi,n(gj) = T](an)

both defined on the scaled domain (2 — x,,)/r, D (B3 — xy,) /T =: Q,. The functions v,, are non-trivial
in the subset (Bg — x,)/r,, =: 2. We choose the scaling factor 7, > 0 in such a way that

. Gon(e) 1= i)l b 2]
nrn

u; g, (Tn + Tn7)
Lyrp

S a0 =y ) s b))
v 7,1 - . Lnrn - n — . Ln )
i=1 i=1 i=1
where the last conclusion follows by the uniform L>° boundedness of the family {ug}. The following
lemma focuses on some preliminary properties of the blow up sequences. At first, we define

n(zn) Lyry,
fin(z,t) =1y fip., <a:n +7"nx,t> .
(1) L, " n(n)

Lemma 2.1. In the previous blow-up setting, the following assertions hold:
(1) fin(z,vin(z)) = 0 uniformly in all 2, as n — oo;
(2) the scaled domains €2, and ', exhaust RN that is, Q,, Q) — RY as n — oo; moreover, Q, D
By, for every n;
(3) the sequence {v,} satisfies

—Avi iy = fin(,vin) — Mpvin Y- aiguy,  in Qp,
J#i

L, \? 9
M, = B, (n(xn)> TnJrq;
(4) the sequence {v,} has uniformly bounded Lip-seminorm:
wp sup |0i,n () = Ui n(y)]

i=1,....k xy |z — yl

where

<1

furthermore |V ,(0)] =1, and |Vv1 »,(0)] = 1 as n — oo;
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(5) there exists v, globally Lipschitz continuous in RN with Lipschitz constant equal to 1, such that
up to a subsequence both v, — v and v, — v in Coe(RY) as n — 0o;
(6) There holds v,, — v in H} _(RN) as n — oo, and for any r > 0 there exists C > 0 such that

(2.5) Myv; Z aijv;? . <C for every i.
B, Y ’
JAi
If My, — +oo, then v; nvj,, — 0 as n — oo for any i # j.
Proof. Points (1) and (3) are straightforward consequences of the definitions and of our assumptions.

(2) Since 0 € €2, for every n, to prove that !, — RY it is sufficient to check that dist(0,d€2,) — +oc as
n — oo. Firstly we observe that

Tn =

) n n > l ]
(nus g, ) (Tn) < g, ||z (Bz)n(l’n) < Edlst(zn,aBz),

k
— Ly - Ly Ly,

i=1

where [ denotes the Lipschitz constant of 7. Therefore,

dist 0B L
dist(0,00) = dist(zn, 9Bz) > " — 400 asmn — oo.
Tn ml
The fact that Q, O By, follows by definition.
(4) The uniform bound on the Lipschitz seminorm of v,, and the fact that |V, ,(0)] = 1, are direct

consequences of the definitions. Moreover

u1 g, (Tn) V1(Ts) T n(@n)Vu g, (5)
L, L,

Vi10(0) = = 0(1) + Yy (0)

as nm — 00.
(5) Let r > 0. The sequence {v,,} has a uniformly bounded Lipschitz seminorm in B,., and is uniformly
bounded in 0. Hence, by the Ascoli-Arzela theorem, it is uniformly convergent (up to a subsequence)

to some v € C(B,) having Lipschitz-seminorm bounded by 1. To complete the proof, we show that
V=V, — 0as n — 00 in Coc(RY). To this aim, it is sufficient to observe that for any compact K Cc RY

sup [15(2) — B (@) = sup BTy )] < sup ),
zeK z€K nTn vek Ln

where we used the uniform boundedness of {u,}, and we recall that ! denotes the Lipschitz constant of

1. Since L, — 400 and K is compact, the desired result follows.

(6) As far as the estimate (2.5)) is concerned, it is sufficient to test the equation for v; ,, against a smooth

cut-off function 0 < ¢ < 1 such that ¢ = 1 in B, and ¢ = 0 in RY \ By,: we obtain

/ ani,n Z aijvg’n S / |fi,n(x7 Ui,n)@ + ’Ui,nAQD‘ S Ca
B,

i Ber

where we used the boundedness of {v,} in compact sets. Testing the equation for v; ,, against v; ,p?, we
also deduce that

1
5 / |Vvi,n|2 S 2/ |VS0 21)1‘2,” + / fi,n($7 Ui,n)vi,n@Q - anin Z aijv;‘17n§02 S 07
B By Ba, i

where, as before, we used the boundedness of {v,,} on compact sets and the (2.5). This implies that
up to a subsequence v; , — v; weakly in H Y(B,). In order to pass from the weak convergence to the
strong one, we observe that since ||v; [ 1(p,) < C independently of n, by replacing if necessary r with
a slightly smaller quantity we have also

/ |Vvi,n\2 S C
0B,
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independently of n. Therefore, by testing the equation for v; , against (v, , —v;) in B,, we deduce that

/ va . V(U@n - Ui)
B,

8uvi,n(vi,n - Ui)
9B,

+ / fi,n(% Uzn)(vzn — ;) — Myvip Z aij”;{n(vi,n —v;)
Br J#i

< / [ / | fin (@5 Vi) | + Mpvin Zaz‘ﬂ?,n Vi, — vill Lo (B,)-
9B, B, i ’

Recalling that v;,, — v; uniformly in B, and that all the other terms are bounded, the desired result

follows. -

In the rest of this section, we aim at proving that the limit function v is non-constant and has exactly
two non-trivial components. We have to distinguish between two cases, according to whether (M,,) is
bounded or not. In the former case, the function v will be shown to be non-constant as a result of the
regularity theory for elliptic equations. In the latter one, the situation is more involved, and we shall
make use of the following decay estimate, which allows to treat also more general interaction terms of
type ujuj with p,q > 1 falling under the assumptions of Theorems or

Lemma 2.2. Let zg € RY and A, M,5,p > 0. Let u € H*(B2,(x0)) NC(Ba,(x0)) be a subsolution to
(2.6) —Au < —MuP +3 in Byy(xo)
' u< A in Bap(xo)

for some p > 1. Then there exists C' > 0, depending only on the dimension N, such that

A
MuP(z) < % +0 for every x € B,(x0).

Proof. Let v € H'(Bs,(x0)) be a positive solution to
—Av+ Mp|P~'v =0 in Bs,(zo)
v=A on 0Bs,(x).

The existence of such function for any value of M > 0 and p > 1 can be shown by the direct method of
the calculus of variations. Moreover, the weak maximum principle implies that v < A in By, (z0). Let
n € C3°(Bzp(20)) be a smooth cut-off function such that n = 1 in Bj,/s(x0), 0 < n < 1and [An| < C/p?.
Testing the equation for v against n we obtain

/ M’UPS/ Mvpn:/ Avn:/ vAn < CApN 2.
Bs,/2(0) Bap(z0) B2, (x0) B2, (o)

Let y € B,(xo). Since v is subhamornic and p > 1, the mean value theorem gives

P
1 1
Mu(y)» <M 7/ v Si/ MoP < —.
1Bo2W)l JB, u) 1Bo2W)l JB, u0) p?

Let us now consider the auxiliary function @ := v+ (6/M)/?. Trivially, one has P > vP +§/M, and thus

—AD > —MuvP +6  in Bay(xo)
v Z A on 8B2p(x0).

2p

Hence, ¥ is a supersolution to (2.6 and the thesis follows applying the comparison principle.

Lemma 2.3. The limit function v is not constant. In particular, at least the first component vy is neither
trivial nor constant.

Proof. As announced, we divide the proof according to properties of (M,,).
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Case 1) (M,,) is bounded. Since {v,} is uniformly bounded in any compact set of RY  the sequence
{Av1,,} is uniformly bounded as well; by standard regularity theory for elliptic equations, we deduce
that for every compact K C RY there exists C' > 0 independent of n such that ||v1 || cr.e(x) < C. This
implies that, up to a subsequence, the convergence of vy ,, to v takes place in Cllo’g (RN) for any 0 < a < 1,
so that in particular |Voy(0)| = lim,, |[Vv1,(0)| = 1, and v cannot be a vector of constant functions.
Case 2) M,, — +o00. By the uniform bound we infer that the limiting profile v is segregated:
vv; = 0 in RN for every i # j. Therefore, recalling that by the choice of 7, we have Zle v;n(0) =1,
there are two possibilities: either v1(0) = 0, or v1(0) = 1.

Assume at first that v1(0) = 0. Then there exists h # 1 such that v;,(0) = 1, and by continuity of v it
results that v1 = 0 in an open neighbourhood of 0. Moreover, vy, ,(0) > 7/8 for every n sufficiently large.
Thanks to points and of Lemma we have

(08,0 (2) = Vhn (0)] < [onn (%) = Onn (€)] + [On,n(2) = 0h,n(0)] < o(1) + || < o(1) + %

as n — oo, for every x € By/5(0). Thus, whenever n is sufficiently large, vp, > 1/8 in Byj. As a
consequence, the equation for vy ,, gives

—A’Ul,n S _Canl,n + 6 in Bl/2
Uiy >0 in Bys

v <A in By,

where § > SUPp, ,(0) Ji,n can be chosen independently of n, and the upper bound on vy, in By, follows
by the uniform boundedness of {v,} in compact sets. By Lemma we infer that M,v;, < C in
B4 independently of n. Therefore |Avy,(2)| < C for every x € Bjsy, which implies that up to a
subsequence vy, — vy in C*(By4). In particular |[Vu;(0)] = 1, in contradiction with the fact that
v1 = 0 in a neighbourhood of 0. Thus, if (M,,) is unbounded necessarily v1(0) = 1, and as a consequence
the same argument described above provides M,v;, < C for every x € By and j # 1. Using again
the uniform boundedness of the sequence {v,} in By, we infer that |Avy,(z)] < C in By, and
hence up to a subsequence v; , — v; in Cl(Bl/4). In particular, by step (4) of Lemma we have
|V (0)| = lim,, [Vv1 ,(0)| = 1, which completes the proof.

Remark 2.4. The sequence z,, is bounded and thus, up to a subsequence, converges to some Z € Bs.
Following [14, 2T], 28], it is possible to show that Z has to be a free-boundary point, that is u(z) = 0:
indeed, if this is not the case, then there exists ¢ such that u;(Z) > C' > 0. Using the local version of the
main results in [21] (which hold for general systems, and for which we refer to [28]), ug, — u in C%%(By)
for every o < 1, and in particular u; g, (x) > C/2 for every x € Bas(Z) for some § > 0 and 3, sufficiently
large. Reasoning as in Lemma this implies that ug, — u in C»*(B;(Z)), a contradiction with the
unboundedness of the gradient at z,,.

Before concluding the section, we report some further properties of the blow-up sequences and of the
asymptotic behaviour of the quantities previously introduced.

Lemma 2.5. There exists C > 0 such that M, > C.

Proof. Let us assume by contradiction that there exists a subsequence M,,, — 0. By the previous results,
the limiting function v is made of entire harmonic functions which are bounded from below, thus constant
thanks to the Liouville theorem: this contradicts the fact that |Vvi(0)] = 1. O

Lemma 2.6. Each limiting profile v contains at most two non trivial components.

The proof of the lemma is based upon the Alt-Caffarelli-Friedman monotonicity formula, as extended
by Conti et al. in [I4]. We recall the results and some suitable generalizations whose proofs follow in a
straightforward way and are thus omitted.
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Lemma 2.7 (Lemma 2.7 in [14]). Let v € C(RN)NHL _(RY) be a vector of k > 2 non-trivial subharmonic
functions such that viv; = 0 in RN for every i # j, and there exists zo € RN such that vi(xg) = 0 for
every i . Then there exists v(k, N) > 1 such that the quantity

k
1 |V’Ui|2
o(r) =] r2v(kN) /B (@0) |w|N‘2dx

is monotone non decreasing for r > 0. If k > 3, then one can choose v(k,N) > 1.

Corollary 2.8 (Hidden in Proposition 7.2 in [I4]). Let v as in the previous lemma. If there exists C > 0
such that
v(z)| < C(1+ |z)),
then k < 2.
Lemma 2.9 (Lemma 2.7 in [14]). Let v € C(RY) N HL (RY) be a vector of k > 2 non-trivial positive
functions, solutions to
N
Av; = v; Z aijv? in R
J#i
for q > 1. There exists v(k,N) > 1 such that for every v < v there exists T > 1 such that the quantity

k
1 _
O(r) = H = / <Vvi2 + 02 Z aijv;?> |2~
i=1 B, J#i

is monotone non decreasing for r > 7. If k > 3, then one can choose v(k,N) > 1.

Corollary 2.10 (Hidden in Proposition 7.1 in [I4]). Let v as in the previous lemma. If there exists
C > 0 such that

V(@) < €+ |z]),
then k < 2. If moreover v is non constant, then k = 2.

Remark 2.11. For a detailed proof of Corollary we refer to Corollary 1.14 in [29]. In an analogue
way, the reader can derive Corollary [2.§ starting from Lemma

We conclude this section by summing up what we proved so far in the following statement.

Proposition 2.12. Let {ug,} satisfy the assumptions of Theorem or and assume that (2.3))
holds. Then the sequences {v,} and {v,} defined by (2.4) have the properties (1)-(6) of Lemma 2.1}

There exists C > 0 such that for every i
vi(x) < C(1+ |z|) for every x € RY,

v is non-trivial and non-constant, and in particular |Vvi(0)| = 1. Moreover, v has at most 2 non-trivial
components, say vy and v, M,, > C > 0, and

o if (M,,) is bounded, then

—Av; = —Myvvd  in RY
(2.7) —Avg = —Mvivy in RN
v1,v2 >0 in RV,

where M,, — My, as n — oo, and the convergence of v, to v takes place in Cllo’?(RN) for every
a < 1.
o if M, — +00, then both v1 and ve are subharmonic in RY, and
—Avy =0 in{v; >0}
—Avy =0 in{vy >0}
vy -vg =0 inRY
vi,v2 >0  in RY.

(2.8)
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3. MONOTONICITY FORMULZAE

This section is devoted to some monotonicity formulae inspired by the Almgren frequency formula
and the Alt-Caffarelli-Friedman monotonicity formula, which will be crucially employed in the proof of
Theorem Some of the following results are already present in the literature, but not in the following
generality, and hence we prefer to also prove them for the sake of completeness. In Subsection [3.2] we
will use the assumption N > 3. As already explained, the case N = 2 can be treated extending planar
solutions as spacial ones, but we point out that it would be also possible to face directly the planar
problem. This would require a slightly different Alt-Caffarelli-Friedman monotonicity formula inspired
by Lemma 9.2 in [I1], which we prefer to omit.

3.1. Almgren monotonicity formulze. Let us consider a smooth domain Q C RY, a compact set
K cC Q and a solution u = (uy,...,ux) € H'(Q) of a generic problem of type (1.8) satisfying the

assumption (1.5)):

—Aui = fz(;mul) — Bstéi aijuiu? in Q
(17 > 0 in Q,

and there exists m,d > 0 such that

S

ullLee @) <m and max sup <d.

i 0<s<m

In what follows, all the constants that will appear depend on the choice of m and d, which are considered
throughout these preliminary results as fixed, but are independent on the choice of any other parameter
(in particular, they are independent of 5 > 0). The reason behind this observation is that, in the
next section, we aim at using monotonicity formulae for sequence of solutions to which verify the
assumptions in a uniform way.

For zo € K and r > 0, we define

k

e H(u,zg,r):= / 12
rN ! OB, (z0) i— 1
k k
(3.1) e E(u,zo,7):= TN 2 / (o0) Z|vuz|2 + 26 Z A5, Zfz T, ui)u
T =1 1<i<j<k =1
E
e N(u,zg,r):= Im (Almgren frequency function).

Lemma 3.1. Let u be a solution of (L.8)) and (1.5). For g € K and r > 0, we have

k

d 2 E(u,xzg,r)
(3.2) 3 H (W z0,7) = /8 . ;uﬁyuz e
Furthermore
d 2 b 2
EE(UJO,T) = TNQ/aBT(l_O);(auui) TN-1 /B (f0)1<;<ka”
1 k
by /Br(mo) l(N - 2);fz‘(l“,ui u; + 2;fi(xvui)vui (7 — z0)

k

1 2 9 1
= WD ST EE ) D ST

Br(z0) 1<i<j<k 0) i=1
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Proof. The equalities in (3.2)) follow by direct computations. As far as the derivative of F is concerned,
we observe that

d ) L (N -2)
3 B ao,7) 27 o 2/ Zlvuz\ +26)aijuiu W/Ja(xo);fi(x’ui)ui

1<j

=),
- N2 fil, wi)ui.
TN 2 6BT(IO)Z 3 3 1

2

To compute the first term on the right hand side, letting u; ,(x) := u;(z¢ + rz), we have

d 1
o W—?/B( )Z|Vui|2+2ﬂ2aiju?u§ / Z|Vu”|2+2r252alj u?,u?,
r(x0

i 1<J i<j

:/ QZVUM. (Oruir) +4r,6’Za” ug JT+4rQBZa”u”ujr(u”6 Wiy + Wi pOpttj )
B i

1<J 1<j

/ 28 Ui Oy Ui + / 4Tﬂ2a” ug jr+2r2ﬂ2a”u”uj7 (Wi rOrtp + w; rOrttj )
OBy

3 i<j 1<j

—I—/ QTQZfl xo + 7T, Uy ) Oplly
By

2 / , 1 /
= — E d,u;)” + 4ﬁ§ azu + § V .%‘—a:‘()
N2 JoB. (o) 5 Ol e B, (o) ’ :

1<J 1<j

2
Ry o / filz,u)Vu; - (x — x0).
TN ! BT(-TO) ;

After a further integration by parts, the thesis follows.

We recall the following formulation of the Poincaré inequality, which can be shown by a standard
scaling argument.

Lemma 3.2 (Poincaré inequality). If u € HL _(RY), then the following inequality holds for any ball B,.:

1 1 N -1
—— [ |Vul? 2> / %
FN—2 /Br| ul +rN—1 /(’)B w=TN BTU

"

Lemma 3.3. There exist two constants 7 = 7(m,d) > 0 and C = C(m,d) > 0 such that
d -
N(u,z9,7)+1>0 and %N(u,xo,r) > —C(N(u,xo,7) + 1)

for every 0 <r <7, zg € K.

Proof. Let us observe that, since by definition H (u, zq,r) > 0, the positivity of N (u, zg,r)+1 is equivalent
to that of E(u,xg,r) 4+ H(u,xzg,r). By the sublinearity of f;, we have

E(u,xo,r) +H(ll Zo, T )

7,'AN 2/ Z|vul|2+2ﬂzalj Zflxuz u; + NEI-I/ Zuf

7«<] 8B1v(ajg)

dr? 1
> vul - 7 [ o+ [ 2,
- 2/T(xo>z N Brm)zi: rN-1 aBruo)zi:

and thus we can conclude with an application of the Poincaré inequality in Lemma [3.2] as long as
dr? < di? < N — 1.
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We now pass to the proof of the monotonicity, first dealing with the function N(u,zg,r). We compute
the derivative of N using Lemma [3.1] We have

R(ua Zo, T)
H(u7 Zo, T)

+ 8 u, / U% - / ;0 U4 )
r2N— 3H2 (u, g, </aB (z0) Z ) ( BBT(:I:O)XZ-: > ( 0B, (mo)z

d
EN(u,aro,r) =

K2

where

(4— N)8
R(u,xg,7) := N1 /B Za”

(o) <
1

+ rN-1 /B (20) [(N -2) Zfi(m,uiWi +2 Zfl($7ul>vuz (x— xo)]
+ Nﬂ_2 Z aijufu? — %/ Z filx, ui)u;

r 9B (x0) <5 r 8B, (z0)

1

= FN—1 /B (o) [(N —-2) Zfl($7uz)uz + QZfi(x,ui)Vui Az — Io)]
(Zo i i

=
- — filx,u)u; =: Ry(u,zq, 7).
rN=2 aBT(IO)Xi:

Here we used the fact that N < 4. Thus, by the Cauchy-Schwarz inequality

d Ry (u, wo,7)
— N(u >0
dr (u,20,7) = H(u,z9,7)

for every r > 0. We now estimate the remainder R;, using the assumptions on the reaction terms f;. For
every xg € K and 0 < r <1 such that B,(xz¢) CC K, it results that
d / 9
+ - U;
T ooy 2

1
|R1(u;$077“)| < m/B (o0) N—2)dZuf +2eruZ|Vul|
Zo - -
<

dr? +(
e 2/ (z0) ;'vulﬁ /B(xo Zu rN= 1/@3 (mo)zu

< C(d,N)

|V |2 + / u; + / u?
i 2/B<xu>z B, (%)Z T’N ! aBrm)zi:

The Poincaré inequality (Lemma [3.2]) can be used in order to estimate the last term, showing that there
exist C,7 > 0 such that

(3.3)

B,

|Ry(u, z0,7)| < C(E(u,z0,7) + H(u,z0,7))
for every zg € K, 0 < r <7 < 1. Coming back to (3.3]), we obtain the desired conclusion.
Remark 3.4. In the whole proof of Theorem [I.3] we use the assumption N < 4 only in the previous

lemma. As we have already observed in the introduction, such an assumption can be dropped in absence
of reaction terms (f; g = 0 for every 7). In such case it is possible to replace the definition of E(u, o, )

with
Blwror) = s | DITIETIN
7330

1<

proving an Almgren monotonicity formula for the function N:=FE /H independently on the dimension
N (we refer to Proposition 5.2 in [3] for the details). The rest of the proof of Theorem [I.3|can be adapted
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with minor changes.
We also point out that for p # 1 the condition N < 4 becomes p < 2(1+ 1/p).

Proposition 3.5. There exist 7 = 7#(m,d) > 0 and C = C(m,d) > 0 such that the functions

. 1 )
ri (N(u,zg,7) +1)e"  and r— ,rNifl/ u? | €
OB, (z0)

are non-negative and monotone non-decreasing for r € (0,7, for every xop € K andi=1,... k.

Proof. The first part is a straightforward consequence of Lemma [3:3] For the second part, we use
assumption (1.5)) and the Poincaré inequality (Lemma [3.2)):

d (1 2 2
> ﬁ/ up | > Nfl/ |Vuil” - Tvr/ u;
dr \r 9B (o) r B, (20) ™ JB,(z0)

2(N —1)—dr? / ) 2dr / ) c’ / )
Z N N2 Vuil” = ——<~—7 uj 2 — Ui,
r (N —1)rN=2 B, (z0) (N —1)rN=t OB,.(z0) rN-l OB, (x0)

where the constant C’ depends only on d and on N, and the last inequality holds as long as r < #(d, N)
sufficiently small. Replacing, if necessary, C and 7 of Lemma with max{C,C"} and min{7, 7'}, the
thesis follows by a further integration. O

We complete the first part of this subsection with two useful doubling properties.

Lemma 3.6. Let C and 7 be defined in the previous lemma.
(1) If there exist 0 < r <7 < 7 and d > 0 such that N(u,0,r) < d for everyr <r <7, then

H(u,zg,r) . . .
T 1S monotone non-increasing for r < r <
r

=

(#3) If there exist 0 < r < T <7 and v > 0 such that N(u,0,r) >~ for every r < r < T, then

H(u,zg,7) . . _
T — % is monotone non-decreasing forr < r < T.
T

Proof. (i) By (3.2) we observe that

d 2 2d
ElogH(ua anT) = ;N(ua anr) S 7

for every r < r < 7. By integrating, the thesis follows. The proof of (i7) is analogue.

Almgren monotonicity formulae for segregated configurations. In [31] the authors introduced
the sets G(Q2) and Gioc(£2), classes of segregated vector valued functions sharing several properties with
solutions of competitive systems, including a version of the Almgren monotonicity formula. We report
Definition 1.2 in [31], which is of interest in the present setting.

Definition 3.7. For an open set Q C RY, we define the class G(£) of non-trivial functions 0 # v =
(v1,...,v;) whose components are non-negative and locally Lipschitz continuous in €2, and such that the
following properties holds:
e v;v; = 01in Q for every i # j;
e for every i
—Av; = fi(x,v;) — in Q in distributional sense,
where 11; is a non-negative Radon measure supported on the set 3{v; > 0}, and f; : @ x RT — R
are C! functions such that |f;(z,s)| < d|s|, uniformly in ;
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e defining for ¢ € Q and r > 0 such that B,(zg) C Q the function

k k
1
(3.4) E(v,z0,7) i= 7TN_2/ ( )Z|Vui|2—2fi(x7vi)vi
Br(zo i=1

i=1
we assume that F is absolutely continuous as function of » and

1 k 1 k

d
*E(Vaﬂfoﬂ“):i/ Oy vi 2—7/ filz, wi)u;
dr riN=2 BT@U);( S aBr(xw; (&%)

k k
+%/ (N_2)Zfz(xaul)uz+22f1(l',uz)vuz(LL’—.’E())
" Br(xo) i=1 i=1

For points g € {v = 0}, we define the multiplicity of zy as
gt{i=1,...,k: meas{B,(xo) N{v; > 0}} > 0 for every r > 0}.
We write that v € Gio.(Q) if v € G(K) for every compact set K CC €.

Remark 3.8. The definition of E in (3.1)) and (3.4 are different, but we do not think that this can be
source of misunderstanding, because the correct choice of F is clearly determined by the vector valued
function v which is considered. In the same spirit, we define the Almgren frequency function for elements
of G(Q) as
E(v,zo,7)
N = ="
(v, 20,7) H(v,zo,7)’
with H defined as in (3.1)).

We recall some known facts. The following are a monotonicity formula for functions of G(f2), and a
lower estimate of N (v, zg,07) for points zg on the free boundary {v = 0}, for which we refer to Theorem
2.2 and Corollary 2.7 in [31].

Theorem 3.9. Let v € G(Q) and let K cC Q. There exists #,C" depending only on d and on the
dimension N, such that for every xo € K and r € (0,7'] it results that H(v,xg,r) # 0, the function
N(v,xq,7) is absolutely continuous in r and

r = (N(v,zo,7) + 1)eé'r is monotone non-decreasing.
Moreover, for every point of the free boundary xo € {v = 0} it results that N(v,zo,07) > 1.

Remark 3.10. The fact that H(v, zg,r) # 0 for r € (0,7'] and z¢ € K is a unique continuation property
for elements of G(2): indeed, if in an open subset of  we have v = 0, then H(v,z¢,r) = 0 for some
xg € Q and r € (r1,r2), in contradiction with the previous result.

The almost monotonicity formula for N becomes a full monotonicity formula if f; = 0 for every ¢ (see
Remark 2.4 in [31]). Moreover, thanks to a classification result due to [21I] (see Step 6 in Proposition
3.9), the following holds.

Proposition 3.11. Let v € G(Q) with f; = 0 for every i. Then r — N(v,xo,7) is non-decreasing.
Moreover, it holds N(v,zg,7) = o > 0 for r € (0,7] if and only if v is a non-trivial homogeneous
function of degree o.

The relation between solutions of strongly competing systems and functions in G(€2) is clarified by the
following statement, for which we refer to Theorem 8.1 in [31] in case fi g(u;) = wjui — \; gu;, and to
[28] in a completely general setting.

Proposition 3.12. Let us a consider a sequence § — +00, and let {ug} be a corresponding sequence of
solution to (1.8) in Q satisfying (1.5) independently on B. Assume that

fip— fi in Cioc (2 x [0, m])



18

for some f; € C(Q x [0,m]), and that there exists u such that
ug = u in C(Q) N HY(Q).
Then u € G(2), and N(ug,z,r) — N(u,z,r) for every x € Q and r > 0 such that B,(z) CC 2.

If u is as in the previous theorem, we write that u is a limiting profile of system (1.8)) (as 8 — 400).
A result which will be crucially employed in the rest of the section establishes the non occurrence of
self-segregation for limiting profiles of strongly competing systems. This has been proved in Section 10
of [15].

Theorem 3.13. Let v € G(Q) be a limiting profile of system (1.8), and let xo € {v = 0}. Then xq has
multiplicity greater than or equal to 2.

3.2. A perturbed Alt-Caffarelli-Friedman monotonicity formula. We introduce in a general set-
ting an Alt-Caffarelli-Friedman monotonicity formula which has been proved for the first time in a specific
situation in [36], Theorem 4.3; accordingly to the current section, here we consider the case N > 3.

We consider two components, say u; and us, of a solution u of system :

{Aui = fl(:r,ul) — 62]#1 aijui'l@ in

u; >0 in Q.

The ingredients of our result are the following:

Ji(r) = / <|Vu1|2 + Barguiuz — u fi (m,m)) 2>~
B

T

o Jo(r) 2=/ <|VU2|2 + Bajpuiuj — u2f2($7uz)) ||~
B

s

. N -2\° N -2

(3.5) o )=\ ) tt-—5—
r? Jos. Vour|* + Barpuud — uy f1(z, ur)

o Ay(r):= f )

oB, U1
r? Jos. Vouo|? + Barouud — us fo(z, uz)
o Ao(r):= f 2 .

oB, U2

Theorem 3.14. Let u be a solution of (L.8)) and let R > 1, A\, u,e > 0 be such that

(h0) eR? < (M32)%;
(h1) Ji(r),Ai(r) > 0 for every r € (1, R), fori=1,2;

(h2) it holds

faB ui 1 5
< —s < A and T uj > p
faB,,, U3 r 8B,

for everyr € (1,R), i =1,2;
(h3) |fi(z,us)| < euy in Q fori=1,2.

There exists a positive constant C > 0, depending only on A\, i and on the dimension N, such that

Ji(r)J:
T w exp{—C(Br?)" 4 + Cer?} is monotone non-decreasing for r € (1, R).

Remark 3.15. For future convenience, we point out that the constant C' of the thesis is independent by
the ends of the interval (1, R).

The proof rests upon the following lemma, which can be seen as a Poincaré lemma on the sphere SV,
N > 3 for two competing densities. This result is actually a generalization of Lemma 4.2 in [36].
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For any A > 0, let

Hy = {(u,v) S (Hl(SN_l))Q : / u* =1 and / v? = )\}.
SN—l SN—I
Lemma 3.16. Let us fir any X > 1. There exists C = C(N, \) such that if

2
%</\<5\, k>0 and OSES(NQ_Q)

then
Jon—1 [Vov? + kuv? — ev?

3.6 min Voul? + ku?v?® — 5u2> + < >
( ) (u,v)EHA 7 </SN1 | o | 7 fSN—l v?
> 2—C(s+k’1/4).

Proof. Tt is straightforward to check that the estimate of the lemma is equivalent to related one for the
functional

J(u,v) ==~ (/ (IVoul® + kxu*v®) — 6) +7 (/ (IVoul* + kuv?) — 5)
SN-1 SN—1

considered on the H!-weakly closed set H;. First of all, we point out that such a minimization problem
is well posed: indeed the domain of the function t — 7(¢) is given by the half line ¢t > — (%)2, and
the restriction on ¢ is sufficient to ensure the meaningfulness of . Moreover, for k > 0 the functional
J is coercive and lower-semicontinuous in the weak topology of H'(SN¥~1): thus for any triplet ()¢, k)
that satisfies the assumptions, the minimization problem admits a solution. To conclude the lemma we
only need to check the asymptotic expansion of the right hand side of for € small and k large.

Let us a consider a sequence of triplets (A, en, k) satisfying the assumptions and such that &, — 0
and k, — 400, and for any such triplet let us consider a minimizer (u,,v,) of the functional J. As
J(u,v) = J(|ul, [v]), it is not restrictive to assume that u,, v, > 0 in S¥~1. Moreover, thanks to Lemma
4.1 in [36] it is possible to check that the functional J is decreasing with respect to antipodal Steiner
symmetrization rearrangements of the functions (u,, vy,), and thus we can also assume that the minimizer
depends only on the angular coordinate on the sphere « € [0, 7], and that w, is decreasing while v,, is
increasing in a. Let

Ty = /N (|Vgun|2 + k:n/\nu%vi) —¢&, and vy, = / (‘ngn|2 + kznuivi) — &p.
S —1

SN—-1

By the Lagrange multipliers rule, there exist p1 p, 12, € R such that

_Aeun — _kan ()\n + 'yl(yn)) unvi + Hi,n Up,

57 v (@n) v (@n) in SV1!
. _ ¥ (2n) 2 4 2
_AQUTL - _kn (1 ’Y/(yn))\n> Unn + ’Y/(yn)vn

where Ay is the Laplace-Beltrami operator on the sphere S¥~1. Since (u,,v,) depends only on one
angular coordinate, (3.7]) simplifies as
2 /
Gt — (N = 2) cotatier = —kn (b + 2w +

d2v, dv, _ "(zn) 2 K2,n
T da2 (N —2) cot a‘ger = —ky (1 + 1’(1/”))\") Unll ’v’(Zyn)U"

Note that, with respect to Lemma 4.2 in [36], the presence of &, is irrelevant for the characterization of
(un,v,). As a consequence, it is possible to repeat step by step the proof of the quoted result, and to
conclude that:
e the sequence (J,,(un,v,)) is bounded. Thus {(uy,,v,)} is bounded in HY(SN1), and (7/(z,)),
(v'(yn)) are bounded from above and from below by positive constants. Moreover, there exists
C' > 0 independent of n such that

/ koulv? < C.
SN-—-1

in [0, 7.
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e the sequences of the Lagrange multipliers (p1,) and (p2,,) are bounded, and by a Brezis-Kato
argument together with equation and the H'-boundedness, this implies that {(u,,v,)} is
bounded in L>®(SN1).

e There exists a,, € (0,7) such that {u, >v,} = {0 € S¥ 1 a < a,}, {u, =v,} ={0 € SV-1:
a=a,} and {u, <v,} = {0 € S¥"1:a > a,}; up to multiplicative constants (depending on
n) up, — (cosa)t, v, = (cosa)™ in HY(SM=1)NC(SN1), and in particular &, — 7/2.

e There exists a constant C' > 0, independent of €,, and k,,, such that the Lipschitz norm of (u,,v,)
is smaller than C (implied by a small modification of Lemma 2.4 in [2]).

e The following pointwise estimate holds uniformly in n:

(3.8) Upvy, < CkY2 in SNTL

The decay estimate (3.8) implies that for every 8 € SN~ either u, () < Chn* or v (0) < Chn'/*. Let
us introduce the functions f, = (u, —v,)" and g, = (u, —v,)~. As in [36], by (3.8)

/N . |.fn - un|2 < Ckrjl/Zv
SN—

and
/ |Vofnl? < / (IVounl? + Noknu?v?) + Ck;, 1/
SN-1 {’U«n>'Un}
<[ (Tl i) e+ O
{un>vn}
Therefore
fSN—l |v9fn|2 < fSN—l <|V19un|2 + )\nknu%v%) + En + Ck;1/4
Jovr 2T s u2 — Chy ?
T + e + Cliy

T ok <y +en + Chy /A

A similar estimate holds for g,,. By the monotonicity and the concavity of ~, we finally infer

2<w<kmﬂmmﬂ>+7(£“dm%ﬂ>

Jowor f2 Jsv-1 92
<7 (fcn +en+ Ck;1/4> + (yn +en+ Ck;”“) < y(@n) +(yn) + Cen + Chk 14,
where the first inequality is a consequence of the fact that f,, and g, have disjoint support (this is nothing

but the well-known optimal partition problem of the sphere which serves as keystone in the proof of the
original Alt-Caffarelli-Friedman monotonicity formula, see for instance [11, [9]).

Remark 3.17. In the proof of Lemma 4.2 in [36], the author makes use of the exponential decay estimate
for solution of . The reader can easily check that such a decay can be replaced by the polynomial
one proved in Lemma [2.2] This allows to generalize the previous lemma, showing that for any p > 1,
under the same assumptions on A, € and k, there exists C' > 0 such that

2 1, p+l 2
min v / |V9’LL|2 + kuP TPt — o2 + fSN—l |V0'U| + kuPTioP Ev
(u,v)EH SN—1 fSN*1 v2

>2_(C (5 + k—1/<2p+2>) .

Now a technical result.

Lemma 3.18. Leti=1,2, and let r > 0 be such that J;(r) > 0 and A;(r) > 0. Then

Ji(r) < m /63,, (|Vui\2 + Bajpuiul — ulfl(x,ul)) |2V,
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Proof. We consider i = 1. By testing the equation for u; against u1|z|>~" in B,, we obtain

1
:—7/ V(u?) - V(|z|>~N) + N72/ w10, u1
r oB

T

1 N —2
_ 2 2—N 2
_5/3 2A(] )+er2/33 u18u1+rN1/aBru1

T

< 1 / P n N — 2/ 9
> N5 U110, uq uy,
N2 Jop N1 Jop,

r

where the last inequality follows from the fact that A(Jz[2~") = —(C§ for some dimensional constant
C > 0, where ¢ is the Dirac delta centred in 0. Now, by Cauchy-Schwarz and Young inequalities, we have

1/2 1/2
/ w10, uq (/ u%) (/ (&,ul)Q)
9B, OB, 9B,

VM) [ . )
ar /aBT U ) /aBT (Ouua)”,

where we used the fact that A;(r) > 0. Plugging this estimate in the previous chain of inequalities and
using the definition of 7, we deduce that

IN

IN

1 2 _ - w2+ 2 up)?
) < sy | O+ =2nae) [ it [ ]

r

2
< m |:/(9B (|V9u1|2 + ﬁalgu%ug — ulfl(x,ul)) + /83 (ayul)ﬂ :

T

which is the desired result.

Proof of Theorem[3.1] Since for r € (1, R) both J;(r) and A;(r) are strictly positive, we can compute
the logarithmic derivative of J;(r)J2(r)/r* and apply Lemma deducing that

d ) (Jl(r)Jg(r)) 4 faB <|Vu1\2+5a1zufu§—u1f1 337”1)) x>~V
Log (2T

dr 4 T (
o,

fBT (|VU2| + Barzuiui — uz f2(x, up ) ||~
)

r [Vur|? 4 Barou2ud — uy f1(x,up) ) ]2~V

)
)2~

|VU2| + Bajguiud — us fo(z, us)

2
= - (Y(A1(r)) +v(A2(r)) — 2)
> —é + g faBT |v9ul|2 + Bauu%u% — EU%
7 TW faBr uj
+ g,y f@BT |Vousa|? + Baiouiud — cu3
" f@BT uj ’

where we used assumption (h3) and the monotonicity of 7. The idea is now to apply Lemma on the
right hand side, and in order to do this we introduce

S pe——2 i=12

1 9 1/2
(TN*1 faBT ul)
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we emphasize that both u; and us are normalized with respect to the average of u;. By direct computa-
tions

r? faBT [Vour|? + Barzuiud — euf 2, 2 1 2 2 2 2, 2
= [Vous »|* + 7 N1 uy | Baiauy puy, —ertuy,
4B, r 3B,

faBT ug
r? [op, [Voua|? + Baudul —eud  Jop, [Vouz, * + 12 (T*N%l Jos, “%) Baipui 3, — er?uj,
faBT uj faBl u%,r .

Thanks to assumptions (h0) and (h2)

for every r € (1, R) and ¢ = 1,2. Therefore we are in position to apply Lemma obtaining

d Ji(r)dJ. 4 2
— log (W) > ==+ -7 (/ |Vour . |? + r?uBaoud u3 , —er*ui T)
dr r r 9B, ’ ’ s

,
2 2 2 2 2 92
2 ( Jop, IVouzs|* + r?uparaui juj . — er’uj
+ —
,

f(‘)Bl u%,r

> 70571/47“73/2 — Cer.
By integrating, the thesis follows.
4. INTERIOR LIPSCHITZ BOUND IN THE VARIATIONAL SETTING FOR N > 3

In this section we complete the proof of Theorem [I.3] obtaining a contradiction between the con-
clusions of the blow-up analysis, Proposition [2.12] and the assumption L,, — 4o00. We recall that we
are considering a sequence {ug, } of solutions to ED satisfying the assumptions of Theorem with
Bn — +00 :

—Au; g, = fip, (T uip,) = B D s QUi p,u5 5 in Q
u; 6, >0 in €,
there exist m,d > 0 such that

fi75n (:L'a 8)

S

<d

— )

llug, L) <m and max sup
t 0<s<m

and there exist functions f; € C1(2 x [0,m]) such that

fign = fi I Cioe(€2 x [0,m]) as n — oco.
Moreover, we are assuming that

L, := sup sup |V(qu;g, ) — +oo.
i=1,...,k zEB>

By (1.5) the quantities 7 and C in Proposition can be chosen independently of n, and the following
holds.

Proposition 4.1. There exists 7,C' > 0, depending only on m and on d, such that for every n the
functions

~ 1
r— (N(ug,,zn, )+ 1)ecr and T+ <7"N—1 / ufﬁﬂ) eCr
OBy (zn)

are non-negative and monotone non-decreasing for r € (0,7].
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We introduce the quantity
(4.1) Rg, =sup {7’ € (0,7) : (N(ug,,xn, ) + 1)667” <2- r} .

The role of Rg, will be clarified in the following. Before we establish some properties of the sequence
(Rg, ). Firstly, since for any fixed n all the components u; g, are positive, N(ug, ,z,,0") = 0 for every
n, and hence Rg, > 0.

Lemma 4.2. Rg, — 0 asn — oo.
In order to prove the previous lemma, we need a result about uniform convergence.

Lemma 4.3. Let g, € C([0,1]) be a sequence of monotone non-decreasing functions and let us assume
that there exists g € C([0,1]) such that g, — g pointwise in [0,1]. Then g, — g uniformly in [0,1].

Proof. We shall introduce two functions based on the partition of the set [0,1] in k equal sub-intervals
For k € N fixed, we let

M (z) = sup;>,(g;(1/k),g(1/k)) ifz =0
' sup;s,, (g;(1/k), g(l/k)) if (1—=1)/k <z <[k,

and

m

gy o {050 = D/8), 0= 1)/R) I (= 1)/k < < Uk
" inf>,(g9;(1—1/k),g9(1 — 1/k)) ifz=1
From the monotonicity of the functions involved, we immediately obtain that

mk(z) < gj(x) < MF(x) and mF(z) < g(z) < ME(x) for every z € [0,1],k € N,j > n
and

g () — g(z)| < ME(z) — mk (x) for every z € [0,1],k € N, j > n.

n

On the other hand, by pointwise convergence for each k € N there exists N = N(k) such that
sup |g; () — g(=)] < sup (M (z) —miy(2)) < 20scg  for j > N(k),

where oscg ¢ is the maximal oscillation of g in each sub-interval of the considered k-partition. Since g is
uniformly continuous in [0, 1], the thesis follows by taking the limit in k.

We are now in a position to prove Lemma,

Proof of Lemma[.3. We have already observed in Remark [2.4] that up to a subsequence {ug, } converges
in C(Bz)NH(Bs), as n — oo, to a limiting profile u,, € G(Bz), and also that x,, — T € BaN{us = 0}.
By the convergence

r = (N(Uso, Too, ) + 1)667« is monotone non-decreasing;
moreover, by Theorem N(Uso, Too,01) > 1. Let us assume by contradiction that
limsup Rg, = Roo > 0.

n—oo
In light of the pointwise limit
lim (N(ug, , 2n,7) + 1) = (N(Uoo, 200, 7) + 1)eC"

n— oo

valid for any r € (0,7), and of the monotonicity of the involved functions, we can apply Lemma to
obtain that up to a subsequence

2>2- Ry = lim 2— Rg, > lim (N(ug,,zn, Rg,) + 1)eCFon
n—oo

n— oo
= (N(Uso, Too, Boo) + 1)e“F= > (N(tos, 200, 07) +1) > 2

a contradiction. Here we used the fact that zo € {u. = 0}, so that by Theorem we have
N(Uoso, Too, 07) > 1. O
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The previous results can be translated in terms of the elements of the blow-up sequence {v,} (for the
reader’s convenience, we recall that {v,} has been defined in (2.4).

Lemma 4.4. Let 7,C be defined in Proposition . For every n € N, the functions
~ 1 ~
r i (N(vp,0,7) +1)ef™"  and 7+ <N1 / vfn) eCrar
r B,
are non-negative and monotone non-decreasing for r € (0,7 /ry].

For the proof it is sufficient to check that

WQ(xn)
L?r

222
n'n

e E(vp,0,r)=

E(ug, ,xy, )

(4.2)

2
o H(vp,0,r)= nLg::ig) H(uﬂna Tp, TnT)

b N(Vn,O,T) = N(Hgn,xn,rnr)

for every 0 < r < 7/rp,.

In the following lemma we enforce the conclusion of Proposition[2.12] showing that not only the limiting
profile v of the blow-up sequence has at least one and at most two non-trivial components v; and vs, but
that both v; and vy are non-trivial and non-constant in the ball Bs.

Lemma 4.5. There exists C' > 0 independent of n such that

1 2
P / Vin 2 C
r 8B,

for every r € [2,7/r,] and i = 1,2. In particular, both v1 , and vy, are non-trivial and non-constant in
B, for every r € [2,7/ry].

Proof. By Lemma we infer that for r € [2,7/r,] it holds

1 2 1 2 c 7
02 > . e ' (2—7/T0)
N1 /83 i Z <2N1 /832 i )

T

so that it is sufficient to show that there exists C' > 0 independent of n such that

1
(4.3) ﬁ/ v, >C  fori=1,2
2 0By

We separate the prove according to whether (M,,) is bounded or not.

Case i) (M,,) is bounded.

Assume by contradiction that the is not true. By Proposition v, — v and (v1,vg) solves .
Moreover, v1(0) > 0 and, by subharmonicity, this implies that there exists C' > 0 such that

1 / 9 1 / 9
— vy > 20 — —— vy, > C
9N-1 28, 1 oN—1 9B, 1,n

for n sufficiently large. As a consequence, using the subharmonicity of vy
/ vg’n—>0 = w3 =0 in Bs.
8B2

By the strong maximum principle, this means that v, = 0 in R, and thus v; is an entire, harmonic,
non-constant and positive function, a contradiction.

Case i) M, — +oo.

Arguing as in the first step, we deduce that vo = 0 in Bs, and by Proposition we know that
v € Gioe(RY). By the unique continuation property given by the Almgren monotonicity formula (see
Remark this implies that v; > 0 in By, and as a consequence vy is harmonic therein. To sum up,
vy is a positive harmonic function in By such that v1(0) = 1 and |Vv1(0)] = 1. Let § € S¥~! be such
that Jgpv; = —1. Since Jgv; is in turn harmonic in Bs, by the minimum principle infp_ gpv; < —1 for
any r € (0,2), and this immediately implies that v; changes sign in Bs, a contradiction. O
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We introduce the counterpart of the radius Rg, in the blow-up setting, as

R r ~ -
(44) P = 2% = sup {T € (07 r) (N (v, 0,7) + 1) 9" < 2 — rnr} .

Tn Tn

By Lemma we deduce that r,7, — 0 as n — oo.

The value 7, will play a crucial role in the forthcoming argument. The idea is the following: for
r < 7y it results N(v,,0,7) < 1, and we shall show that consequently v,, exhibits a linear behaviour;
on the contrary if r > 7,, then N(v,,0,7) £ 1, so that v, is morally superlinear. We will prove,
in the superlinear range (7,,7/r,) the function (E(v,,0,7r) + H(v,,0,7))/r? is almost non-decreasing,
uniformly in n. If the sequence (7,) is bounded from above, this easily leads to a contradiction with
Proposition A more delicate situation takes place when 7,, — +oo, that is, 7,, is an intermediate
scale between the microscopic setting < R < +oo and the macroscopic scale 7#/r,, — +o0o. In such
a situation the function v,, transits from the linear behaviour to the superlinear one at the threshold
Tr — +00, with 7,7, — 0. In the linear range [2, 7,], we shall derive a uniform-in-n perturbed version of
the Alt-Caffarelli-Friedman monotonicity formula. In the superlinear range, the almost monotonicity of
the function (E(v,,0,7) + H(v,,0,7))/r? holds. A delicate part of the proof consist in showing that a
suitable combination of these results, which considered separately do not lead to any conclusive argument,
permits to reach a contradiction also in this case.

In the next lemma we prove that the function (E(vy,,0,7)+ H(v,,0,7))/r? is almost monotone beyond
the threshold 7,,. Note that by the definition of # the numerator is positive in the whole interval [0, 7/r,].

Let us introduce )
r 67Crnt -1 1 ~
on(r) = 2/ 0l T E e Ot .
I t t

n

Remark 4.6. Not ounly ¢, is well defined for r € [F,,7/r,], but it is bounded independently of n in such
interval:
/T 1— e—érnt 7/rn e—érnt

|¢n(r)\§4[ fdt—i—%nm[ . dt

n n

(4.5) N y
F/rn F/rn ¢ 5
< 4/ Cr, dt + QFnrn/ " <ACT + 27,1, (| log 7| + |log(Trrn)|) < C,

n

n

with C' independent of n.

Lemma 4.7. For every n, the function

E(vy,0,r)+ H(v,,0,7) & . ) P
r— (v, 0,7) 5 (Vn, 0, )ecr”’"_“’"(’“) is monotone non-decreasing for r € |7, —| .
r T

Proof. If v € [y, T /7], then by the Almgren monotonicity formula
N(vp,0,r) —1>2 (e‘ér"r — 1) — rnfne_ér"r.

As a consequence, recalling the expression (3.2)) of the derivative of H, we have

d H 0 2 4 ~ 2 5

ar log (W) = ;(N(Vmoﬂ“) -1)> - (e_cr” - 1) - ;rnfne‘c“”".
By integrating, we deduce that the function
H(vn,0,7)

2

To conclude, it is sufficient to observe that by Lemma [4.4]

ilog E(v,,0,7) +H(vn,,0,r)eérnr7¢n(r)
dr r2

(4.6)

e~#(" " is monotone non-decreasing for r € [Fp, 7/ry] .

d Cr.r d H(Vn, 0, T) —p (T‘)
= — n B B ——— n >
e log ((N(vn, 0,7)+1)e ) + T log ( 2 e >0,
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for 7, <r <7/ry.
As a first consequence we can show that (7,,) cannot be bounded.
Lemma 4.8. It holds 7,, — +00 as n — 0o.
Proof. Suppose, by contradiction, that up to a subsequence 7, < 7 for some 7 > 0. By the convergence
of v, = v in Cioo(RY) and in HL_(RY), and by Lemma [4.7 for any r € [F + 1,7/r,,)
E(v,0,r)+ H(v,0,r) ~ lim E(vy,0,7) + H(v,,0,7)

r2 n— o0 r2
2 E(Vn7 0, 7:/7"71,) + H(Vna Oa f/Tn) eé(

n =2
rE[Tn,7/Tr) r

< lim CT’?LE(VH)(L’F/TTL)+H(VTL7077:/T") = lim CUQ(QZ")E(uﬁn”In’rF)+H(uﬂn’xn7f)

T n—oo 72 n— o0 L%fz ’

0<

FernT)+on (r)—@n(7/rn)

< lim sup 1
n—oo

where we used the identities and the uniform boundedness of {¢,}, see Remark Since both
E(ug,,xn,7) and H(ug,,zy,T) are also uniformly bounded (for the boundedness of E(ug, ,zy,7), it is
possible to proceed as in points (5) and (6) of Lemma 7 while L,, — 400, the last limit tends to 0.
As a consequence v = 0 in B,., in contradiction with Lemma O

Summing up, we have shown that if L,, — 400 then necessarily
7p, — 00  while r,7, =0 as n — oo.

It remains to prove that also in this case we reach a contradiction with Lemma To this end, let us
introduce J,,(r) := r=*J; ,,(r) - Jo,n(r), where

Jl,n(r) = / (|vv1,n|2 + Mnal?v%,nvg,n - vl’nfl,n(%vl,n)) |$|2_N
B

s

Jan(r) = / <|Vv27n|2 + Mnauvinv%m — va pn fan(z, vg’n)) |2,
A crucial step in the proof of Theorem is the validity of the Alt-Caffarelli-Friedman monotonicity
formula of Subsection [3.2] for J,,, uniformly in n.

Lemma 4.9. There exists C > 0 independent of n such that Ji,(r) > C and Jo,(r) > C for every
r € [2,7,/3], and

(T)efCM;1/4r_l/2+Crir2

r—Jy is monotone non-decreasing for r € [2,7,/3].

The proof consists in verifying that the assumptions (h0)-(h3) of Theorem are satisfied in the
range [2, 7, /3], with constants uniform in n. In doing this, we shall strongly use the fact that r € (0, 7],
the range where the function v,, has linear behaviour. Since the proof is quite long and a little bit
technical, we postpone it in Subsection and now we proceed with the conclusion of the proof of

Theorem [L.3]

Conclusion of the proof of Theorem[I.3 We aim at proving the validity of the following chain of inequal-
ities, connecting the Alt-Caffarelli-Friedman monotonicity formula of Lemma to the Almgren-type
monotonicity formula of Lemma [I.7}

2

03 0.70) + H(v,, 0,7, ’
Vv T )f (V T )+On(1)>

Tn BE(
cC<J,(2)<CJ,|=) <C
. < 7.(2) < (3)<(

7712

. - 2
<C (riE(vn,O,r/rn) + H(vp,0,7/ry) +0n(1>> 7

where 0,(1) — 0 as n — oo. Once that this is proved, the conclusion easily follows: indeed, as in Lemma
the last quantity tends to 0 as n — 400, in contradiction with the fact that J,(2) > C. Hence we
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have to verify the validity of (4.7)). The first two inequalities follow by Lemma the last one can be
proved as in Lemma [4.8] and therefore we have only to check that

(4.8) 7, (%) <C (E(vn,O,Fn);%H(vn,O,fn) +0n(1))2.

We emphasize that, recalling the definition of J,,(r) and E(v,,0,r), this can be considered an inequality
relating the geometric mean with the arithmetic mean of suitable energy functionals of v,, in B,. By
definition

(|vv17"|2 + Mnal?vinvg,n - Ul,nfl,n(xv Ulﬂl)) |x|2N>

9 _
: ( / (|V1}2,n|2 + Mpasvi 03, — Uz,nfz,n(xvvz,n)) |z|? N) :
Brn/s

72
rn

We control both terms in the product on the right hand side in the same way, so here we consider only
the first term. It holds

1 —
=3 <|vvl,n‘2 —+ Mna12vinvg7n — v17nf17n(x, ULTL)) |I|2 N
™ By, /3
1 _ 1 Vi f1,0 (2,01,
Sz (|VU1,n|2 + Mya12037 03, — Ul,nflm(ac,vl)n)) 22N + 3/ W
Tn JB;, "o J By, \Br,, /3 |:L’|
First, we claim that
1
(4.9) lim 3/ %}W o
n— o0 ’rn B'Fn\Bfn/3 ‘l‘|

Indeed by definition of v; ,, and f; ,, and by the assumption (1.5)), it results

i/ Ul,nfl,n($7vl,n) < ﬁ U%,n
o, BNE | ]2

n J Bz, \Br, /3

di? () / uf s,

25722 N-—-2
LaTarss JBrr @u\Bry s () 12— @n
Cm? / C
i 1< -2 50
— J2#=N,.N — 72
Lnrn v J By, (T0) Ln

as n — oo, where we used the uniform boundedness of {u,} and the fact that L,, — +oc.
Secondly, we claim that

1 _ E(v,,0,7,) + H(vy,0,7
(4.10) F—Q/B (\Vvl,,f—&—Mnauvinvgm—U1,nf1,n(33,111,n)) |22 N < C (Vn n)f2 (Vn n)

To prove it, let us test the equation for v; ,, against v; ,|x|>~": integrating by parts as in the proof of
Lemma we deduce that

[ (1901l Muarad i = vnnfin(e,o00)) o
B

T

1 N —2
(4.11) < ﬂ/ 'Ul,nauvl,n + “N_1 / Uin
Tn 0B, 2rp OBy,
1 ) N -2
=~ / <|Vv17n| + Myai20i 03, — vl,nfl,n(x,vl,n)) +—~= / v -
Tn B 27y 8Br,

n
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For every i = 1,...,k and for every n
1 N -2
~ 3 / Voial” + Muar207,, D~ 03 = vinfin (@, 0i0) | + =51 / Vin
Tn B — 27n 0B
n J#i n
2 = 2
T 1 d(Tpr
S (e
L"LTTL (Tn'rn) FnTn (xn) (ann) B?nrn (771)

2(z, N —2
+ gxz) ~  \N-1 / u?ﬁn
Lnrn Q(TNT’H) oB ’

FnTn

2 = 2

n*(zy) 1 d(Tpry) /
> l— ———— V 1,3,
= L2 (Fnrn)NQ( N -1 . (m' Siabn

2 _ = 2
n n*(xn) (N —2 B d(Trrn) _ 1 Ufﬁ >0,
L%’I‘% 2 N -1 (ann)N_l 9Br, ., (Tn) e
where we used the fact that 7,7, — 0 and the Poincaré inequality (Lemma. Coming back to (4.11]),
we deduce that

/ (lvvl,n|2 + MnG'IQ'U%,nU%,n - U17Wf17n(x7 Ulan)) "TlQ_N

2

k
1 N -2
< Z ﬂ/ [Voinl” + Maa1zv?,, Z"’in = Vi fin (@, 0in) | + ﬁ/ Vin
i—1 T'n By, i 27n 8B,
_ N -2 _ _ _
= E(VTL?O?TTL) + TH(VTHO?TTL) S C (E(Vn, 07 rn) + H(V'ruoarn)) N

Multiplying the first and the last term by 7,2, the claim ([4.10]) follows.
At this point it is sufficient to observe that claims (4.9) and (4.10) imply that (4.8) holds, which

completes the proof.

4.1. Proof of Lemma We will often use the fact that the function N(v,,0,r) can be controlled
from below and from above by positive constants in the range [2, 7,].

Lemma 4.10. There exists o € (0,1) such that 0 < N(v,,,0,7) < 1 for every r € [2,7,], for every n.
As a consequence

H(v,,0,r . . .
T W is monotone non-increasing for r € [2, 7]
r
H(v,,0,r ) .
T % is monotone non-decreasing for r € [2, 7).

Proof. By the Almgren monotonicity formula
(N(Vn,0,7) + 1)eCm" < (N (v, 0,7,) + 1) =2 — 7,

for every r € [0,7,]. This gives the desired upper bound on N. For the lower bound, using again the
Almgren monotonicity formula we have

(N (v, 0,7) +1) €577 > (N (v, 0,2) + 1) €72
for every r € [0,7,], which readily implies
(412) N(Vn,o,’l") Z (N(Vn7072)—|—1)€_é7"n7’ 1.

Now, as by Proposition and Lemma both vy, and vs , are non-trivial and non-constant in By,
we have

/ Z IVvin|® + 2M, Zaijvinvin >C>0
Bs .

i 1<j
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Since f;  — 0 uniformly in €, (see point (1) of Lemma, we deduce that E(v,,0,2) > C > 0, and by
uniform convergence v, — v we infer that N(v,,0,2) > C > 0 independently of n. Since r,,r < r,7, — 0
as n — oo for every r < 7, coming back to the estimate (4.12)) we conclude that there exists C' > 0 such
that

N(v,,0,r) > (1+ C)eiér"r —1>0>0 for every r € [2,7,],
for every n sufficiently large. The second part of the thesis is now a direct consequence of Lemma (3.6 [
In the next lemma we make rigorous the concept that v, behaves in a linear way up to the threshold

Tn-

Lemma 4.11. Let (p,) be any sequence such that p, — oo and p, < 7,/3. Then there exist v > 0 and
1 < h <1<k such that, up to a subsequence, the blow-down sequence
Ui,n(pnx)

Vip(x) = ———r=r—
, (@) H(vp,0,p,)

converges in H'(By) NC(By), up to a rotation, to the function v defined by
on(z) = yay O(x) = yay vj(x) =0 for every j # h,l.
Proof. We start with the observation that each v,, solves the system

2
_ p2 _ i
ATy =~ fi 0 (s Vi (@) — P H (Y, 0, pn) My B Y i3,
H(vy,0,pn) i

in a set Q, D Bs (this follows directly by the fact that Q, D By, ). Since p,, = 400, H(v,0,pn) > C

(by Lemma [4.5) and M, > C > 0, we infer that the new competition parameter p2 H (v, 0, pp,) M, —
+oo. Furthermore, recalling assumption (1.5) and the definition of f; ,,, we have

Ph
H(Vn,0,pn)
in Bs. We wish to deduce that {¥,} is uniformly bounded in Bs. If {v,} is uniformly bounded in H'(B3)
and the coefficients on the right hand side are uniformly bounded, this follows by a classical Brezis-Kato

argument. The boundedness of the coefficients is given by p,r, < 7,7, — 0 as n — oo, as shown in
Lemma Thus it remains to show that {v,,} is uniformly bounded in H'(B3). By Lemma m

N({M“O,p) S N(Vmoappn) S 1

(413) - Af}z,n < fi,n (pru Uz’,n(pnx)) <d (pnrn)Q @i,n

for every 0 < p < 3, so that by Lemma [3.6

H(Vna Oa pnp) < 2

for every 1 < p < 3. Therefore
E(¥,,0,3) = N(¥,,0,3)H(v,,0,3) <09.

It is easy to check that this gives the desired upper bound: indeed thanks to the Poincare inequality in

Lemma [3.2] we have
S 1 § : ~ (pnrn)Q/ 2 :~2
E 7“073 V .n 2 - N
(V )— 3N72 /833 - | Ui, 3N B, - Uz,n
gz (1= (Pnrn)?) /B > Vtinl = (pura)*H (0, 0,3)
3

1
> c/ > [ Viinl? = on(1),
B3

i

\%

Y
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with 0,(1) — 0 as n — co. Coming back to (4.13]), we deduce that the sequence {V,} is bounded in
L*>°(By), and in light of the local version of the main results in [21], see [28], we conclude that up to a
subsequence v, — v in C(Bj3/2) and in H'(Bg/3) as n — oc. Since
P

H(v3,0,pn)
as n — 0o, by Proposition the limiting profile v belongs to the class G(Bs/2), with
Moreover, 0 € {v = 0}, the free-boundary of v, since the sequence (v, (0)) is bounded in 0 while by
Lemma [4.10)

fin (pnvvi,n(pnx)) < (pnrn)2||7~}i,n”L°°(Bz) —0

> H(Vm 07 2) ,r,20'

H(v,,0,p,) > Ve — +00 as n — 00.

By Proposition [3.11f we conclude that
1< N(v,0,07) < N(v,0,7) <1,
that is N(v,0,7) = 1, for every r € (0,3/2], and hence v is homogeneous of degree 1. Moreover, thanks
to Theorem the occurrence of self-segregation phenomena is not allowed, so that up to a rotation
there exists h,j € {1,...,k} such that
on(z) = yaf U(x) = yry 0i(z) =0 for every j # h,1,

where v > 0 is uniquely determined by the normalization condition H(v,0,1) = 1.

Remark 4.12. The fact that N(v,,0,7) < 1 below the threshold 7, implies that suitable scaled sequences
{V,} are converging to explicit segregated profile of linear type, as in the thesis of Lemma If we
exceed the threshold 7,, in general N(v,,,0,7) > 1, and the characterization of the possible blow-up limits
becomes more involved and remains still an open problem.

The next step consists in showing that, up to the scale 7,,, there is a balance between vy, and vg y,
while the other components are of smaller order. Before, we need a technical result.

Definition 4.13. We denote as X5 j the subset of R* of points with at most two non-trivial components,
that is

Yor:={x€R": Ji,jc{l,...,k} such that 2, = 0 Vh # i, j}.
For every x € R* and g € C([0, 1]; R¥), we let

diSt(Xa EQ,k) = yEHXIIE N ”X - YHa diSt(g([Oa 1])v EQ,k) = Sl[t)pl] diSt(f([L’), EQ,k)'
, z€|0,

Lemma 4.14. Let ¢ € (0,1) be a fived number and let g, € C([0,1],R¥) be a sequence of continuous
functions such that

k
9([0,1]) C E, := {X:($1,-~.,xk)€Rk:xi>0, z; <1—¢g, Z$i:1}.
i=1

If the limit
li_>m dist(g,,([0,1]),22,%) =0
holds true, then (up to a subsequence) there exist i # j such that for n sufficiently large
€
2
Proof. The set E. N Xgy, is made of k(k — 1)/2 connected components, given by the reflections of the set

A={z1+a2=1,e<z1<1l-¢,e<z<1—¢, x;=0Vi>3}.

< Gin (), gjm(z) <1— % and  gnn, — 0 uniformly in [0,1] for h # 1, j.

For the assumptions we evince that for any § > 0, there exists nn sufficiently large such that

9n([0,1]) C (E- N X2 k) + Bs for all n > n.
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Evidently, for ¢ small enough, the set (E. N X3 )+ Bs is again made of k(k — 1)/2 disjoint components.
It follows then that for a suitable subsequence there exists a connected component of E, N X, say the
set A, such that

lim dist(g,([0,1]), 4) = 0.

n— 00

The thesis is then an immediate consequence.
Lemma 4.15. There exists A > 0 independent of n such that

faBT U%n
fBBT U%,TL

for every 2 < r < 7,/3, while on the contrary for j =3,...,k we have

< <A

1
X

2
faBT Yjn
sup

5 — 0 as n — oo.
re2,ra/3) Jom, Vin

Proof. The proof is based on an application of Lemma more precisely, given the sequence {v,}, let
us introduce the family of auxiliary functions

1 1 / 2 g b <<
— — — Vin or — s p=
H(Vn7 0) Prn/?’) (prn/3>N ! 8Bp7’~n/3 7 "

gin(p) ==

1 1 9
_ for0<p< S5,
H(Vn7 0) 2) 2N_1 /<3B2 UZ?” o B p -

the thesis follows once we have shown that {g,, } satisfies the assumptions of Lemma By construction,
we have that each g; ,, is continuous, g;, > 0, and Zle gin(x) =1 for all z € [0, 1].

Step 1) There exists € € (0,1) such that g; n(x) < 1 —¢€ for all z € [0,1], independently of n. By
contradiction, let us assume that is there exist an index i and a sequence s,, € [0, 1] such that

(4.14) Gin(sn) =1 and gjn(sn) =0 Vj # i.

The local uniform convergence v,, — v and Lemma imply that necessarily s,7, — 4+00 as n — oc.
Let us introduce a new sequence

Vi (SnTna/3)
VHVn,0,8,7,,/3)
We are in a position to apply Lemma (with pp, := s,7,/3) and to conclude that the uniform limit
of {V,} contains at least two non trivial components, in contradiction with (4.14)).

Step 2) lim, o dist(g,([0,1]),X2%) = 0. As before, let us assume by contradiction, that there exist
e > 0, three distinct indices 14, j, k, and a sequence s,, € (0,1) such that up to a subsequence

ﬁl,n(x) =

gi,n(3n> > g, gj)n(sn) > €, gk,n(sn) >e
for any n sufficiently large, and let us introduce again the sequence
; /3
i) = — a2
\/H(Vn, 0, $p7n/3)

As a result of Lemma the uniform limit of {¥,,} contains at most two non trivial components, a
contradiction.

Remark 4.16. We point out that such proof rests upon Lemma[£.11] which reflects the linear behaviour
of v, in B, for r € (0,7,]. We do not expect that in a superlinear range the same result holds.

Lemmas [4.5( and imply that assumption (h2) in Theorem is satisfied with constants p, A > 0
independent of n in the interval r € (2,7,/3). We now consider assumptions (h0) and (h3).
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Lemma 4.17. Provided n is sufficiently large, there holds

2
9 2
fori1=1,2. We recall that Q,, is the domain of definition of v,,.

dr2 72 N —2\?
| fin(x,vin)| < dr%vim mn Q, with "n'n < ( )

Proof. Tt is an easy consequence of the definition of f; ,,, and of the fact that r272 — 0 as n — oo, see
Lemma

At this point we can show that the quantities Ay ,,(r) and As ,(r) are uniformly bounded from below
by a positive constant up to the scale 7.

Lemma 4.18. There exists C > 0 independent of n such that

A (1), Ao pn(r) > C forre [2, %l] .
Proof. By contradiction, we assume that there exists p,, € [2,7,/3] such that (without loss of generality)
lim,, A1 (pn) <0, that is

) P2 faB \Vevl,n\Q + Mnalzvinvg,n — v pfin (T, v10)
lim o 5
neo faBpn Yin

Either p,, — 400 or (p,) is bounded. In the former case, we consider the scaled sequence

'Dz,n(z) = vi,n(ﬂnx) s
VH(V, 0, pn)
which is well defined in Bj since p, < 7,/3. The asymptotic behaviour of this blow-down sequence is
again contained in Lemma [4.11] from which we know that v,, — ¥ such that (up to a rotation)

O =xf, U =72y, U =0 forevery k#1,j,

for a suitable v > 0. Thanks to Lemma [I.15] it is necessary that i = 1 and j = 2. The knowledge of the
limiting profile of the blow-down sequence {V,,} allows us to pass from the uniform convergence v,, — v
to the C1® convergence ¥, — ¥ far away from the free-boundary, and in particular in a set of type
{yx1 > 26}; here § > 0 is a sufficiently small quantity, such that 9B N {yz1 > 2§} # 0. To prove this,
we observe that by uniform convergence o7, > C > 0 in Ba N {yz1 > §}. Let g € BaN{yz1 > 26}, and
let p > 0 so small that for any such zy the ball B,(z) is contained in {yz; > ¢}. Lemma applies to

—A0j < (phrh — Car H(Vi, 0, pn) pp M) 05 < —Car i H(vi, 0, pn) o M0
’Djﬂl 2 0 n Bp(l'o)
’Dj,n S C7
for every j # 1, implying that
H(v,, O,pn)piMnﬁj,n(xo) <C for every xg € Ba—, N {yx1 > 20}.

As a consequence, {Avq ,,} is uniformly bounded in By_, N {yz1 > 26}, which together with the uniform
bound of {v1,} in the same set provides uniform boundedness in any space C1*(Ba_, N {yz1 > 26}).
Therefore the convergence v; , — 77 takes place in Clva(Bg,p N{yzy > 24}) for any 0 < o < 1.

This finally permits to reach a contradiction: indeed we have

oy faBM [Vov1nl? + Myaiavi 03, — 01,0 f1n(2, 01,0)

0> lim
n—o0 fBB,,n vy,
Voo, |? Jon, vinfin(,vim)
ot Jom VOOl Jom,, Vin e )

= ~2
n—o00 faBl U1 n—o00 faBM Vi
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where the last inequalities follow from the fact that by C1'* convergence
- ~ 12 2
lim f331 Vo1, [° > lim faBlﬂ{'ym1>26} [VoU1n _ faBlﬂ{'ym1>26} Vo (va1)|
=00 faBl ’Din - oo faB1 ’D%,n faBl (7‘%?)2
while on the contrary in light of the definition of f;,, and on assumption (L.5)

QJéBpn1“wnan($701JJ < dpiri _o

=C >0,

lim

n=oo | ™ faBM ”%,n
At this point it remains to prove the result when p,, < 7. In such a situation the proof is much easier, as it
is not necessary to introduce the scaling {v,,}, but it is sufficient to argue on the original sequence {v,,}.
If M,, — 400, then since N(v,,0,r) <1 for every r < 7,, we have that up to a rotation vy ,, = v1 = 'yxf',
and the convergence takes place in C1** in any compact subset of {yz1 > 0}. Then the conclusion follows
exactly as before. If (M,,) is bounded, then as observed in Proposition @vn — vin Co%(RY), and since
both v; and vy are non-trivial (this follows from Lemma , by the strong maximum principle vy, vy > 0
in RY. Since (p,) is also bounded, up to a subsequence p, — p > 2. Recalling that M, > C > 0, we

deduce that

=2 2 2
P ‘/‘B5 Mnal?vl,nUQ,n

‘/‘B;j U%,n

>C >0,

which allows to obtain a contradiction.
It remains to show that also Jq,(r) and J2 ,(r) are positive in the whole range [2,7,/3].

Lemma 4.19. There exists C > 0 independent of n such that
Jin(r)>C for every r € [2, %L} )
fori=1,2.

Proof. First of all, there exists C' > 0 such that J; ,(r) > C for every r € [2,10] and i = 1,2. This is a
simple consequence of the C(Byo) and H'(Bjg) convergence v; ,, — v;, with v; # 0 and not constant in
By for i = 1,2, and of the fact that f; ,(z,v; n(z)) = 0 uniformly in By, see Lemma Let now

Sni=sup{s € (2,7,/3) : J;n(r) > C/10 for every r € (2,s)}.

Note that s, > 10 is well defined. In light of Lemmas [£.5] and [L.I5{4.18] the assumptions of Theorem
3.14) are satisfied in the interval (2, s, ), uniformly in n. As a consequence there exists C' > 0 such that

r iy P02 (r)

. exp{—C’Mnfl/‘Lr*l/2 + O’/‘?L’I”Q}

is monotone non-decreasing for r € (2,s,). We claim that s, = 7,,/3: indeed for every r € (2,s,) it
results o
—Cr?s?
nn > — > ()
— 10

In(r) > Jn(2)€_CM51/4+CT‘ieCMgl/‘ls;l/Z

at least for n sufficiently large, which proves the claim.

Conclusion of the proof of Lemmal[{.9 By Lemmas the assumptions of Theorem [3.14] are satis-
fied by (v1,n,v2,) for r € [2,7,/3], with constants u, A and ¢ independent of n.

5. THE COMPLETELY SYMMETRIC INTERACTION
This section is devoted to the study of the Lipschitz uniform continuity of the system ((1.9):
—Au;p = fig(x,uip) — Buip 3 ;4 u)s
Ui,B > 0.

In Section [2] under rather general assumptions on the competition term, we established the asymptotic
properties of two blow-up sequences {v,} and {v,}, which have been introduced starting from the
assumption that a uniform bound on the Lipschitz norm of {ug,} does not exist. In what follows,
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we will show the such asymptotic properties bring us to a contradiction. We shall make use of the
celebrated almost monotonicity formula of Caffarelli-Jerison-Kenig [5], which we recall here in its original
formulation. For any given u,v € H' functions, we let

1 |Vul? 1 |Vo|?
M”:<WLJW“»(ﬂLJW“2'

Theorem 5.1 (Caffarelli-Jerison-Kenig almost monotonicity). Suppose u, v are non-negative, continuous
functions on the unit ball By. Suppose that —Au < 1 and —Av < 1 in the sense of distributions and that
u(z)v(x) =0 for all x € By. Then there exists a constant C' depending only on the dimension such that

2 2\ 2
d(r)<C (1 +/ LT;;'_Q —|—/ ||$TJ\1;|_2) , for every 0 < r < 1.

r

r

Moreover, if u and v satisfy the same assumptions also in the ball Bo, then there exists a dimensional

constant C' > 0 such that
2
<I)(T)§C’<1+/ u2+/ v2> , 0<r<l.
Bs Bs

One of the main consequences of the previous theorem is that the function ® is bounded uniformly in
r whenever u and v are bounded in the ball Bs. In particular, in our setting we have the following.

Lemma 5.2. Let ¥ > 0 be fized. There exists a constant C' > 0 independent of 5 such that for any
r <7/2 and xo for which Br(zo) C 2, the estimate
1 1 -
(5.1) w/ IV (i —ujp) " |- W/ IV (uip —ujp)” |2 < C
" JB,.(z0) " JB,.(z0)
holds for any i # j and 8 > 0.

Proof. For any two indices i # j, a straightforward computation shows that
—A(uig—ujp) + B (uip —ujp) > unp = fip(@ tig) — fip(w,u;p)
h#i,j
where the right hand side is, by assumption, uniformly bounded in L°. It follows that the positive and

the negative part of (u; g — uj g) fall under the assumptions of the Caffarelli-Jerison-Kenig monotonicity
formula, and in particular

1/ vz, 1 -2
[ s mwa) P [ V- )|
N ’ ™ I, (o) ’

- i/ IV (uig —ujp) " |2 i/ |V (uip —ujp) " |?
=\ S ) |z — o[V —2 2 5 (w0) |z — 2o N2

2
<Clfis— fipli= |1 +/ u g +/ u g
Ba(zo) Bz (z0)

where the last term is, by assumption, uniformly bounded in 5.

Corollary 5.3. Any blow-up limit v is made of ordered functions, that is, for any pair i # j either
v; <y orv; < v; in the whole RN,
Proof. Indeed, scaling properly the estimate (5.1, we obtain for every r € (0,1/r,) and n large enough
1 1 _i2 @)t
= | V=0 P [ 90— < T 0
n

r

T

1OC(RN ) convergence of the blow-up sequence and by the
continuity of the blow-up limit. O

as n — oo. The conclusion follows by strong H}

We now recall a classical result, for which we refer to Lemma 2 in [4].
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Lemma 5.4. Let 1 < p < oo, and let u € LY (RN) be a solution of
—Au < —|u|Pu in RY,
in the sense of distributions. Then u < 0. In particular, if we assume u to be non-negative, then u = 0.

Proof of Theorem[I.J We divided the proof in two steps.
Step 1) the case (M,,) bounded. In this case by Proposition the limiting function v is a non-negative,
non-trivial, non-constant and sublinear solution of

—Avy = —Myviva —Avg = —Myviv2 v; =0 for every j # 1,2,

for some M., > 0. By Corollary we evince that either v; > vy in RY, or vy > v; in RY. We shall
show that in such situation v; = vo = 0 in RV, a contradiction. Without loss of generality, we suppose
that v; # 0 and v; > vo. Thanks to Lemma [5.4

—Avg = =M v109 < —Moovg — vy =0.

But then v; is a non-constant positive harmonic function, in contradiction with the classical Liouville
theorem.

Step 2) the case M,, — +oc0. In such a situation, the segregation condition (Proposition )
implies that all the component of the vector v are all trivial with the exception of v1, which is then a
subharmonic non-constant function. Letting

f}l,n =UVin — Zvj,n
j#1
we immediately obtain that also 91, — v1 locally uniformly in RY. But at the same time, a direct
computation shows that

*Aﬁl,n Z fl,n(x;vl,n) - ij,n(xyvj,n) in Qn
i1
where the right hand side vanishes uniformly as n — +o0, implying that the function v; is also super-
harmonic. This again forces v; to be a non-constant positive harmonic function, in contradiction with
the classical Liouville theorem.
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