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Abstract

In one complex variable, the existence of a compactly supported solution to the Cauchy-
Riemann equation is related to the vanishing of certain integrals of the data; trying to generalize
this approach, we find an explicit construction, via convolution, for a compactly supported
solution in C™, which allows to estimate the LP norm of the solution. We also investigate the
possible generalizations of this method to domains of the form P\ Z, where P is a polydisc
and Z is the zero locus of some holomorphic function.
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1 Introduction
In this paper, we investigate the inhomogeneous Cauchy-Riemann equation
ou=g

when g has compact support and belongs to some L" space. The question is if it is possible to find
a solution v with the same properties, namely, compactly supported and in L", expressed in terms
of a linear bounded integral operator applied to g.

The L" solvability of the Cauchy-Riemann equation has been discussed by Kerzman for smoothly
bounded strongly pseudoconvex domains (see [9]), by Fornaess and Sibony in C with weights and
in Runge domains in C? (see [6]). Other works on the subject are [11], [8], [5], [10], [4], [1] and [15].
The problem of controlling the support of the solution is also widely discussed. In one complex
variable, the existence of a compactly supported solution in C is related to the vanishing of some
integrals, resemblant of the moment conditions which appear in CR geometry:

/C g(z)2dmy (2)

where dm; is the Lebesgue measure on C. If these integrals vanish for every k£ € N, then there
exists a function u such that du/0z = g and suppu € {|z|] < R} for some R.
It is not hard to generalize this result to domains like punctured discs, as we do in Lemma 3.2.



In higher dimension, it is well known that the existence of a compactly supported solution depends
on the vanishing of the cohomology with compact supports; HP4(2) vanishes, for Q C C™ Stein, if
q < n. For smooth forms, the existence of a solution compactly supported in a sublevel of some
strictly plurisubharmonic exhausting function has also been widely studied, beginning with the
work of Andreotti and Grauert (|3], but see also [12] and [13]).

We recall that, for (0, 1)—forms, we have the following well-known result: let {2 C C" be a bounded
Stein domain, for n > 2 and w a (0,1)—form with coefficients in L{(€2) such that w = 0. Then
there exists a unique f € L7(€2) such that 0f = w, with || f]|, < C||w|,, where C' depends only on
Q.

This result leaves the question open for ¢ > 1.

We tackle the problem for a very special class of domains, which generalize the punctured disc: we
consider the Stein open domain obtained by removing a compex hypersurface from a polydisc D".
Given f € O(D") with Z = {f = 0}, we consider the domain D" \ Z: the particular structure of
these open sets allows us to give a constructive proof of our results. We will state our results in
terms of (0, ¢)—forms, the extension to the (p, ¢)—forms being obvious.

After fixing the notation and choosing suitable coordinates, we analyze the behaviour of the support
of the Cauchy transform with respect to a fixed variable, pointing out the link with the moment
conditions in Lemma 3.2.

In Section 4, the main tool of this note is defined; the coronas construction consists in applying to
a given function a collection of linear convolution operators K& (see Definition 4.1) which produce
a decomposition

p=P1+ ...t Pp_1t Pn
where each ¢;, j < n, satisfies the moment conditions in the variable z; (see Corollary 4.7).

The last function ¢, is obtained as a remainder of the coronas construction, therefore we do not
have a priori any information about the vanishing of the moment integrals for it; this is the goal
of Section 5, where we introduce some quantities Jl(jg(gp) whose vanishing ensures that ¢,, satisfies
the moment conditions with respect to the variable z,, as it is shown in Theorem 5.1.

Sections 6,7 and 8 are devoted to the study of the solutions with compact support in a polydisc;
while the (0,n) case follows quite naturally from the previous construction, we need to apply some
inductive arguments to treat the case of (0, ¢)-forms, so we make some additional assumptions on
the summability of the derivatives of the datum.

We remark that, in the case of the polydisc, the operators constructed in Section 4 are lineare and
continuous, i.e. bounded, from L] to L] and preserve any additional regularity or summability.
Therefore we obtain estimates on the L” norm of the solution for (0,n)-forms; for (0, ¢)-forms we
can estimate the sum of the norm of the solution and the norms of some derivatives, with a partial
gain of regularity.

More precisely, let w be a generic (0, ¢)—form and let us write

W = E (.UJd%J,

|J|=n—q



where dz; = \ kg dzy. Let us denote by 5j the derivative with respect to the variable z;; we denote
by W4(D"™) the space of (0, q)—forms w with L7(D™) coefficients such that

(%) 0j, -+ 0wy € L"(C") k=1,....n—q, VY|J|=n—q.

The space W9(D") can be made into a Banach space with the norm

n—q
lwllw = Mwslls + DD 1185, - Fjwill -
J

J k=1

In Theorems 6.2, 7.4 and 8.1, we show that, given w a (0, ¢)—form compactly supported in C", with
Ow = 0, with L" coefficients and satisfying (%), we can find a (0, ¢ — 1)—form 8 € L’(C") such that
0B = w, with 3 satisfying condition (*). The operator associating 3 to w is linear and bounded
from W(D") to W2 1(D").

This result in C" easily gives the corollary

Corollary 8.4. Let w be a O-closed (0,q)—form with compact support in D™\ Z and satisfying
conditions (x), then, for any k € N, we can find a (0,q—1)—form § € L%(D") such that O(f*3) = w.
Equivalently, we can find a (0,q — 1)—form n = f*3 such that n € L'(D"), n is 0 on Z up to order
k and On = w.

The starting point of this work was an incisive question asked by G. Tomassini and the second
author to the first author.

2 Notations

We denote by D the unit disc in C and by D" its n-fold product, the unit polydisc in C* . The
projection from C" onto the j— th coordinate will be denoted by 7; .

The standard Lebesgue measure on C" will be dm,, and we will denote by g %, h the partial
convolution in the k— th variable:

(g% h)(z1, ..., 2n) ::/g(...,zk1,C,zk+1,...)h(...,zk1,zk—§,zk+1,...)dm1(ﬁ).
C

If T is a distribution in C", we set ng = =1, n

a_fj’
Let J = (j1,---.Jq), Jjx = 1,...,n, then we define 2; € C*¢ with coordinates in J deleted. For
instance 2, = (-, zp_1, 2pp1, - ) € C*7L.

3 On the Cauchy transform

Given ¢ € D(C™) a smooth functions with compact support, the functions

C_> 90( 7Zk—17<72k+17”')7



for k =1,---  n, are still smooth and with compact support, contained in 7 (suppy). The Cauchy
transform of ¢ in the k' variable is

— 1 R 90( Cy Rk—1, <k, Zk+1, )
Cilp)(z) = e — = / R

dmy (Cr)

and we know that [2]
Lemma 3.1. We have, with the above notations,
WGir(p)(2) =p(z) VzeC"

and

x el -
L'(D)

1
< || —
Gl < |

So the Cauchy transform extends as a bounded linear operator on ¢ € LL(ID"™). Moreover G ()
is holomorphic in z; outside of the support of ¢ considered as a function of z;, Z; being fixed.

Throughout this note, f will be a given function holomorphic in a neighbourhood of D" and
Z = Z(f) will denote its zero locus.
The set of directions for which there is a complex lines with that direction contained in Z is an
analytic subset of CP"! of dimension n — 2; therefore we can find n linearly independent complex
directions not lying in it. So, after a linear change of coordinates, for every 1 < k£ < n, we can find
a number N, such that, given n — 1 complex numbers a;, j € {1,--- ,n}\{k}, with | a; |< 1, the
number of solutions of

f(." 7ak—17zk7ak+1"") :O

as an equation in 2z, is less than N + 1.

Because these solutions are those of an analytic function, there is always a parametrization of
them by measurable functions: it is an easy application of [17, Theorem 7.34|; let us denote these
solutions by {c1x(a),..., ey, k(a)} where the functions ¢;; = ¢;x(a) are measurable from C" ! to
C.

Let ¢ € L'(D"\Z) and fix 2, € D" ! ; denote by S,(2) its support as a function of z
which depends on Z;. Then, by compactness, there exists numbers dq,...,6, such that S,(Z)
has distance at least 0 from c¢jx(a), j = 1,..., N, for every a € C"!, so there are numbers
ik = Tjk(Zk) > 0 > 0 such that the disc D(c;, 7;%) In the z; variable is not in S, (Z).

However, these discs could intersect without coinciding; suppose that the discs

D(Cﬁ,kh Tj1,k)a <. 7D(th,k7 Tjh,k)

form a connected component of the union of all the discs for the variable z;, then we can suppose
that r;, , = 0, for e =1,..., h. If the discs

D(thk, (Sk/3Nk), ey D(th,ka 6k/3Nk)



are disjoint, then we are done, otherwise, let us consider a connected component of their union and
let us suppose, without loss of generality, that it coincides with the union. Obviously, the diameter
of such a connected component is less that d;, therefore a disc centered in one of the centers with
radius d; will enclose the whole connected componente and, by the definition of J; will still be in
the complement of S,,.

Therefore, we can set all the centers equals to one of them (it is not relevant which one) and take dy
as a radius. The functions c;, will still be measurable. The discs will be then either disjoint or coin-
ciding and their radii will be bounded from below by dx/3Ny; we set § = min{d;/3Ny,...,0,/3N,}.

As we already said, @ = Gy (¢) is holomorphic for z; ¢ D and for 2z, € D(¢jk, Tjx)-

This will be precised in the next section with the help of the following definitions.
Let ¢ € LI(D"), we define

[pli(l) = —/C@(' w251y Gy 2ty - ) Chdma (Ge)

let ¢ € LL(D™\Z), we define

l/ 90( 7Zk—17Ckazk+1a"'>
C

@ (Ck — cj )t

We have the following lemma linking this with 0 equation.

[, k(1) =

Lemma 3.2. Let ¢ € L7(D"\Z), then the following are equivalent :
(1) [ele(l) = [, jle(l) = 0 for every l € N and 1 < j < N
(it) Gi(p) € Li(DM\Z) (= 0kGrlp) = ¢)-

Proof: Without loss of generality, we can set k = 1; we notice that, by Lemma 3.1, G;(p) is in
L™(C™), so (ii) is equivalent to the compactness of its support. Moreover, we remark that G;(y)
has compact support in D"\ Z if and only if for almost every a = (as, .. .,a,) € C*~! the function
2z Gi(p)(z,aq,...,a,) has compact support in

D"\ Z)N{z=ag,...,zn =a,} =D\ {c11(a),...,c1n(a)}.

On the other hand, [¢];(l) and [p, j]:(]) vanish if and only if the integrals that define them vanish
for almost every z9,..., z,. So, we are reduced to the 1 variable case: let then cq,...,cy be points

inDCCand ¢e LD\ {ci,...,cn}); we set G(2) = G1(p)(2).
If (i7) holds, for any h € O(D \ {c1,...,cn}) we have

/(Cgo(z)h(z)dml(z) = agiz)h(z)dml(z) =— / G(z) ag(;)dml(z) =0

C C

where we have used Stokes’ theorem, as G(z) has compact support. The last integral vanishes
because h is holomorphic.



On the other hand, suppose that (i) holds and let K = suppp. Consider r < 1 such that K € D, =
{|z| < r} and take z with |z| > r; then

1 1

Gz) = —— K@(C)l_—gdml(z)_ Z dml
- _Ezz—l | etccamc >:—;Zz—l-1m (0

So, G(z) = 0 if |z| > r, therefore suppG(z) € D.
Moreover, fix j, 1 < j < N; there exists 7; > 0 such that the closure of D(c;,7;) = {|z — ¢;| <r;}
does not meet suppp(z). So, if |z — ¢;| < r;, we have

Gz) = + /K O )1 dmn(¢) = © /K ¢ ! ! dma(C)

™ —¢) — (2= ¢) ™ —¢l—=(z2—¢)/(¢—¢)

! ! o) 1 I
N ;/K(p(C)C — ¢ Z EC _ Cjildm1<o = ;Z(Z' —¢;) [, jha(l) -

7 1>0 >0

Therefore, by hypothesis, G(z) = 0 if |z — ¢;| < r;, so suppG(z) € D\ {c1,...,en} |
Moreover, we have the following relations between the Cauchy transform and the quantities defined

above.

Lemma 3.3. If g and h are L" functions, compactly supported in D™, and g x; % = h x i for
21 € D, then [g]1(k) = [h|1(k) for every k.

Proof: If z; € D, we have

g*1 Zi = /Dg(Chfl)z dmy(C1) =

1

! Fdmi(G) = i/Dg@bél)l —

1 —C1 21

_Zzl / Cl,Zl)Cldml(Cl> Z[g]l(k)szil '

1 >0 k>0

21

A similar expansion holds for h, so that

By~ = S [ (R)2

Therefore, given that (g — h)*; - = 0 for 21 € D, we have [g];(k) = [h].(k) for every k. |

Lemma 3 4. If g and h are L" functions compactly supported in D", and there exists j > 1 such
that g*) - = h* + - for every z1 € D(cj1(%1),75,1(%1)), then [g, jli(k) = [h, jli(k) for every k.

We omit the proof as it can be easily obtained from the previous one.

Finally, we recall a result about the solution with compact support of the equation 0f = w when w
is a (0,1)—form with compact support.



Proposition 3.5. Let @ C C", n > 2, be a bounded Stein domain and w a (0,1)—f01’m with
coefficients in L7(Q2) such that Ow = 0. Then there exists a unique f € LL(Y) such that Of = w,
with || f||» < C||lwll, where C'" depends only on €.

Proof: We notice that if f; and f; are two compactly supported (distributional) solutions, then the
difference f, — f, is O—closed, that is, a holomorphic function, but then f; = fo. Moreover, by [16],
H%'(Q) = 0, so there exists at least one distributional solution to 97" = w, compactly supported in
Q, on the other hand, we know that there is f € L7(C"), solving df = w, given, as described in [14,
Theorem 4.1, p. 71|, by convolution with the Bochner-Martinelli-Koppelman kernel (the desired
estimate of the L" norm follows by the usual inequalities on convolution).

Therefore we have T'= f and the desired estimate follows. [

4 The coronas construction

Let ¢ be a function in L7(D™\Z) and consider the Cauchy transform G1(¢)(z) ; for a.e. Z1, Gi(2)
is holomorphic in z; in the complement of S(%).

Because 7 (suppy) is compact in D, there exists D(0,r) containing S(2;) ; let 6 = (1 —r)/3 and
define the corona

Co={z1€D :r+d<|z|<r+20} €b

and let Ay = mq(Cy).
In the same way, set §;(21) = r;1(21)/3 and define

Cj(él) = {Zl € D : 6](21) §| Z1 — Cj71 ‘S 2(5](21)} c D

and set Aj(él) = 1/m1(0](21))

Definition 4.1. The outer corona component of  is the function

KV (9)(2) = Agley(21)21Ga () (2)

and the inner coronas components of ¢ are the functions

KP(9)(2) = A;(81)Leye (21) (21 = €30)Ga (@) (2).

Remark 4.2. The outer and inner coronas components of ¢ are well defined for a.e. z; , because
©(+,21) is in L"(C) and has compact support for a.e. Z,. We define exactly the same way the

quantities K](k)(gp)(z) with respect to the variables zy.

Lemma 4.3. The operators Ky(,%), m = 0,---, Ny, are linear and well defined from L.(C™) to
L7 (Cm).



Proof: As noted before, K},})(w) is well defined a.e. and it is obviously linear; moreover, it has
compact support in D by definition. We know that, by Lemma 3.1, [[G1 ()| rcny < M 1@l 1 (cny
hence we have

1
I K@) 1< Ao 11y Ga(9)]l 1 < AoM |9l

1
21

where M = .
LY(D)

For j > 1, Aj(21) = 1/mi(Cj(21)), but mi(Cj(21) > 6 > 0 uniformly in 2, € D" ! hence
Aj(21) <07! < oo, uniformly in 2; € D", So we get

1K () 1< 1A oo o1y X [TeaGr()ll e < 87 M ol -

So for fixed 2, € D™} KT(,})(QO) has compact support in z; and, because it operates only in z;
and ¢ has compact support in C”, then Kq(ﬁ)(go) has compact support in C". [

Remark 4.4. The operator Kél) is also bounded from L7, to L7, therefore continuous. The operators
KW for m > 1 are not.

The following results link the quantities [¢]i(k) and [p, ¢j1]1(k) with the corresponding ones
for Kél)(gp) and K;l)(go).

Lemma 4.5. We have
1 _
E§(0)(2) = Aol (21) Y _[eh (k)2

k>0

KV (0)(2) = Ajlgyzn(21) DL, dh(k) (21 — ¢ja(21))FH

k>0

the convergence of the series being uniform in Cy or Cj.

Proof: If |z1| > r+ 6 and ({3, 21) € suppyp, then

lal o r 4
’21’_T+(5

so, in particular, if z; € Cp, then |z1| > |(1|. Therefore, if z; € Cy, we have

1 1 1 1
Gi(z) = }/690(41751)21 — Cldml(Cl) = W—Zl/(CSO(Cl»él)l_—g_ldml(Cl) =
= o) Y S (@) = £ ek = Sl ()
— (CSD 1521 < z{“ 1(C1 ) Y1 1 s ¥1 1

So Kél)(go) = Aol (1) Zkzo[%](k)sz and the convergence is obviously uniform on Cj.



On the other hand, if z; € C;j(%1) and ({3, 21) € suppy, then

|21 —cja(21)] _ 2
— =< =<1,
|C1 - Cj,l(zl)‘ 3
so we have that, for z; € C;(%),
Gie) =1 [ —Eamc) = | L ——
T Je =G T Jo (21— ¢iu(21)) + (cin(21) — Q)
1 %) 1
_ - - d —
o R e
C1—cj1(21)
1 © (21 = ¢ja(21))" , L Wk
— = —— d = , k —C; )
™ /c G —¢a(z) kzzo (G —¢a(2) i) kzzo[@ e = @)

So K](-l)(gp) Aj(B) Loy (21) D psoleps d1i(k) (21 — cj1(21))*! and the convergence is obviously

uniform on Cj. ]
We set v
KW(p) =Y K (p)
m=0

Proposition 4.6. We have [KM (¢)]; = )1 and [KD (), i1 = [, j]1.

Proof: We divide the proof in several steps.
1. K (@)1 (k) = [¢]1(k) - We calculate

<1 50 <1
1 —k
A 1 —)=A
o et 0 20 = 4Dl [ (@)
If 2y € D, we know that
¢ " R R |
- _Cldml(Cl) Ay 2
SO
H(z) = Ao Y ph(k)(Ag" 2" = el (k)z "
k>0 k>0
Then we have that, if z; € D,
H(z) = Gi(2)



2. [K}l)(ap)]l(k) =0 for j >0 - We calculate

Hy() = KP(g)n — = (Ajwcj@l)(zn > Lo dli(k) (21 — cj,1<21>>k+1) -

45200 Sl a1 0k) (Moo (21— 5 () §1> -
k>0
(3 . (G — Cj,l(él))kJrl m
Ay 1);[%J]1(k) /oj F— dma (1) -

If ’21 — Cj71(21)| > Tj,1<21); then

/ (Cl - Cj71(21))k+1 dml((l) -0
C

; 21— G

for every k > 0. Therefore H;(z) =0, so by Lemma 3.3 0 = [KJQ)(go)]l(k).
3. [K](.l)(go),j]l(k) = [p,j]1(k) for j > 0 - By direct computation, using Lemma 4.5, we have

[Kj(l)%j]l(l) = A;(%1) Z[%ﬂl(k’)/ (¢ = ¢ () (G = ¢y (21) " Hdm (G) =

k>0 Cj(%1)

Z[%ﬂl(k)%z = [¢, 71 (1) -

k>0

4. [K,(,%)gp,j]l(k) =014 m+#j- Bystep 2, Hy,(2) =0if |z1 — ¢pm1(21)] > rma(21), so in particular
if 21 € D(cj1(21),751(21)) with j # m, we have H(z) = 0. By Lemma 3.4, it follows that

if m # j and m # 0.
If m = 0, we notice that, if |z;| <,

and

G _
/Cg 21— Q1 dml(C1> =0

for every k, as |z1] < r < |(1|. So H(z) =0 and by Lemma 3.3 we have that [Kél)(gp),j]l(k) =0 for
every k. [ |

10



Corollary 4.7. Let p € LL(D"\Z), there are @1, ..., on, all in LL(D"\Z) and such that

Proof: We set 1 := ¢ — KMy and we notice that [p1]; = 0, [¢1,7]1 = 0 for every j =1,--- , Ny.
Now, we can repeat this procedure replacing z; by z and ¢ by KM (y) ; we will apply then
the operators qu), defined with respect to the variable z9, with the relative coronas.
We set @, := KMy — KA KWy with the property that [pa]y = 0, [p2, ] = 0 for every j =
1,--, Ny.
Iterating the algorithm we set ¢, := K2 ... KMy — K=Y ... KWy and

Pn = —P1— "= Pp-1-

By an easy l"eCUl”SiOIl we have
(pn = K(n_l) e K(l)gp

with, of course ¢ = 1 + -+ + @y
So finally we find a decomposition ¢ = ¢; + --- + ¢, such that, for i < n, we have [p;]; =
0, [¢i,jli =0forevery j=1,--- N,. [ ]

5 Obstructions to a solution with compact support

Let us define the two quantities which tell us when the last term in the decomposition from
Corollary 4.7 verifies also

VJ = 17 () Nn7 [%pn]n = 07 [80”73}” =0.
We note that

(pn = K(n_l) .. .K(l)gp

and, more precisely, we have

anl N1
bam D0 D KG K

My—1=0 m1=0

We set

Mn,1 = {(ml, vy mn,l) Lmy < Nj} C anl 3
p=(my,....mp_1) € My_1, I(p) :={k<n—1:m=0}, I =(,.., lh_1) € N"?

and

11



JO () (k) = / ¢t TT & TT 1o =) ((zj SICTS) AR

_ -1
ic€l(p)  jEl(w) < Cm]j(z O) ’

VACIOEE T BTG R | W | (S 2o a5 N g

n _ ls—1
: Lo Il tenea ™=, .0)
where
chi(2,¢) = ez, 21, Cotts - - -5 Cn) I<k<n
Ch,1 (27 C) = Ch,l(CQa cee ?Cn)
hn(2,0) = cnn(21,-.y20-1) -

and the same notation is used for ILC(J-)(Z C)(zj)' We have the link :

k )
Theorem 5.1. Consider ¢ € LL(D"\Z). J(O)( ) = 0 for every p € M,y and | € N", then
[onln =0 ; given also j = 1,..., Ny, if JSI)( ) =0 for every p € M,y and |l € N then [pn, j], = 0.
Proof: By direct calculation, using the series expansions given by Lemma 4.5, we have that

(K (@) (k) = A Lo () D 7! / (DG prdma (Curr)

>0

[eln(D)

Cm,h+1

K@) mlnh) = 24 1o (o) 57! [

>0

[Kg('h)(@)]hﬂ(k) = %Ag-h)]lcjgm (2n) Z(Zh - Cj,h)lJrl /[‘Pa In(l )Ch+1dm1(Ch+1)

>0

YT dmi (Cn1)

1 JIn(l
(KM (), mlpr (k) = ;Ag-h)]lchm (2n) ;(zh - Cj,h)l“/(C (Ch+1[gi iliijl)kﬂdml(c’l“) ‘

Therefore, by induction, we obtain that

[K(n—l) e K(l)go]n(ln) =

MHn—1 M1
HA(Z H ]lc;al) Zz Z H Z ,ul’u{l } SO)
i€l () UeNn—1iel(p
and
(K7D Ko, () =
7 l; ])
HAELB II Lo (i) ) > I =70, -
i€l(p) I'eNn—1 el (u)

So, if J(O (p) = J;S]l) (p) = 0, all the coefficients vanish, then

[onln(k) =0 [@n, jln(k) =0

12



as we wanted. [ |

Definition 5.2. We shall say that ¢ € L.(D"\Z) verifies the structure conditions if Jﬁ?l)(go) =0
for every u € M,_1 and l € N, and if Jijl)(gp) =0 for every p € M,,_1 and [ € N".

6 (0,n)—forms on the polydisc

As for now, we don’t have a way to deal with the integrals J;ST)(I@’) on the domain D™\ Z, so we
turn to the much easier case of the polydisc itself. We look first at the problem for (0, n)-forms.
Let w be a (0,n)—form with L. (D") coeflicients; we can find a function ¢ € L.(ID") such that

w=@dz; \---Ndz, .

In this case, the operators K ™ coincide with the outer corona components K, (()m), so the obstructions
to a solution of compact support are given by the integrals Jé(?(k:), where the subscript 0 stands
for a multi-index of the appropriate length containing only 0s. We have the following result.

Lemma 6.1. If there is a current T with compact support in D" such that 0T = w, then we have
Vie N Vj=1,..,N,, J(¢) =0,
i.e. @ verifies the structure conditions for the polydisc.

Proof: Let {p.} C D(C") be a family of functions such that p. — dp, when € — 0, in the sense of
distributions, with suppp. C {|z| < €} and ||pe||1 = 1.
We write

T="Tdz +...+T,dz,

so we have B _

where, obviously, every t, is compactly supported in D".

We set Tf = T), * p. € D(C™); by standard theorems on convolution,
supp(7y;) C {z | dist(z,supp7}) < €}
so, for € small enough, all the regularized functions are compactly supported in D" and
OnTE =ty pe =15 .

By Lemma 3.2, we have that
[th]n(k) =0
forevery ke Nand h=1,... n.
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Moreover, we have that
O =pxp.=1]+...+1;

and ¢° — @ in L" as € — 0.

As ¢ and ¢ are compactly supported in D", for ¢ small enough, we can see them as continuous
functionals on L (D") (where ¢~* + 7' = 1). The convergence ¢° — ¢ holds also in this sense.
The functions ¢*[[7, ¢ are in LL_(D") for every I € N*~!, k € N; therefore

T () (k) — IS (@) (k) .

Now, consider t§, with h < n —1; we know that [¢{]5(l) = 0, for every [ so we can apply Fubini and
get

1 S
I == [ G ] chimat) -
i=1

1 L R
g - Cﬁgdl /C t5,(Q) G dmy (Cu)dmp—1(Gr) =
i#h
1 n )
o o S LG D) dma () = 0
o

iZh
If h = n, it is again an application of Fubini’s theorem to show that Jéf)l) (t5)(k) = 0.

By additivity of the integral, it follows that Jég)(gpe)(k’) = 0, so letting € — 0 we obtain the thesis.
|

Theorem 6.2. If w is a (0,n)-form in L[ (D") such that there is a (0,n — 1) current T, compactly
supported in D™, such that 0T = w, then we can find a (0,n—1)-form n € L.(D"™) such that On = w
and the operator associating 1 to w is linear and bounded in the L™ norm.

Proof: Again, we can find a function ¢ € L.(ID") such that
w=@dz; \---NdZz, .

By Corollary 4.7 we can write ¢ = ¢1 + ...+ ¢, and, by Lemma 3.2, the convolutions

1 1
fi=o1x1—, ..., fam1 = Ono1 *n_1
w4l TZn—1

are compactly supported and

51f1+-~+5n—1fn—1:Spl_{—"-"i_@n—l:@_gon-

Moreover, by Lemma 6.1, ¢ satisfies the structure conditions, then, by Theorem 5.1, [¢,].(k) = 0

for every k € N. So, also
1

fn = Pn*n —
T2

14



is compactly supported, always by Lemma 3.2.

We set .
n=> (1) fdz
j=1
so that _
on = pdz

and the coefficients of n belong to L (D").

The dependence of 7 on w is clearly linear; moreover we have that ||f;|l, < 7|l¢jll-, where v

depends only on the dimension n and on the radii of D". We recall that ||Kém)go||r < AoM||¥]|, so
1fille < (AoM + 1)l u

Remark 6.3. We note that

n

n=>Y (=177 fdz =) ndz

Jj=1

is such that 9;n; € LL(D") for every j and actually

> 185l < Cllwll, -
J

7 (0,n —1)—forms on the polydisc

We turn our attention to (0,n — 1)—forms. Firstly, we give a refined version of Lemma 6.1.

Proposition 7.1. Suppose ¢ € L"(C") and Ty, ..., T, are distributions, compactly supported in
D™, such that B _
Y = @1T1 + ...+ an_lTn_l .

Then we can find @1, ..., p,—1 € L"(C"), compactly supported in D™ such that p = o1+ ...+ @n_1
and [pi]i(k) =0, for every k € N.

Proof: After performing the same regularization as in the proof of Lemma 6.1, we have

1 n—1
pey A t5,(Q)a(G) [ ¢idma(¢) =0
" i=1

for every a((,) for which the integral is well-defined (e.g. a € L'). This is because h ranges from
1 ton — 1, so we can isolate the terms [t5],(l) employing only the functions which appear in the
product.

Therefore, the function

1 . n—1 i} R
o o Q) H G (Gn)

vanishes for a.e. z, and the same is true for the function

n—1
L[ O] amalé)
=1

7Tn (Cn—l
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and, letting e — 0, also for

n—1
i=1

7Tn (C'n—l
By the analogue of Theorem 5.1 in the first n — 1 coordinates,

K2 KW, (k) =0,
so defining @1, ..., p,—2 as in Corollary 4.7 and setting ¢,—1 = ¢ — 1 — ... — Y,_2 We have that
[0ili(k) = 0, as requested. |

The following corollary is immediate.

Corollary 7.2. Let w be a (0,n)—form with Li(D") coefficients and let T be a current, compactly
supported in D™ such that 0T = w, with

T - Tldgl + ... + Tn,1d§n,1 y

that is, T = S A\ dz,, for some (0,n — 2)-current S. Then we can find n with L"(C") coefficients,
compactly supported in D™, such that On = w and with

n=mdz +...+np_1dz,_1 .

Remark 7.3. Obviously, we can suppose that the coefficient of dz, in T is zero and obtain that
there exists a solution with coefficients in L"(C™) with compact support in D™ where the coefficient
of dz, is zero.

By induction, we can show that if there exists a solution with the coefficients of dzy,, .. .,dz, equal
to zero, then we can produce a solution in L™ with the same vanishing coefficients.

We note that the construction of ¢, ..., y,_; doesn’t involve the n—th coordinate, so, d,¢ and

On¢; share the same regularity, whatever it is.
We denote by W?(ID") the space of (0, q)—forms w with L (ID") coefficients such that
W = Z WJd,%J
|J|=n—q

and B _
(%) 0j_y 0wy € L"(C") k=1,....n—q, Y|J|=n—q. (7.1)

The space W9(D") can be made into a Banach space with the norm

n—q
lwllw = lwslle + DD 1185, - Fjwill -
J

J k=1

Theorem 7.4. Ifw is a (0,n — 1)-form in Ly (D"), Ow = 0, such that w € W 1(D") then we can
find a (0,n — 2)-form B € W"2(D") such that O = w. The operator associating n to w is linear
and bounded from W"1(D") to W"2(D").

16



Proof: We proceed by induction on n; the case n = 2 is true. If there exists a distribution 7" with
compact support such that 0T = w, then, by Corollary 7.2, we have

n—1
Wp = E Wnj
Jj=1

with w,,; € L™ and [wy;];(k) = 0.
We consider the following family of compactly supported (0,7 — 2)—forms in C"~!, depending on

the parameter z,:
n—1

Owy, ; 1 .

L, = wi+ (=)L — ) dz; .
N O T
Note that, as 1), is thought as a form in C"!, the notation dz; has to be understood as the exterior
product of the differentials dzi, ..., dz,_, with dz; missing.

Now, we have that

(0,,) Adz, = 0w =0
where 0 operates in the first n — 1 coordinates. We note that

0 i OWn g 1 —~ i

o (4 (UG ) =B (1

belongs to L"(C™!) for almost all z,. By inductive hypothesis, we can solve glfzn = 1), with
compact support (and the result will be in W*=2(D"~") for almost all z,).

We have 0(&,, A dz,) = ¥, A dz,; we define a (0,n — 2)—form in C" with

- 1 .
= —1 ‘7_1(,(}”‘ * —din .
7 j:1( ) J 2 J
So we have
— . = Ow 1 .
By = il + 3 (-
= Zn Tz
therefore

The form v + &, A dz, has compact support and belongs to L"(C").
Moreover, by inductive hypothesis, for almost every z,,

1€l < Cllebe, Il -

Integrating with respect to z, we get

1/r
6 Adzallw < C ( / ||¢Zn||;vdm1<zn>) < (C+ (n— D) (mz) " ) el -

On the other side,
il < Chllwllw
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10;7nll < Collwn ]l
10nvinll < Csl|Onwnllr
10,0 %inll < CallOnewnl,
SO
lw < Clwllw -

Summing up we get B
17+ & Adznllw < Cllwllw

All the constants depend only on n and on the radii of the polydisc. [ |

Remark 7.5. Looking with some attention to the construction of the solution we performed in the
proof of the previous theorem, we can notice that, were w depending on some parameter with a given
reqularity or summability, the constructed solution n would depend on the same parameter, with the
same reqularity or summability.

8 The general case on the polydisc

Let w be a generic (0, g)—form and let us write

W = E (.UJd%J.

|J|=n—q

In the two previous sections, we treated the existence of compactly supported solutions with L"
estimates for the Cauchy-Riemann equation with datum w when ¢ = n or ¢ = n — 1. Moreover,
by Proposition 3.5, we know the answer also when ¢ = 1. Therefore, we have a complete answer
for n = 1,2,3. We know proceed to state and prove the general result, covering also the case
2<qg<n-—2.

Theorem 8.1. Ifw is a (0,q)-form, with 1 < ¢ <n—1, in L(D"), Ow = 0, such that w € W(D"),
then we can find a (0,q — 1)-form 8 € Wi Y(D") such that O = w. The operator associating 3 to
w s linear and bounded from W1(D") to W1 (D").

Proof: Again, we note that we already know the result when ¢ =1 or ¢ = n — 1, so we will prove
it for 2 < ¢ < n — 2. Following Hérmander |7, Chapter 2|, we can write

w=gANdz,+h

where ¢, h do not contain dz,.

We can look at h as a family of (0,¢)—forms in C"~!, depending on the complex parameter z,;
similarly, g can be understood as a family of (0,¢ — 1)—forms.

We denote by Ocn-1 the 0 operator in the first n — 1 variables, that is

Do =Y Optbydze N dz

ngl kgIU{n}
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If 4 doesn’t contain dz,, then élw = Ocn-11).
We proceed by induction on the dimension and we prove the following:

I,.1 the statement of the theorem holds in C" and the estimates on the YW? norms depend only
on the dimension and the radii of the polydisc;

I,.2 if the coefficients of w depend on a parameter z,; € D in such a way that w € WI(D"*1),
then also 3 € W (D" and || B||lw < C|lw|lw, with C' depending only on the radii of the polydisc
and the dimension.

We note that the case ¢ = 1 of [,,.1 holds by Proposition 3.5; also, the case ¢ = 1 of I,,.2 holds as well,
because the solution can be constructed by convolution with the Bochner-Martinelli-Koppelman
kernel, so we can apply the usual results concerning the derivatives of a convolution and Young
inequality to obtain the desired estimates. In particular, given that for n = 2 the only case is ¢ = 1,
we have proved that I5.1 and 5.2 hold true.

We also know from Theorem 7.4 that [,,.1 holds in the case ¢ = n — 1 and in Remark 7.5 we note
that I,,.2 holds in that case as well.

We assume I, 1.1 and I, 1.2 to hold for 1 < g < n — 1. As we just noted, we need only to show
I,1and I,2for2<g<n-—2.

Reduction. We note that dcn-1h = 0; therefore, h is a family of d—closed (0, ¢)—forms in C"*
depending on the parameter z,. Moreover, by assumption, d,,h; € L7(C™). We denote by Uy the
(n — 1)—dimensional open set D" N {z, =t} and we note that Uj is still a polydisc, hence Stein, for
every t for which it is non-empty.

As a well known consequence of Serre’s duality (see [16]) we have HI(U;,O) =0, if 2 < g <n — 2;
therefore we can find a family 7 of (0,q — 1)—currents in C*' such that dcn1T = h for almost
every z,. Then, by I, 1.2, we can find a family H with H € L.(D") (and therefore H, € L.(U,,)
for almost every z,) and with H € W1 (D").

Moreover, as H, depends linearly on h by I, 4.1, if h, = 0, then also H, = 0. Therefore, H is
compactly supported in D”.

Now,

OH = DcnrH + Y 9, Hydz, Nz =h+ Y 9, Hdz, Adz
1 I

S0 B
w—0H = ¢ Ndz,
where ¢’ does not contain dz,. Moreover, as w and OH are in L(D"), also ¢’ is. Further, we observe

that _ _ B _
(Ocn-1g") Ndz, = 0w —OH) = 0w =0

and finally, for z, fixed, ¢’ is a (0,q — 1)—form in C"~!, belonging to We~1(D"1).

Solution. ~ We have reduced ourselves to solve G = ¢’ A dz,, but as dgn-1g' = 0, we can, by
the same argument used in the reduction, obtain a family G’ of (0, ¢ — 2) forms in C"~! such that
5(Cn71G/ = g/, by In—1-2‘

Again, by the same reasoning, G’ € L.(D") and if we set G = G’ AdZ,, we obtain a (0,q — 1)—form
G € Wi~1(D") such that G = ¢’ A dz,.
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So, 8= G + H is the solution we looked for. Moreover, the norms |[H ||y and ||G|[w are controlled
respectively by ||h|lw and ||w|w + [[0H||w, which is controlled by

lwllw + 1 H lw < [lwllw + lAllw < 2[wllw -

This shows I,,.1.
To show [,,.2 it is enough to notice that all our operations are constructive and preserve the regularity

(or summability) of an extra parameter; the case ¢ = n — 1 of I,,.2 was already noted in Remark
7.5. [ |

Remark 8.2. We have to separate the proof for (0,n—1)-forms from the general case because in the
former Serre’s duality tells us only that H'*(Uy, O) is equal to the topological dual of HO(Uy, Q")
(we recall that U; is an open set in C"1), in general not vanishing, so the induction doesn’t work
there.

Remark 8.3. We note that, in the proof of Theorem 8.1, we never actually used the fact that our
domain is the polydisc. Indeed, if we had the analogues of Theorems 6.2 and 7.4 for the domain
D™\ Z in every dimension, then we could apply the same proof to get Theorem 8.1 for D™\ Z, with
exactly the same statement.

As a corollary of the previous results, we obtain the following.

Corollary 8.4. Let w be a O-closed (0,q)—form with compact support in D™\ Z and satisfying
conditions 7.1, then, for any k € N, we can find a (0,q—1)—form B € LL(D") such that (f*3) = w.
Equivalently, we can find a (0,q — 1)—form n = f¥3 such that n € L’(D"), n is 0 on Z up to order
k and On = w.

Proof: The (0,¢)—form ¢ ::_(,u/f’~C is still O—closed and satisfies 7.1; hence we have a (0,q —
1)—form 8 € L7(D") such that 98 = ¢. So n = f*43 verifies all the requirements. |

Remark 8.5. We note that the solution operators we constructed are defined from W(D") to
WIHD") which means that we have a partial gain of reqularity: every coefficient of the datum is
supposed to have derivatives in n — q variables in L, while the solution we find has derivatives in
L" forn — q+ 1 variables.
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