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Abstract. We present some results concerning currents of integration on finite-dimensional

analytic spaces in Hilbert spaces, using the setting of metric currents. In particular, we obtain

the characterization of such currents as positive closed (k, k)-integer rectifiable currents and
solve the boundary problem for holomorphic chains.
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1. Introduction

The theory of currents found deep and important applications in complex analysis and ge-
ometry; just to mention a few of them, we recall the characterization of holomorphic chains by
King in [9] and by Harvey and Shiffman in [8], the removal of singularities for analytic functions
and sets by Shiffman in [14] and the boundary problem for holomorphic chains by Harvey and
Lawson in [6, 7].

Such a powerful tool was extended to general metric spaces in [1] and we described some
possible applications to complex analysis in [10], specializing the theory in the case of singular
complex spaces and complex Banach spaces. In order to gain a wider understanding of the
latter, here we turn our attention to holomorphic metric chains in Hilbert spaces, tackling two
specific problems: firstly, we consider positive (k, k)-integer rectifiable closed metric currents
and investigate their link with complex analytic sets; then, we proceed to study the boundary
problem for holomorphic (metric) chains and give a positive answer under suitable hypotheses
of regularity and of general position.

We organized the material as follows.
After recalling the basic definitions and properties of metric currents and rectifiable sets in

metric spaces (from [1,2]), we summarize the results presented in [10] on the extension of metric
currents to complex Banach spaces. The extension of the theory of metric currents to the complex
setting forces us to a change of notation: in geometric measure theory it is common to denote
the boundary of a current T with the symbol ∂T , but, as in complex analysis the operators ∂
and ∂ already exist and are widely employed, we preferred to write dT for the boundary of a
current, following a convention already established by other papers which employ currents in
complex analysis and geometry.

In Section 4, the properties of analytic sets and of the currents of integration associated
to them are investigated; in particular, we introduce the concept of positive metric currents,
presenting some simple properties, and we obtain a weak analogue of Wirtinger’s formula.

The main result of this section is the extension of King’s characterization theorem (see [9])
for holomorphic chains to Hilbert spaces.

Theorem 4.5. Let Ω ⊂ H be a ball, S be an integer rectifiable current in Ω. Suppose that
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(1) supp dS ∩ Ω = ∅;
(2) S is a (k, k) positive current.

Then S can be represented as a sum with integer coefficients of integrations on the regular parts
of analytic sets.

In the last section, we turn our attention to maximally complex metric currents and CR-
manifolds. We recover a finite-dimensional embedding result and a characterization for maxi-
mally complex integration currents.

Finally, we tackle the boundary problem for holomorphic chains in a Hilbert space: we solve
the problem with a technical hypothesis onM , specifically, the existence of a finite rank projection
with transverse self-intersections; we refer to Section 5 for the definition and the discussion of
the concept of maximally complex cycle, here we only stress that it is a necessary hypothesis for
such a result.

Theorem 5.6. Let M be a compact, oriented (2p − 1)−manifold (without boundary) of class
C2 embedded in H, and suppose that there exists an orthogonal decomposition H = Cp ⊕ H ′

such that the projection π : H → Cp, when restricted to M , is an immersion with transverse
self-intersections. Then, if M is maximally complex (i.e. [M ] is an MC-cycle), there exists a
unique holomorphic p−chain T in H \M with suppT b H and finite mass, such that dT = [M ]
in H.

It is worth noting that the Hilbert space hypothesis is not clearly required in these results, but
our methods rely heavily on the possibility of estimating norms in terms of coordinates, which
is a feature essentially related to the existence of an orthonormal basis.

Acknowledgements I would like to thank prof. Luigi Ambrosio for the fruitful discussions
about the geometric measure theory tools employed in the proof of King’s result.

I would also like to thank the referee for his/her helpful suggestions concerning the presentation
of this paper.

2. Metric currents

Let X be a metric space. Let us denote by Lip(X) the space of complex-valued Lipschitz
functions on X and by Lipb(X) the algebra of bounded complex-valued Lipschitz functions.
Following [10], we introduce the spaces

Ek(X) = {(f, π1, . . . , πk) | f ∈ Lipb(X), πj ∈ Lip(X), j = 1, . . . , k} , E0(X) = Lipb(X) .

The elements of these spaces are called metric forms.

Definition 2.1 (see [1, Definition 3.1]). A k−dimensional metric current is a functional T :
Ek(X)→ C satisfying the following

(1) T is multilinear
(2) whenever (f, πi) → (f, π) pointwise, with uniformly bounded Lipschitz constants, then

T (f i, πi)→ T (f, π)
(3) T (f, π) = 0, whenever there is an index j for which πj is constant on a neighborhood of

supp f
(4) T has finite mass, i.e. there exists a finite Radon measure µ on X such that

|T (f, π)| ≤
k∏
j=1

Lip(πj)

∫
X

|f |dµ ∀(f, π) ∈ Ek(X) ;

the infimum of such measures µ is called the mass (measure) of T .



POSITIVE METRIC CURRENTS AND HOLOMORPHIC CHAINS IN HILBERT SPACES 3

We will denote by Mk(X) the space of k−dimensional metric currents on X; endowing Mk(X)
with the mass norm ‖T‖ = µ(X), where µ is the mass measure of T , we turn it into a Banach
space. We will sometimes write T (fdπ) for T (f, π1, . . . , πk).

We refer to [1] for a detailed discussion of the general properties of metric currents; here we
recall only the main definitions and facts.

Definition 2.2 (see [1, Definition 3.6]). We say that Th ∈Mk(X) converge weakly to T ∈Mk(X)
if

Th(fdπ)→ T (fdπ) ∀ fdπ ∈ Ek(X) .

Definition 2.3 (see [1, Definition 2.3]). Given T ∈ Mk(X), k ≥ 1, we can define the boundary
of T by

dT (f, π1, . . . , πk−1) = T (1, f, π1, . . . , πk) ∀ fdπ ∈ Ek−1(X) .

As we noted in the introduction, we use the notation dT instead of the commonly used ∂T
because the operator ∂ already exists in complex analysis and, together with ∂, will be defined
later on currents.

The functional dT satisfies the first three assumptions, but will not in general be of finite
mass; in that case, we say that T is a normal metric current. The space Nk(X) of k−dimensional
normal metric currents is a Banach space when endowed with the norm ‖T‖N = ‖T‖+ ‖dT‖.

Definition 2.4 (see [1, Definition 2.4]). Given a Lipschitz map between complete metric spaces
F : X → Y and T ∈Mk(X), we define the pushforward F]T ∈Mk(Y ) of T through F by

F]T (f, π1, . . . , πk) = T (f ◦ F, π1 ◦ F, . . . , πk ◦ F ) ∀(f, π) ∈ Ek(Y ) .

We observe that, if µ and µ̃ are the mass measures of T and F]T respectively, we have

µ̃ ≤ Lip(F )kF∗µ .

Moreover, one has F](dT ) = d(F]T ).

Definition 2.5 (see [1, Definition 2.5]). Given T ∈ Mk(X) and ω = (u, v1, . . . , vh) ∈ Eh(X),
with h ≤ k, the contraction of T with ω is Txω ∈Mk−h(X) and it is defined by

Txω(f, π1, . . . , πk−h) = T (fu, v1, . . . , vh, π1, . . . , πk−h)

for every (f, π1, . . . , πk−h) ∈ Ek−h(X).

We have that

‖Txω‖ ≤ sup |u|
h∏
j=1

Lip(vj)‖T‖ .

Definition 2.6 (see [1, Definition 2.8]). The support of T ∈Mk(X) is the least closed set suppT
such that if supp f doesn’t intersect suppT , then T (f, π) = 0.

By the finiteness of the mass, we can extend a metric current as a functional on B∞(X) ×
[Lip(X)]k, that is, we can allow the first entry of the metric forms to be a bounded Borel function
on X. The previous definitions and remarks all extend without changes (see

Proposition 2.1. Let T ∈Mk(X) be a metric current, then

(1) T is alternating in π1, . . . , πk,
(2) T satisfied the chain rule and the Leibniz rule,
(3) T = i]S with S ∈Mk(suppT ) and i : suppT → X the inclusion.

The proofs of these statements can be found in [1, Theorem 3.5].
We recall a compactness result for normal currents.
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Theorem 2.2 (see [1, Theorem 5.2]). Let (Th) ⊂ Nk(X) be a bounded sequence and assume that
for any integer p ≥ 1 there exists a compact Kp ⊂ E such that

‖Th‖(E \Kp) + ‖dTh‖(E \Kp) <
1

p
∀ h ∈ N .

Then, there exists a subsequence (Th(n)) converging to a current T ∈ Nk(X) such that

‖T‖(E \
∞⋃
p=1

Kp) + ‖dT‖(E \
∞⋃
p=1

Kp) = 0 .

Finally, we recall the comparison theorem between classical and metric currents, in the form
given in [10, Theorem 2].

Theorem 2.3. Let U be an N−dimensional complex manifold, N ≥ 1, endowed with the distance
given by an hermitian metric. For every m ≥ 0 there exists an injective linear map Cm :
Mm(U)→ Dm(U) such that

Cm(T )(fdg1 ∧ . . . ∧ dgm) = T (f, g1, . . . , gm)

for all (f, g1, . . . , gm) ∈ C∞c (U)× [C∞(U)]m. The following properties hold:

(1) for m ≥ 1, d ◦ Cm = Cm−1 ◦ d;
(2) there exists a positive constant c1 such that, for all T ∈Mm(U),

c−21 ‖T‖ ≤M(Cm(T )) ≤ c21
(
N

m

)
‖T‖

(3) the restriction of Cm to Nm is an isomorphism onto Nm;
(4) the image of Cm contains the space Fm(U).

2.1. Rectifiable currents and slicing. Let Hk be the k−dimensional Hausdorff measure on
X.

Definition 2.7 (see [2, Definition 5.3]). We say that a Hk−measurable set S ⊂ X is countably
Hk−rectifiable if there exist sets Ai ⊂ Rk and Lipschitz functions fi : Ai → X such that

Hk
(
S \

∞⋃
i=1

fi(Ai)

)
= 0 .

Lemma 2.4 (see [1, Lemma 4.1]). Let S ⊂ X be countably Hk−rectifiable. Then, there exist
finitely or countably many compact sets Ki ⊂ Rk and bi-Lipschitz maps fi : Ki → S such that
their images are pairwise disjoint and Hk(S \ ∪ifi(Ki)) = 0.

Definition 2.8 (see [1, Definition 4.2]). A current T ∈Mk(X) is said to be rectifiable if

(1) ‖T‖ is concentrated on a countably Hk−rectifiable set;
(2) ‖T‖ vanishes on Hk−negligible Borel sets.

The space of rectifiable currents is denoted by Rk(X).
We say that a rectifiable current T is integer rectifiable if for any φ ∈ Lip(X,Rk) and open

set B in X one has φ](TxB) = [u] with u ∈ L1(Rk,Z). The space of such currents is denoted by
Ik(X).

We remark that in some of the standard references for geometric measure theory the termi-
nology rectifiable is used to denote what here we call integer rectifiable.

We define the spaces of integral currents as follows.

Ik(X) = Ik ∩Nk(X) :
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Theorem 2.5 (see [1, Theorem 4.5]). Let T ∈ Mk(X), k ≥ 1. Then T ∈ Rk(X) (resp.
T ∈ Ik(X)) if and only if there exist a sequence {Ki} of compact sets in Rk, a sequence {θi} of
functions in L1(Rk,R) (resp. L1(Rk,Z)) with supp θi ⊂ Ki and a sequence {fi} of bi-Lipschitz
maps fi : Ki → X such that

‖T‖(A) =
∑
i

‖(fi)][θi]‖(A) T (f, π) =
∑
i

(fi)][θi](f, π)

for every Borel set A ⊂ X and for every (f, π) ∈ Ek(X).

Definition 2.9 (see [1, Definition 4.7]). Given T ∈ Rk(X), we set

ST = {x ∈ X : Θk(‖T‖, x) > 0}
and we define the size of T as

S(T ) = Hk(ST ) .

One can show that ST is countably Hk−rectifiable, that ‖T‖ is concentrated on ST and that
any other Borel set on which ‖T‖ is concentrated includes ST up to Hk−negligible sets.

Given T ∈Mk(X), π ∈ Lip(X,Rm), we define the slice 〈T, π, x〉 ∈Mk−m(X) by

〈T, π, x〉(f, η) = lim
ε→0

T (fρε ◦ π, π, η)

where ρε is any family of mollifiers, for every x ∈ Rm for which the limit exists. This definition
differs from the one given in [1, 25], but it is shown to be equivalent to it in the proof of [1,
Theorem 5.6]. The following result is not present in [1] as it is stated here, but can be deduced
from Theorem 5.6 there.

Theorem 2.6. If T ∈ Nk(X), π ∈ Lip(X,Rm), then

(1) for Lm−almost every x ∈ Rm, the slice 〈T, π, x〉 exists and is normal and d〈T, π, x〉 =
(−1)m〈dT, π, x〉;

(2) for all (f, g) ∈ B∞ × [Lip(X)]k−m,∫
Rm
〈T, π, x〉(f, g)dx = Tx(1, π)(f, g) ;

(3) for every ‖Tx(1, π)‖−measurable set B ⊂ X,∫
Rm
‖〈T, π, x〉‖(B)dx = ‖Tx(1, π)‖(B) .

2.2. Rectifiable currents in Banach spaces. Let us specialize the theory of metric currents
to the case when X is a Banach space (E, ‖·‖). We recall some notions on metric differentiability,
Jacobians, area and coarea formulas from [1] and [2].

Let us suppose that E is a w∗−separable dual space, i.e. that E = G∗ and that there exists
a sequence (φh)h ⊂ Lip1(G) such that

‖x− y‖G = sup
h
|φh(x)− φh(y)| ∀ x, y ∈ G .

Given instead x, y ∈ E, we define

dw(x, y) =

∞∑
n=0

2n|〈x− y, gn〉| ,

where {gn}n is a dense subset of the unit ball of G. The topology induced by dw on the bounded
sets of E is called w∗−topology.

Definition 2.10 (see [1, Definition 6.1]). A sequence (Th) ⊂ Mk(E) is said to w∗−converge to
T ∈Mk(E) if Th(fdπ) tends to T (fdπ) for every fdπ ∈ Ek(E) with w∗−continuous coefficients.
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We have the following weak∗-compactness result.

Theorem 2.7 (see [1, Theorem 6.6]). Let Y be a w∗−separable dual space, let (Th) ⊂ Nk(Y )
be a bounded sequence, and assume that for any ε > 0 there exists R > 0 such that Kh =
BR(0) ∩ suppTh are equi-compact and

sup
h∈N
‖Th‖(Y \Kh) + ‖dTh‖(Y \Kh) < ε .

Then, there exits a subsequence (Th(n)) w
∗-converging to T ∈ Nk(Y ). Moreover, T has compact

support if suppTh are equi-bounded.

Definition 2.11 (see [2, Definition 3.1]). We say that f : Rk → E is metrically differentiable at
x ∈ Rk if there exists a seminorm ‖ · ‖x in Rk such that

‖f(x)− f(y)‖E − ‖x− y‖x = o(|x− y|) .

This seminorm will be said to be the metric differential of f at x and denoted by mdf(x).

Definition 2.12 (see [1, Definition 3.4]). We say that f : Rk → E is w∗-differentiable at x if
there exists a linear map L : Rk → E satisfying

w∗ − lim
y→x

f(x)− f(y)− L(y − x)

|x− y|
= 0 .

This map L will be said to be the w∗-differential of f at x and denoted by wdfx.

Theorem 2.8 (see [2, Theorem 3.5]). For a Lipschitz map f : Rk → E, we have

mdfx(v) = ‖wdfx(v)‖

for Hk−a.e. x ∈ Rk, for every v ∈ Rk.

Definition 2.13 (see [2, Definition 5.5]). Given S a countably Hk−rectifiable set in E, if fi, Ai
are as in Definition 2.7, the approximate tangent space to S in fi(x) is

Tan(k)(S, fi(x)) = wd(fi)x(Rk) .

This definition makes sense for Hk−a.e. x ∈ Ai and it is well posed as the dimension of the
tangent is Hk−a.e. k and it does not depend on the f ′is; moreover

Tan(k)(S1, y) = Tan(k)(S2, y)

for Hk−a.e. y ∈ S1 ∩ S2.

Definition 2.14 (see [2, Definition 4.1]). Let L : Rk → E be linear. The k-jacobian of L is
defined by

Jk(L) =
ωk

Hk({x : ‖L(x)‖ ≤ 1})
=
Hk({L(x) : x ∈ B1})

ωk

where B1 is the unit ball of Rk and ωk = Hk(B1).

Jk satisfies the product rule for jacobians:

Jk(L ◦M) = Jk(L)Jk(M) .

In the same way we can define the k−jacobian of a seminorm s on Rk:

Jk(s) =
ωk

Hk({x : s(x) ≤ 1})
.
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Theorem 2.9 (see [2, Theorem 5.1]). Let f : Rk → E be a Lipschitz function. Then∫
Rk
θ(x)Jk(mdfx)dx =

∫
E

∑
x∈f−1(y)

θ(x)dHk(y)

for any Borel function θ : Rk → [0,+∞] and∫
A

θ(f(x))Jk(mdfx)dx =

∫
E

θ(y)H0(A ∩ f−1(y))dHk(y)

for A a Borel set in Rk and θ : E → [0,+∞] a Borel function.

Moreover, we can also define the tangential differential on a rectifiable set.

Theorem 2.10 (see [2, Theorem 8.1]). Let Y and Z be duals of separable Banach spaces and
let S ⊂ Y be countably Hk−rectifiable and let g ∈ Lip(S,Z). Let θ : S → (0,+∞) be integrable
with respect to HkxS and set µ = θHkxS.

Then, for Hk−a.e. x ∈ S there exis a linear and w∗−continuous map L : Y → Z and a Borel
se Sx ⊂ S such that Θ∗k(µxSx, x) = 0 (the upper k−dimensional density of µxSx in x) and

lim
S\Sx3y→x

dw(g(y), g(x) + L(y − x))

|y − x|
= 0 .

The map L is uniquely determined on Tan(k)(S, x) and its restriction to this space, denoted by
dSgx, satisfies the chain rule

wd(g ◦ h)y = dSgh(y) ◦ wdhy for Lk − a.e. y ∈ A

for any Lipschitz function h : A→ S, A ⊂ Rk.

We have therefore a general area formula.

Theorem 2.11 (see [2, Theorem 8.2]). Let g : E → F be a Lipschitz function between Banach
spaces and let S ⊂ E be a countably Hk−rectifiable set. Then∫

S

θ(x)Jk(dSgx)dHk(x) =

∫
F

∑
x∈S∩g−1(y)

θ(x)dHk(y)

for any Borel function θ : S → [0,+∞] and∫
A

θ(g(x))Jk(dSgx)dHk(x) =

∫
F

θ(y)H0(A ∩ g−1(y))dHk(y)

for any Borel set A ⊂ E and any Borel function θ : F → [0,+∞].

Finally, we mention a compactness theorem proved in [3].

Theorem 2.12 (see [3, Theorem 1.4]). Consider a normed space E such that E∗ is separable,
n ∈ N, and a sequence (Th) ⊂ Nk(E∗) such that we have

M = sup
h
M(Th) < +∞ Md = sup

h
M(dTh) < +∞

and the w∗−tightness condition

lim
R→∞

sup
h

[‖Th‖(E∗ \BR(0)) + ‖dTh‖(E∗ \BR(0))] = 0 .

Then there exists a subsequence (Th(n))n w∗−converging to T ∈ Nk(E∗) with M(T ) ≤ M and
M(dT ) ≤Md.
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3. Metric currents on complex Banach spaces

The results collected here and in the next subsection appear in [10], where we refer to for
detailed proofs.

We examine the behavior of metric currents in relation with their projections on finite dimen-
sional subspaces. In order to recover informations on the whole space from its finite dimensional
subspaces, we introduce the following category of Banach spaces (see also [12]).

A (complex) Banach space E is said to have the projective approximation property (PAP
for short) if there exist a constant a and an increasing collection {Et}t∈T of finite dimensional
subspaces of E such that

1) {Et}t∈I is a directed set for the inclusion;

2) E =
⋃
t∈I

Et;

3) for every t ∈ I there exists a projection pt : E → Et with ‖pt‖ ≤ a.

Every Banach space with a Schauder basis has the PAP. Two important cases of PAP Banach
spaces with no Schauder basis are C(K), the space of continuous functions on a compact space
K with the sup norm and Lp(X,µ), with 1 ≤ p ≤ +∞, where X is a locally compact space
and µ being a positive Radon measure. In this section, we will work with Banach spaces having
the PAP; we will endow the set I of indeces with the partial ordering coming from the inclusion
relation between subspaces.

Proposition 3.1. Let f ∈ Lip(E) and define ft = f ◦ pt. Then ft → f pointwise and Lip(ft) ≤
aLip(f), for every t ∈ I.

Proposition 3.2. Let T ∈ Mk(E) and define Tt = (πt)](T ) ∈ Mk(Et) for every t ∈ I such
that dimCEt ≥ k. By means of the inclusion it : Et → E, we can consider Tt as an element of
Mk(E) and then, Tt → T weakly.

Let {Et, pt}t∈I be the countable collection of subspaces and projections given by PAP. We
call it a projective approximating sequence (PAS for short) if pt ◦ ps = pmin{s,t}.

We note that every separable Hilbert space or, more generally, every Banach space with a
Schauder basis contains a PAS.

Theorem 3.3. Let us suppose that {Et, pt} is a PAS in E. If we are given a collection of metric
currents {Tt}t∈I such that

(1) Tt ∈ Nk(Et),
(2) (pt|Et′ )]Tt′ = Tt for every t, t′ ∈ I with t′ > t,
(3) ‖Tt‖ ≤ (pt)∗µ and ‖dTt‖ ≤ (pt)∗ν for every t ∈ I and some µ, ν finite Radon measures

on E.

then there exists T ∈ Nk(E) such that (pt)]T = Tt for every t ∈ I.

We can substitute the request of the existence of a PAS and the compatibility condition
(hypothesis (2)) with an assumption on the existence of a global object. A metric functional
is a function T : Ek(E) → C which is subadditive and positively 1−homogeneous with respect
to every variable. For metric functionals, we can define mass, boundary and pushforward (see
Section 2 of [1]).

Proposition 3.4. Let E be a Banach space with PAP. Suppose that T : Ek(E)→ C is a metric
functional with T and dT of finite mass, such that (pt)]T ∈ Nk(Et) for every t ∈ I. Then
T ∈ Nk(E).
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3.1. Bidimension. We say that T ∈Mm(U) is of bidimension (p, q) if

T (f, π1, . . . , πm) = 0

whenever there exists I ⊂ {1, . . . ,m}, with |I| > p, such that πi|supp (f) is holomorphic for every
i ∈ I, or J ⊂ {1, . . . ,m}, with |J | > q, such that πi|supp (f) is antiholomorphic for every j ∈ J .
For a careful analysis of the notion of holomorphy in this context we refer the interested reader
to the first chapters in [12]. Here we only notice that Lipschitz holomorphic functions are not
necessarily dense in the space of Lipschitz functions.

However, inspired by the links we found between the finite dimensional projections of a current
and the current itself, we would like to give a different characterization of (p, q)−currents.

We say that T ∈Mk(E) is finitely of bidimension (p, q) if every finite dimensional projection
of it is a (p, q)−current.

Proposition 3.5. Let E be a Banach space with PAP. Then T ∈ Mk(E) is a (p, q)−current if
and only if it is finitely so.

In what follows, we will denote by Mp,q(E) the space of currents T ∈Mk(X) with k = p+ q
which are of bidimension (p, q). Given a generic element T ∈Mk(E), a Dolbeautl decomposition
for T is a finite collection of currents Sj ∈Mpj ,qj (E) such that pj + qj = k for every j, (pj , qj) 6=
(pk, qk) if j 6= k and

T =
∑
j

Sj .

The current Sj will be called (pj , qj)-component of T and will also be denoted by Tpj ,qj .
As an application of Theorem 3.3, we have the following result about the existence of a

Dolbeault decomposition for T ∈Mk(E).

Proposition 3.6. Let us suppose that {Et, pt} is a PAS in E. Let T ∈ Nk(E); if Tt has
a Dolbeault decomposition in normal (p, q)−currents in Et for all t ∈ T , with a finite Radon
measure ν (independent of t) whose pushforward dominates the boundaries’ masses, then also T
admits a Dolbeault decomposition.

Remark 3.1. In general it is not easy to verify the hypotheses of Proposition 3.6 for a current
T ∈ Nk(E); however, this result is an example of a general phenomenon: in a Banach space with
the projective approximation property, it is often enough to check a certain property for finite
dimensional subspaces in order to obtain that it holds for the whole space. For instance, any
equality between currents holds in E if and only if it holds finitely, namely whenever the currents
are pushed forward through a finite rank projection.

Employing the idea given in this Remark, we can show the following result of uniqueness, which
shows that it is meaningful to speak of the Dolbeaut decomposition and the (p, q)-components
of T .

Corollary 3.7. If E is a Banach space with PAP and T ∈Mk(E) admits a Dolbeault decompo-
sition, then it is unique.

A metric current is not always decomposable in (p, q)-components (see Examples 2 and 3
in [10]), but it is always possible to obtain a (unique) decomposition in terms of metric functionals
which satisfy requests (1), (3), (4) in Definition 2.1. We refer to [10] for further discussions. We
will denote these components as well by Tp,q, because, as soon as they are metric currents,
they automatically are the (p, q)-components of T , but we will reserve the expression Dolbeault
decomposition for a decomposition in metric currents.

Let us suppose that T is a (p, q)−current whose boundary admits a Dolbeault decomposition.
Then we can define ∂T and ∂T as follows.
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Write dT = S1 + . . . + Sh with Si ∈ Mpi,qi(U) where pi + qi = p + q − 1 = m since dT ∈
Mp+q−1(U). If (f, π) is a m−form of pure type (pi, qi), then

Spi,qi(f, π) = dT (f, π) = T (1, f, π)

if pi > p or qi > q,and consequently T (1, f, π) = 0, since T is a (p, q)−current. Therefore, we
can only have two cases: p = pi and q − 1 = qi or p− 1 = pi and q = qi i.e.

dT = Sp,q−1 + Sp−1,q

and we put

∂T = Sp−1,q ∂T = Sp,q−1

Therefore, if a current T admits a decomposition in (p, q) components, we can define ∂T and ∂T
setting

∂T =

h∑
i=1

∂Ti ∂T =

h∑
i=1

∂Ti

where T = T1 + . . .+ Th is the (p, q) decomposition.

Proposition 3.8. If H : E → F is a holomorphic map between complex Banach spaces, then,
for every current T ∈Mm(E) for which ∂T and ∂T are defined, the following hold:

H]∂T = ∂H]T H]∂T = ∂H]T

Moreover, it is easy to check that Cm ◦ ∂ = ∂ ◦ Cm and Cm ◦ ∂ = ∂ ◦ Cm, where Cm is the
map given by Theorem 2.3.

Proposition 3.9. We have that ∂2 = ∂
2

= 0 and ∂∂ = −∂∂

3.2. ∂ and slicing. Let T be a normal metric current whose boundary admits a Dolbeault
decomposition. Then supp ∂T, supp ∂T ⊆ supp dT and, moreover, ‖∂T‖A, ‖∂T‖A ≤ C‖dT‖A for
every A ⊂ X. In particular, if dT is rectifiable, then ∂T and ∂T are too.

The slices of a current T through a map π : E → Rn are defined by

〈T, π, x〉(f, η) = lim
ε→0

T (ρε,xf, π, η) = lim
ε→0

(−1)n(k−1−n)π](Tx(f, η))(ρε,x, x1, . . . , xn)

with ρε,x any family of smooth approximations of δx. If π : E → R2n ∼= Cn, we can write the
slices as

〈T, π, x〉 = lim
ε→0

π](Tx(f, η))(ρε,x, z1, z̄1, . . . , zn, z̄n) .

Proposition 3.10. The operators ∂ and ∂ commute with the slicing through holomorphic maps.

Proof: Let T ∈ Nk(E) be a normal current, such that ∂T and ∂T are again normal. Let
π : E → Cn be a holomorphic map.

We start with the finite dimensional case, supposing that E = CN .
Let (f, η) be a (k − 2n − 1)−metric form with C2 coefficients. We treat only the case of ∂T ,

the proof for ∂T being analogous.
Let z1, . . . , zn and w1, . . . , wN be holomorphic coordinates in Cn and CN , respectively. The

slice 〈∂T, π, x〉 exists for a.e. x, by Theorem 2.6 and we have

〈∂T, π, x〉(f, η) = lim
ε→0

π]((∂T )x(f, η))(ρε,x, z1, z̄1, . . . , zn, z̄n) .
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Now, we set η̃jh to be the (k−2n−1)−tuple differing from η only in the h−th component, which
is (−1)h∂ηh/∂w̄j . By [10][Proposition 6]

(∂T )x(f, η) = (−1)k−1∂(Tx(f, η)) +

N∑
j=1

Tx(∂f/∂w̄j , w̄j , η) +
∑
h,j

Tx(f, w̄j , η̃
jh)

and we note that Tx(f, η) is a 2n+ 1−form, so

π]∂Tx(f, η) = ∂π]Tx(f, η) = 0

by Proposition 3.8, as π is holomorphic. It follows

π]((∂T )x(f, η))(ρε,x, z1, . . . , z̄n) =

N∑
j=1

π](Tx(∂f/∂w̄j , w̄j , η))(ρε,x, z1, . . . , z̄n)+

+
∑
j,h

π](Tx(f, w̄j , η̃
jh))(ρε,x, z1, . . . , z̄n)

=

N∑
j=1

T

(
∂f

∂w̄j
· (ρε,x ◦ π), π1, π̄1, . . . , πn, π̄n, η

)
+
∑
j,h

T
(
f · (ρε,x ◦ π), π1, . . . , π̄n, η̃

jh
)

=
N∑
j=1

Tx(ρε,x ◦ π, π1, . . . , π̄n)(∂f/∂w̄j , w̄j , η) +
∑
j,h

Tx(ρε,x ◦ π, π1, . . . , π̄n)(f, w̄j , η̃
jh) .

Now, again by [10, Lemma1], we have

∂〈T, π, x〉(f, η) =

N∑
j=1

〈T, π, x〉
(
∂f

∂w̄j
, w̄j , η

)
+
∑
j,h

〈T, π, x〉(f, w̄j , η̃jh)

=

N∑
j=1

lim
ε→0

Tx(ρε,x ◦ π, π1, . . . , π̄n)

(
∂f

∂w̄j
, w̄j , η

)
+
∑
j,h

lim
ε→0

Tx(ρε,x ◦ π, π1, . . . , π̄n)
(
f, w̄j , η̃

jh
)

and by the previous computation this is equal to

lim
ε→0

π]((∂T )x(f, η))(ρε,x, π1, . . . , π̄n) = 〈∂T, π, x〉(f, η) .

Therefore, for every (f, η) with f ∈ C2

〈∂T, π, x〉(f, η) = ∂〈T, π, x〉(f, η) .

This means that the functional ∂〈T, π, x〉 can be extended to all the metric forms as a metric
current, by defining it equal to 〈∂T, π, x〉.

If E is infinite-dimensional, the previous argument gives that

〈∂T, π, x〉(f, η) = ∂〈T, π, x〉(f, η)

for every metric form whose coefficients depend on a finite number of variables. This implies
that

(pt)]〈∂T, π, x〉 = (pt)]∂〈T, π, x〉(f, η)

for every finite rank projection pt, and consequently that

〈∂T, π, x〉 = ∂〈T, π, x〉 .
�

As already said, the previous proof works also for the ∂:

∂〈T, π, x〉 = 〈∂T, π, x〉 .



12 SAMUELE MONGODI

Moreover, if ∂∂T is a metric current, then

∂∂〈T, π, x〉 = 〈∂∂T, π, x〉 ,
or, which is the same,

ddc〈T, π, x〉 = 〈ddcT, π, x〉 .

4. Analytic sets in Hilbert spaces

There are many possible definitions for a finite dimensional analytic set in an infinite-dimensional
space. Here we adopt the following (see [13]).

Definition 4.1. Let H be a complex Hilbert space (or more generally a Banach space). A closed
set A ⊂ H will be called a finite-dimensional analytic set in H if, locally in H, A is an analytic
subspace of a complex submanifold of H of finite dimension .

Remark 4.1. This definition is equivalent to the one given by Douady in [5] (see [13] for the
details).

An equivalent definition is the following (see [4]): A ⊂ H is a finite-dimensional analytic
set if for each v ∈ H there exist a neighborhood U , another complex Hilbert space H ′ and
a holomorphic map F : U → H ′ whose differential has finite dimensional kernel such that
A ∩ U = F−1(0). This follows easily from the Implicit Function Theorem; this turns out to be
equivalent to asking for a map whose differential has finite dimensional kernel and cokernel (i.e.
a Fredholm map) such that A ∩ U = F−1(0).

We recall a result from [13].

Theorem 4.1. Let X be an analytic subset of finite dimension, W be a hilbertian manifold and
f : X → W a proper holomorphic map. Then, f(X) is a finite-dimensional analytic subset of
W .

Example The properness assumption cannot be dropped as shown by the following example.
Let us consider the space `2 of square-summable sequences of complex numbers and consider the
holomorphic map g : D2 → `2 given by

g(z, w) = {zwn}n∈N .
The preimage of {0} is {z = 0}, which is not compact. Let X = g(D2) and assume, by a
contradiction, that there exists a holomorphic function Φ : `2 → C is a holomorphic function
vanishing on X; then Φ ◦ g = 0 and consequently.

0 = Φ ◦ g(z, w) =
∑
n,m≥0

∂n+mΦ ◦ g
∂zn∂wm

(0, 0)
znwm

n!m!

One has

0 =
∂Φ ◦ g
∂z

(0, 0) =
∂Φ

∂e0
(0)

0 =
∂2Φ ◦ g
∂w∂z

(0, 0) =
∂

∂w

∑
j

∂Φ

∂ej
(g)

∂gj
∂z

 (0, 0) =

∑
j,k

∂2Φ

∂ek∂ej
(g)

∂gk
∂w

∂gj
∂z

+
∑
j

∂Φ

∂ej

∂2gj
∂w∂z

 (0, 0) =
∂Φ

∂e1
(0, 0) ,

since
∂gk
∂w

(0, 0) = 0 ∀k
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and
∂2gk
∂z∂w

(0, 0) 6= 0⇔ gk(z, w) = zw ⇔ k = 1 .

Proceeding in this way, we can show that ∂Φ/∂ej = 0 in 0 ∈ `2, for all j ∈ N. Therefore all the
derivatives of Φ vanish at the origin, which means that no regular hypersurface of `2 can contain
a neighborhood of 0 ∈ X.

The major advantage of the given definition is that we can recover the local properties of
finite-dimensional analytic sets in an infinite dimensional space from the usual local results on
analytic sets in a complex manifold. In particular, let X be a finite-dimensional analytic set in
H, then

(1) X admits a local decomposition in finitely many irreducible components;
(2) such a decomposition is given by the closure of the connected components of the regular

part of X;
(3) for every x ∈ X there exist a finite-dimensional subspace L of H and an orthogonal

projection π : H → L which realizes a neighborhood of x ∈ X as a finite covering on L;
(4) X is locally connected by analytic discs;
(5) if X is irreducible, every nonconstant holomorphic function is open;
(6) if X is irreducible, the maximum principle holds;
(7) if X is compact and H is holomorphically separable, then X is finite.

The behaviour of the analytic sets in a Banach space can vary wildely, depending on the
properties of the space. We give here some examples.

Example Let c0 be the vector space of sequences of complex numbers vanishing at infinity, i.e.
{an} ⊂ C such that limn→∞ an = 0; c0 is a Banach space with the supremum norm. We consider
the holomorphic map f : D→ c0 given by

f(z) = {zn}n∈N ;

f is a regular and injective holomorphic map; its image is contained in the unit ball of c0 and if
{zk} is a sequence converging to bD, {f(zk)}k does not converge, therefore f is proper. Thus,
f(D) is a complex manifold of dimension 1 in E, which is bounded.

Example Generalizing the previous example, we consider the Banach space of p−summable
sequences of complex numbers `p and the holomorphic map F : Dk → `p given by

F (z1, . . . , zk) = {zI}I
where I varies through all the multi-indeces of length k. We have that

|zI | ≤ (max{|z1|, . . . , |zk|})|I|

and the number of multiindexes I with |I| = i1 + . . .+ ik = m is(
m+ k − 1

k − 1

)
which is less than (2m)k if m is large enough. Therefore∑

I

|zI |p ≤
∑
m

(2m)k(max{|z1|, . . . , |zk|})m

which converges for max{|z1|, . . . , |zk|} < 1.
Again, the map F is regular, injective and proper with unbounded image F (Dk). We observe

that F (Dk) provides an example of finite dimensional manifold not contained in any finite-
dimensional linear subspace.
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4.1. Positive currents.

Definition 4.2. Let T be a metric (p, p)−current. We say that T is positive if, given π1, . . . , πp ∈
O(X),

T (f, π1, π1, . . . , πp, πp) ≥ 0

for every Lipschitz function f ≥ 0 on X. We say that a current is finitely positive if every finite
dimensional projection of it is positive.

Proposition 4.2. Let Ω ⊂ H be an open set. T ∈M2p(Ω) is positive if and only if it is finitely
positive.

Proof: Obviously, if T is positive then every complex linear pushforward of it is positive. On
the other hand, if pm : H → Cm is the projection on the first m coordinates, then, by Proposition
3.1, f ◦ pm → f pointwise and Lip(f ◦ pm) ≤ Lip(f).

Therefore,

T (f, π1, . . . , πp) = lim
m→∞

T (f ◦ pm, π1 ◦ pm, . . . , πp ◦ pm) =

lim
m→∞

(pm)]T (f |pm(H), π1|pm(H), . . . , πp|pm(H)) ≥ 0 ,

which is the thesis. �

On an infinite dimensional complex space,the plurisubharmonic functions are defined by the
submean property: let Ω ⊂ H be an open set and let u : Ω→ R ∪ {−∞} be an upper semicon-
tinuous function (not identically equal to −∞); u is plurisubharmonic if

u(a) ≤
∫ 2π

0

u(a+ eiθb)dθ

for every a ∈ Ω and every b ∈ H such that a+ λb ∈ Ω for every λ ∈ C with |λ| ≤ 1. See also [11]
for a discussion of the properties of such functions.

Define dc = i(∂ − ∂).

Proposition 4.3. Let T ∈ M2p(Ω) be a positive closed current with bounded support and u :
Ω→ R∪{−∞} a bounded plurisubharmonic function. Then ddc(Txu) is a closed, positive metric
current with bounded support and the following estimate holds:

M(ddc(Txu)) ≤ ‖u‖∞M(T ) .

Proof: We note that the result is true for any finite-dimensional projection of T . Namely, if
pm is as above,

(pm)]dd
c(Txu) = ddc((pm)]Tx(u ◦ pm)) = ddc(Tmxum)

with Tm a positive closed current with compact support in Cm and um a bounded plurisubhar-
monic function. Then we know that

ddc(Tmxum) = Tmx(dd
cum)

in the sense of distributions and for every compact K we have

MK(ddc(Tmxum)) ≤ C‖um‖∞,KMK(Tm) .

As pm is an orthogonal projection, MB(Tm) ≤MB(T ), whereas the fact that Tm converges weakly
to T , together with the semicontinuity of the mass, implies that MB(T ) ≤ lim supMB(Tm),
therefore MB(Tm)→MB(T ) for every bounded set B in Ω.

This means that, for j big enough,

MK(ddc(Tmjxumj )) ≤ C‖u‖∞,KMK(T )

so, by 2.12, we can find a subsequence w ∗ −converging to some S ∈M2p−2(Ω).
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Such an S is such that (πm)]S = Tm for infinitely many m, therefore S coincides, as a metric
functional, with ddc(Txu). Moreover, S is positive and closed and

MK(S) ≤ ‖u‖∞,KMK(T ) .

We note also that suppS ⊆ suppT . �

In view of the previous Proposition, we will denote by ddcu ∧ T the current ddc(Txu).
Proceeding by induction, we can give a meaning to the writing

ddcu1 ∧ . . . ∧ ddcup ∧ T
for a current T in the hypotheses of the previous Proposition. Such a definition allows us to
write an analogue of the Monge-Ampère operator in Hilbert spaces.

4.2. Currents of integration on analytic sets. Let V be a finite-dimensional analytic set in
some open domain U ⊂ H; since, by definition, V is locally contained in some finite-dimensional
submanifold, we know that it is locally of finite volume. Therefore, for any p ∈ V there exists a
ball B such that the current [V ]xB of integration on the regular part of V ∩B is a well-defined
rectifiable metric current. The following result gives an estimate for the mass of such a current,
analogous to Wirtinger formula in the finite dimensional case.

Proposition 4.4. Let H be a Hilbert space, with scalar product 〈·, ·〉, V an analytic set in an
open set U ⊂ H, with dimC Vreg = p. Let Ω be a ball in U and let [V ] be the current of integration
associated to V ∩ Ω in Ω. Then

M([V ]) ≤ lim
n→∞

∑
1≤i1<...<ip≤n

[V ]

(
ip

2pp!
, zi1 , z̄i1 , . . . , zip , z̄ip

)
< +∞ ,

where {zj}j∈N are coordinate functions with respect to some orthonormal basis.

Proof: Given an orthonormal basis {en}n∈N, let Em = span{e1, . . . , em} and πm : H → Em
the orthogonal projection. We denote [V ]m = (πm)][V ] and observe that [V ]m → [V ] weakly, so
that by the semicontinuity of the mass we get

M([V ]) ≤ lim inf
m→∞

M([V ]m) ,

where the masses are relative to Ω or to Ωm = Ω ∩ Em respectively.
On the other hand, the projections πm have norm ‖πm‖ ≤ 1, so, if µ is the mass measure of

[V ], we have

|[V ]m(f, η)| ≤
∏

Lip(ηj)

∫
Um

|f |d(πm)]µ .

This implies that the mass measure µm of Em is dominated by (πm)]µ, therefore

µm ≤ (πm)]µ −−−−→
m→∞

µ

which means that

M([V ]) = µ(Ω) ≤ lim inf
m→∞

µm(Ω) ≤ lim
m→∞

(πm)]µ(Ω) = µ(Ω) = M([V ]) .

Now, Em with the induced scalar product is the usual complex hermitian space Cm and the
pushforward of an analytic chain is again an analytic chain. Therefore

M([V ]m) ≤ [V ]m(ωpm/p!) = H2p(Vm) ≤ CpM([V ]m)

where

ωm =
i

2

m∑
j=1

dzj ∧ dz̄j =
i

2

m∑
j=1

e∗j ∧ ē∗j
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and Cp is a constant depending only on p (see [1], after Remark 8.4). Noticing that [V ]m(ωpm/p!) =
[V ](ωpm/p!), we obtain

M([V ]) ≤ lim
n→∞

∑
1≤i1<...<ip≤n

[V ]

(
ip

2pp!
, zi1 , z̄i1 , . . . , zip , z̄ip

)
≤ CpM([V ]) < +∞ ,

which is the thesis. �

Remark 4.2. The current [V ] is obviously positive, of bidimension (k, k) for some k and its
boundary is supported outside Ω.

Given an orthonormal basis {ej}j∈N and a multiindex I = (i1, . . . , ik), let πI denote the
orthogonal projection from H onto Span{ei1 , . . . , eik}.

Theorem 4.5. Let Ω ⊂ H be a ball, S be an integer rectifiable current in Ω. Suppose that

(1) supp dS ∩ Ω = ∅;
(2) S is a (k, k) positive current.

Then S can be represented as a sum with integer coefficients of integrations on the regular parts
of analytic sets.

Remark 4.3. We cannot show thatX is a finite-dimensional analytic space in the sense specified in
the beginning of this section; indeed, in the example discussed before, the map f(z, w) = (zwn)n,
gives an analytic space which carries a current of integration which satisfies the hypotheses of
the previous theorem but cannot be written as the integration on a finite-dimensional analytic
space.

Proof: Since S is a metric current, we can define its pushforward through any Lipschitz map.
We note that (πI)]S = mI [VI ] with VI = πI(Ω). By (ii) we know that mI ≥ 0 and, by the fact
S is integer rectifiable, mI ∈ N.

By Theorem 2.6, for almost every y ∈ VI we can define 〈S, πI , y〉; moreover, by Theorem 2.5,
we can find a countably H2k−rectifiable subset B of suppS and an integer multiplicity function
θ(x) such that S = [B]xθ; then

〈S, πI , y〉 =
∑

x∈π−1
I (y)∩B

θ(x)[x]

and ∑
x∈π−1

I (y)∩B

θ(x) = 〈S, πI , y〉(1) = mI .

Let us call GI ⊂ VI the set of y such that the slice exists; then for j 6∈ I and z ∈ G, we set

Pj(z,W ) =
∏

x∈π−1
I (z)∩B

(W − wj(x))θ(x)

where wj(x) is the j−th coordinate of x in the fixed orthonormal basis.
We note that ∑

x∈π−1
I (z)∩B

θ(x)wj(x)s = 〈S, πI , z〉(wsj )

is a holomorphic function of z, because ∂S = 0, therefore by a classical argument Pj(z,W ) is a
polynomial with coefficients in O(VI) for every j 6∈ I.

After removing an H2k−negligible set from GI , we have that Pj(z, wj) = 0 for every j 6∈ I
and every x = (z, w) ∈ π−1I (GI) ∩B.
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Let us define

XI = {Pj(z, wj) = 0 , j 6∈ I} X =
⋃
I

XI .

We can look at XI as the zero locus of the map

PI : H → SpanC{ej : j 6∈ I} = H1

given by

PI(z, w) =
∑
j 6∈I

ejPj(z, wj) .

In order to show that PI is well defined, we observe that, since Pj(z,W ) is a polynomial in W ,
for a fixed z we have

|Pj(z,W )| ≤ min{d(W,wj(x))mI , x ∈ π−1I (z) ∩B}
with m ≥ 1, if W is close enough to some wj(x). Therefore, for p = (z, w) in a neighborhood of
B, we can write ∑

j 6∈I

|Pj(z, wj)|2 ≤
∑
j

|wj − wj(x)|2mI ≤ ‖p− x‖2mI < +∞

where x is the nearest point in B to p = (z, w). The map PI is obviously holomorphic, as its
entries are polynomials in wj with coefficients holomorphic in the first k coordinates.

This shows that XI is locally given as the zero locus of a holomorphic map between Hilbert
space, therefore it is an analytic set. Moreover, let x ∈ XI be a smooth point and suppose that
dimC TxXI > k. By construction, πI |TxXI : TxXI → Ck has maximum rank, therefore we can
find l ∈ N such that, setting J = I ∪ {l}, the projection πJ restricted to TxXI is surjective onto
Ck+1. This means that Pm(z,W ) ≡ 0, but this is impossible. So, dimC TxXI = k, i.e. the
regular part of XI is a smooth k−dimensional complex manifold.

Now, let

BI = {x ∈ B : J2kπI(x) 6= 0}
i.e. the set of points x of B such that DπI has rank 2k on the approximate tangent to B at x;
define also

CI = (B ∩ V ) \ π−1I (GI) .

By Theorem 2.11, we have∫
BI∩CI

J2kπI(x)dH2k(x) =

∫
VI\GI

(∫
π−1
I (y)∩B

gdH0

)
dH2k(y) = 0

where g is the characteristic function of BI ∩ CI . Since J2kπI > 0 on BI ∩ CI , this means that
H2k(BI ∩ CI) = 0.

Obviously, B =
⋃
BI and

B ∩

(⋃
I

π−1I (GI)

)
⊂ X ,

but

B \
⋃
I

π−1I (GI) =
⋂
I

(B \ π−1I (GI)) ⊂
⋂
I

((B \BI) ∪ (BI ∩ CI)) ⊆
⋃
I

(BI ∩ CI) = D .

Since H2k(BI ∩ CI) = 0, we also have H2k(D) = 0 and H2k(B \ X) = 0. Moreover, as X is
closed in Ω, suppS ⊂ X; therefore S = [B ∩X].

If we denote by Xreg the union of the regular parts of XI , then SxXreg is a (k, k)−current,
positive and closed, with support on a k−dimensional smooth complex manifold. Therefore,
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SxXreg can be written as a series with integer coefficients of the currents of integration on the
connected components of Xreg.

There exists r > 0 such that πI(V ) contains a ball of radius r for every I; therefore, the
H2k−measure of the regular part of XI is uniformly bounded from below independetly of I. On
the other hand SxXreg is of finite mass; therefore it has to be a finite sum.

Finally, let us consider the rectifiable set R = B \ Xreg. If we project it on the first m
coordinates, for m ≥ k + 1, we obtain that its image is the singular set of a k−dimensional
analytic space, therefore H2k−negligible; again by Theorem 2.11,∫

R

J2k(dRπmx)dH2k(x) =

∫
Cm

]{x ∈ R ∩ π−1m (y)}dH2k

with πm : H → Span{e1, . . . , em} the orthogonal projection. Let us denote by η(x) the approxi-

mate tangent to R in x; then the 2k−jacobian of πm on Tan(2k)(R, x) is given by the projection
of η(x) on Span{e1, . . . , em}.

We define Am = {x ∈ R : J2k(dRπmx) > 0} and we note that Ak+1 ∪Ak+2 ∪ . . . = R, up to
H2k−neglibigle sets. But∫
Am

J2k(dRπmx)dH2k(x) =

∫
Cm

]{x ∈ Am ∩ π−1m (y)}dH2k =

∫
πm(Am)

]{x ∈ R ∩ π−1m (y)}dH2k = 0

because πm(Am) ⊆ πm(R), which is H2k−negligible. Therefore H2k(R) = 0, so SxXreg = S and
this concludes the proof. �

5. Boundaries of holomorphic chains

In the following definition, we introduce the concept of maximal complexity for a current.

Definition 5.1. Let S be a (2p− 1)−current with compact support in a complex manifold X;
we say that S is maximally complex if Sr,s = 0 for |r − s| > 1.

As we noted in Section 3, when speaking about the Dolbeault decomposition, the metric
functional Sr,s always exists, even though it is not always a metric current. However, if it is 0,
then it is obviously a metric current.

The same property for manifolds is stated in terms of their tangent space; namely, a manifold
M of real dimension 2p− 1 is maximally complex if dimC TzM ∩JTzM = p− 1 for every z ∈M .
The first two propositions of this section show that a manifold is maximally complex if and only
if the associated current of integration is.

Proposition 5.1. Let M be a compact C1 submanifold of a complex reflexive Banach space E
with complex structure J , such that dimRM = 2p− 1 and dimC TzM ∩ JTzM = p− 1 for every
z ∈ M . Then there exists a complex linear map F : E → Cn for some n > 0 which restricts to
an embedding of M into Cn.

Proof: Given z ∈M , let l1,z, . . . , lp,z linearly independent elements of E∗ such that

ker l1,z ∩ . . . ∩ ker lp−1,z ∩ TzM ∩ JTzM = {0}

and

ker l1,z ∩ . . . ∩ ker lp−1,z ∩ kerRe lp,z ∩ TzM = {0} ;

both these conditions are open. By compactness, we can find finitely many l1, . . . , lN such that
for every point z ∈M there exists indexes j1 < . . . < jp such that

ker lj1 ∩ . . . ∩ ker ljp−1
∩ TzM ∩ JTzM = {0}
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and (viewing E as a real vector space)

ker lj1 ∩ . . . ∩ ker ljp−1
∩ kerRe ljp ∩ TzM = {0} .

This means that if we define L : E → CN by L = (l1, . . . , lN ), we have that the differential dL
is always of real rank 2p− 1 on M and it is complex linear on TzM ∩ JTzM .

Let U1, . . . , Uh be the open sets and l1, . . . , lp, lp+1, . . . , l2p, . . . , lhp be the maps constructed
as above and {Vj}Kj=1 a collection of open sets in M such that for each Vj there exists a Uν(j)
such that Vj b Uν(j) and

⋃
Vj = M .

For a fixed j, the set L−1(L(Vj)) is a union of µj connected components which are relatively
compact in some open sets Uk1 , . . . , Ukµj ; therefore, there exist µj linear maps f1j , . . . , f

µj
j such

that for each connected component there is one map which separates it from the others, that is,
a map which has different values on it and on the union of the others.

Now, consider the map F = (l1, . . . , lhp, f
1
1 , . . . , f

µK
K ). By the first part of the construction, F

has an injective differential on M ; by the second part, it is globally injective on M . Therefore
F is a holomorphic embedding of M into Cn, where n = hp + µ1 + . . . + µK , realized with a
complex linear map. �

Let M be a compact C1 submanifold of a reflexive complex Banach space E with complex
structure J , with dimRM = 2p− 1. M induces a metric current [M ] of dimension 2p− 1.

Proposition 5.2. The following are equivalent:

(1) dimC(TzM ∩ (JTzM)) = p− 1 ∀ z ∈M ;
(2) [M ](α) = 0 for every metric (r, s)−form α on E with r + s = 2p− 1 and |r − s| > 1;
(3) M is locally the graph of a CR-function: for every z ∈ M there exists U neighbourhood

of z in E such that M ∩U is the graph of a function f : M̃ → E′, M̃ a CR-submanifold

of Cp, E′ a closed subspace of E such that E = E′ ⊕ Cp and f a CR-function on M̃ .

Proof: 1) =⇒ 2) Let α = (f, g1, . . . , gr, h1, . . . , hs) and let i : M → E an embedding whose
differential is complex linear when restricted to (the preimage of) TzM ∩JTzM ; then [M ] = i]T ,
with T ∈ M2p−1(M). By the comparison theorem for manifolds, T is induced by a classical
current T ′ on M ; but then,

[M ](α) = T (f ◦ i, g1 ◦ i, . . . , hs ◦ i) = T ′(f ◦ id(g1 ◦ i) ∧ . . . ∧ d(hs ◦ i)) .
The functions gj ◦ i have complex linear differentials on i−1∗ (TM ∩ JTM), therefore if there are
more than p of them, their wedge product will vanish; the same holds for the differentials of the
functions hj ◦ i. So [M ](α) = 0 if |r − s| > 1.

2) =⇒ 1) Let ρ : E → CN be a finite-dimensional embedding for M , which is holomorphic
on E. If

dimC Tρ(z)ρ(M) ∩ JCNTρ(z)ρ(M) = dimC TzM ∩ JTzM < p− 1

then there exists a metric (r, s)−form β on CN with r + s = 2p− 1 and |r − s| > 1 such that∫
ρ(M)

β 6= 0

so ∫
M

ρ∗β 6= 0

and ρ∗β is a (r, s)−form on E with |r − s| > 1.

3) =⇒ 1) Let f : M̃ → E′ be the given CR-function; we define G : M̃ → M̃ × E′ by
G(p) = (p, f(p)).
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Let F : Cp ⊕E′ → E be the given isomorphism; then (F ◦G)∗TpM̃ = TF (p,f(p))M and, since

TpM̃ contains a complex subspace of complex dimension p− 1, so does the tangent space of M .

1) =⇒ 3) Let us fix z ∈ M and let Hz be the complex subspace of TzE of (complex)
dimension p containing TzM . By reflexivity, E = E∗, so we have a splitting of E = Hz ⊕E′ for
some closed subspace E′. By construction, π : E → Hz is a local embedding when restricted to
a neighbourhood U of z in M , because it has a maximum rank differential at z.

Let M̃ be the image of U trough π; we have the function f : M̃ → E′ defined by (p, f(p)) ∈
U ∩π−1(p). By construction, f∗|TpM̃∩JTpM̃ is C−linear, so f is a CR-function and U is its graph.

�

Proposition 5.3. Let M be a (2p − 1)−current with compact support in X, F : X → Y a
Lipschitz holomorphic map. Suppose that M is maximally complex, then the same is true for
F]M and, if p > dimC Y , for 〈M,F, ζ〉, given that M is flat and slices exist.

Proof: Obviously, we have (F]M)r,s = F](Mr,s) (this is an equality between metric functionals
only, not metric currents).

Moreover, if dimC Y < p and if 〈M,F, ζ〉 exists for some ζ ∈ Y , let {ρε,ζ} be a family of
smooth approximations of δζ . Then locally (with supp f contained in a manifold chart for Y )

〈M,F, ζ〉(f, η) = lim
ε→0

M(fρε,ζ , F, F , η) .

So, if Mr,s = 0 for |r−s| > 1 then also 〈M,F, ζ〉r−m,s−m = 0 for 1 < |r−s| = |(r−m)−(s−m)|,
with m = dimC Y . �

Definition 5.2. A MC-cycle in a complex Banach space E is a maximally complex (2p −
1)−dimensional closed metric current, with compact support.

Remark 5.1. The definition is meaningless for p = 1; the notion of moment condition which
substitutes the maximal complexity for 1−dimensional currents cannot be given that easily in a
Banach space and it turns out to be not automatically satisfied by a maximally complex current
of higher dimension. The philosophical reason is the greater distance, in Banach spaces, between
local and global aspects.

The following Theorem follows easily from Proposition 5.3 and from the slicing properties of
rectifiable currents.

Theorem 5.4. Let M be a rectifiable MC-cycle of dimension (2p− 1) in a Banach space E and
consider a Lipschitz holomorphic map F : E → Cm. Then

(1) F]M is a rectifiable MC-cylce of dimension (2p− 1) in Cm;
(2) if m < p− 1, 〈M,F, ζ〉 is a rectifiable MC-cycle of dimension 2(p−m)− 1 in E.

Remark 5.2. By Theorem 2.6, the slice 〈M,F, ζ〉 exists and is rectifiable for almost every ζ ∈ Cm.

Theorem 5.5. Let M be a MC-cycle of dimension (2p − 1) in E. Then, for every linear
projection π : E → Cp and every φ ∈ O(suppM), we have

∂[π](φM)]0,1 = 0 .

Moreover, there is a unique integrable compactly supported function cφ in Cp such that

∂cφ = [π](φM)]0,1

and such a function can be obtained by convolution with the Cauchy kernel or the Bochner-
Martinelli kernel.
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Proof: We know that dM = 0; since M is maximally complex, we have

M = Mp,p−1 +Mp−1,p

so

0 = dM = (dM)p−2,p + (dM)p−1,p−1 + (dM)p,p−2 .

In particular, this means that (dM)p,p−2 = 0. Therefore

∂[π](φM)]0,1 = ∂[π](φM)]p,p−1 = [dπ](φM)]p,p−2 = [π](dφM)]p,p−2

= [π](φdM)]p,p−2 + [π](Mx(1, φ))]p,p−2

but Mx(1, φ) has non-vanishing (r, s)−components only for (r, s) = (p − 1, p − 1) or (r, s) =
(p− 2, p− 1), so [π](Mx(1, φ))]p,p−2 = 0. Then

∂[π](φM)]0,1 = [π](φdM)]p,p−2 = π](φ(dM)p,p−2) = 0 .

We note that π](φM) is a metric current in Cp, therefore it is also a classical one, consequently
its component of bidegree (0, 1) is a classical current as well and by the previous computation is
∂−closed. By a standard convolution-contraction with either the Cauchy kernel or the Bochner-
Martinelli kernel, we can fin a compactly supported integrable function cφ as requested. �

Theorem 5.6. Let M be a compact, oriented (2p − 1)−manifold (without boundary) of class
C2 embedded in H, and suppose that there exists an orthogonal decomposition H = Cp ⊕ H ′

such that the projection π : H → Cp, when restricted to M , is an immersion with transverse
self-intersections. Then, if M is maximally complex (i.e. [M ] is an MC-cycle), there exists a
unique holomorphic p−chain T in H \M with suppT b H and finite mass, such that dT = [M ]
in H.

Proof: Let m = π(M) ⊂ Cp; for every λ ∈ H ′ \ {0}, we define πλ(z) = (π(z), 〈z, λ〉) ∈ Cp+1.
By the previous results, Mλ satisfies the same hypotheses in Cp+1, therefore by [6, Theorem

6.1] we can solve the problem for Mλ = πλ(M), finding a holomorphic p−chain Tλ in Cp+1 \M
with the required properties. Following the proof of Theorem 6.1 in [6], we write

Cp \m = U0 ∪ U1 ∪ . . . ∪ Uk
where the Uj are connected components and U0 is unbounded; Tλ is locally on each Uj union of
graphs of holomorphic functions

Fλ,hj : Uj → C h = 1, . . . , nλ,j .

Given another λ′ ∈ H ′\{0}, we can consider the p−chain Tλ
′
, which will be given by holomorphic

functions

Fλ
′,h

j : Uj → C h = 1, . . . , nλ′,j ;

however, we can also consider, in Cp+2, the manifold Mλ,λ′ and the associated solution Tλ,λ
′
;

denoting by p and p′ the restrictions of πλ and πλ
′

to Cp+2, we have

p∗T
λ,λ′ = Tλ p′∗T

λ,λ′ = Tλ
′
.

Since the differentials of p, p′ are of rank 2p−1 on Mλ,λ′ and because p and p′ are holomorphic,
their differentials are at least of rank 2p on Mλ,λ′ ; this means that they are of rank 2p in a
neighborhood of Mλ,λ′ in Mλ,λ′ ∪ suppTλ,λ

′
(which is locally a C2 manifold with boundary by

Lemma 6.8 in [6], ), therefore nλ,j = nλ,λ′,j = nλ′,j for every j and every λ, λ′ ∈ H ′ \ {0}.
Let {λi}i∈I be an orthonormal basis for H ′ and consider the holomorphic functions

Fλi,hj : Uj → C j = 1, . . . , k, h = 1, . . . , nj , i ∈ I
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and define
Fhj =

∑
i∈I

λiF
λi,h
j .

The function Fhj is well defined. For any finite subset of indices J ⊂ I, we can consider the
projection

pJ : H → Cp ⊕ Span{λi}i∈J
and the pushforward [M ]J = (pJ)][M ]; the functions {Fλi,hj }i∈J give a solution for the finite-

dimensional problem with datum [M ]J , therefore SJ,j,h =
∑
i∈J F

λi,h
j λi is a holomorphic function

with values in a finite-dimensional vector space, such that

|SJ,j,h(z)| ≤ R
where R is such that supp [M ]J ⊂ Cp ×B(0, R), B(z, r) being the ball with center z and radius
r in Span{λi}i∈J .

Now, let us take I = N and fix ε > 0. By compactness, we can find I ′ ⊂ I finite and set

Vε = Cp ⊕ Span{λi}i∈I′
so that d(M,Vε) < ε; let H ′ε be the topological complement of Vε in H, then the projection
of M on H ′ε lies in a ball of radius ε around 0. Now, for any finite subset J ⊂ I such that
min J > max I ′, we have that

|SJ,j,h(z)| ≤ ε ,
showing that the sequence of maps from Uj to H ′{

m∑
i=0

Fλi,hj (z)λi

}
m∈I

is a Cauchy sequence with respect to the supremum norm on Uj . Therefore the limit Fhj (z) is
well defined and continuous on the closure of Uj , because every element of the sequence is.

The function Fhj is holomorphic. Indeed, for any λ ∈ H ′, we write

λ =
∑
i∈I

αiλi

and
〈Fhj (z), λ〉 =

∑
i∈I

αiF
λi,h
j (z) .

We now observe that∣∣∣∣∣∑
i∈I

αiF
λi,h
j (z)

∣∣∣∣∣ ≤
√∑

i∈I
|Fλi,hj |2

√∑
i∈I
|αi|2 ≤ ‖λ‖H′

√∑
i∈I
|Fλi,hj (z)|2∞,Uj < ‖λ‖H′‖|F

j
h |‖∞,Uj

which is finite, and this implies that the sequence of holomorphic functions{
m∑
i=0

αiF
λi,h
j

}
m∈I

converges uniformly on Uj . The limit is then holomorphic, so Fhj is holomorphic.

The function Fhj extends C1 to the boundary. By [6], there exist sets A ⊂ m and Ai ⊂ Mλi

with π(Ai) = A, which are H2p−1−negligible and such that outside them we have C1 regularity

for suppTλi ∪Mλi and for the functions Fλi,hj . Let us consider p ∈ m ∩ Uj \ A; for each i ∈ I,
one of the following two cases can occur:

(1) Fλi,hj (p) 6∈Mλi ,



POSITIVE METRIC CURRENTS AND HOLOMORPHIC CHAINS IN HILBERT SPACES 23

(2) Fλi,hj (p) ∈Mλi .

In the former, Fλi,hj extends holomorphically through p, whereas in the latter we can find a

relatively compact neighborhood V of p in m such that Fλi,hj coincides on V with some CR

function f : V →Mλi . In both cases, Fλi,hj is of class C1 near p. Let U be an open set with C1
boundary in Uj such that bUj ∩ bU = V .

The restrictions of the derivatives of Fhj to bUj are continuous, when we derive in a direction
tangent to TbU ; however, by the Cauchy-Riemann equations, we can control the normal deriva-
tive with the tangential ones, therefore also the normal derivative of Fhj is a continuous function
when restricted to bU .

We note that from this follows that the image of bU through one of these maps is a compact
set in H ′ and we can replicate the previous argument, obtaining that the sequence{

m∑
i=0

∂

∂zs
Fλi,hj (z)λi

}
m∈I

is a Cauchy sequence with respect to the supremum norm on U .
Therefore, the limit is continous on the closure of U , thus implying that∥∥∥∥∣∣∣∣ ∂∂zsFhj

∣∣∣∣∥∥∥∥
∞,U

< +∞ .

Moreover, on bU ∩ bUj = V , Fhj coincides with f and we can cover H2p−1−almost all of bUj with

open sets where Fhj coincides with some CR-functions realizing M as a graph. Therefore, as M

is a compact C1 manifold, ∥∥∥∥∣∣∣∣ ∂∂zsFhj
∣∣∣∣∥∥∥∥
∞,bUj

< +∞

hence ∥∥∥∥∣∣∣∣ ∂∂zsFhj
∣∣∣∣∥∥∥∥
∞,Uj

< +∞ .

The current of integration on the graph of Fhj has finite mass. By the previous paragraph,
there exists a constant Ch,j such that

|∇Fhj (z)|2 =
∑
i∈I
|∇Fλi,hj (z)|2 ≤ Ch,j for every z ∈ Uj .

It is easy to show that there exists a polinomial gp(X) such that∑
i

|ai| ≤ S < +∞ =⇒
∑
|J|=p

∏
i∈J
|ai| ≤ gp(S) < +∞ .

Therefore ∑
|J|=p

∏
i∈J
|∇Fλi,hj (z)| ≤ gp(Ch,j) < +∞ for every z ∈ Uj .

We consider the (p, p)−form

ηhj (z) =
∑
|J|=p

∧
i∈J

dFλi,hj (z) ∧ dFλi,hj (z)

which is well-defined by the previous estimates and note that

‖ηhj ‖∞,Uj ≤ gp(Ch,j) .
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Let {wi}i∈I be coordinates for the basis {λi}i∈I , i.e. wi(v) = 〈v, λi〉 for v ∈ H ′, and denote by
Th,j the (alleged) current of integration on the graph of Fhj . Then

Th,j(1, wi1 , wi1 , . . . , wip , wi,p) =

∫
Uj

dF
λi1 ,h
j (z) ∧ dFλi1 ,hj (z) ∧ . . . ∧ dFλip ,hj (z) ∧ dFλip ,hj (z) .

Therefore, by Proposition 4.4, we have

M(Th,j) ≤ L2p(Uj)

p∑
p′=0

gp′(Ch,j) < +∞ .

We have to sum all the values from 0 to p′ because we apply the formula of Proposition 4.4 in
H and not in H ′, so we have to consider also the p−tuples of coordinates coming in part from
Cp and in part from H ′.

As the Fhj are a finite number of functions, we can consider the metric functional of integration
on their graphs and denote it by T . T is a holomorphic p−chain in H \M , it has finite mass and
its support is contained in a product of discs, therefore it is relatively compact in H. Moreover,
for H2p−1−almost every point in M there is a neighborhood where suppT ∪M is a C1 manifold.

This implies that T is a metric rectifiable (p, p)−current in H. We note that for any finite-
dimensional projection p : H → Cm, we have that d(p]T ) = p][M ]; it is an easy application of
Theorem 3.3 to show that this implies dT = [M ]. Finally, it is not difficult to see that the map
x 7→ (x, Fhj (x)) is proper into H \M , which is an hilbertian manifold, hence by Theorem 4.1 its
image is a finite dimensional complex space in H \M . �

Remark 5.3. Suppose we are given a family Ms of MC−cycles each satisfying the hypothesis of
Theorem 5.6, depending on some parameter s ∈ U ⊂ C in a C1 way. Locally in s, we can assume
that the various manifolds Ms project, through the maps πs given by hypothesis, to the same
immersed manifold m ⊂ Cp.

Therefore, the functions Fλ,hj,s constructed during the proof of Theorem 5.6 depend on s in a

C1 way. This implies that Fhj,s vary Lipschitz-continuously in s.
Hence, the map associating to s the solution to dTs = [Ms] is Lipschitz-continuous in s.

The compactness of M is needed only to ensure that there is a finite number of connected
components in Cp \m. Therefore, we also have the following result.

Theorem 5.7. Let M be a bounded, oriented (2p− 1)−manifold (without boundary) of class C2
embedded in H, with finite volume. Assume that there exists an orthogonal decomposition H =
Cp ⊕H ′ such that the projection π : H → Cp, when restricted to M , is a closed immersion with
transverse self-intersections. Then, if [M ] is an MC−cycle, there exists a unique holomorphic
p−chain T in H \M with suppT b H and finite mass, such that dT = [M ] in H.

Proof: As π is supposed to be closed, π(M) is a closed and bounded subset of Cp, therefore
compact. By the finiteness of volume, we know that [M ] is a well-defined metric current and we
can proceed with the same proof as before. �

Remark 5.4. By Definition 4.1, there exists a finite dimensional complex submanifold V of H \M
containing the support of the holomorphic chain T . Therefore, we recover all the results that
are true in finite dimension, e.g. if M is contained in a strictly pseudoconvex hypersurface, we
know that T will have only finitely many singular points.
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