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Abstract. A semiholomorphic foliations of type (n, d) is a differ-
entiable real manifold X of dimension 2n + d, foliated by com-
plex leaves of complex dimension n. In the present work, we
introduce an appropriate notion of pseudoconvexity (and conse-
quently, q-completeness) for such spaces, given by the interplay of
the usual pseudoconvexity, along the leaves, and the positivity of
the transversal bundle. For 1-complete real analytic semiholomor-
phic foliations, we obtain a vanishing theorem for the CR coho-
mology, which we use to show an extension result for CR functions
on Levi flat hypersurfaces and an embedding theorem in CN . In
the compact case, we introduce a notion of weak positivity for the
transversal bundle, which allows us to construct a real analytic
embedding in CPN .
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1. Introduction

A semiholomorphic foliations of type (n, d), n ≥ 1, d ≥ 1, is a dif-
ferentiable real manifold X of dimension 2n + d, foliated by complex
leaves of complex dimension n. If X is of class Cω we say that X is
a a real analytic semiholomorphic foliation. The aim of the present
paper is to investigate the geometrical properties of such spaces along
the lines of the classical theory of complex spaces. Such spaces were
already studied in [10], to some extent, but some of the conclusions
reached there are spoiled by the lack of a necessary hypothesis in the
statements, the positivity of the transversal bundle mentioned below,
which allows us not only to correctly state and prove the results of [10],
but also to push further our investigation and obtain new insights in
the geometry of semiholomorphic foliations; Forstnerič and Laurent-
Thiébaut moved in a similar direction, with their work in [7], where
the attention was focused on the existence of a basis of Stein neigh-
bourhoods for some particular compacts of a Levi-flat hypersurface.
We should also mention that, more recently, El Kacimi and Slimène
studied the vanishing of the CR cohomology for some particular kinds
of semiholomorphic foliation, in [5, 6]. We are mainly concerned with
real analytic semiholomorphic foliations which satisfy some hypothe-
sis of pseudoconvexity. Pseudoconvexity we have in mind consists of
two conditions: 1-pseudoconvexity along the leaves of X, i.e. the exis-
tence of a smooth exhaustion function φ : X → R+ which is strongly
1-plurisubharmonic along the leaves, and positivity of the bundle Ntr

transversal to the leaves of X (see 3.1). Under these conditions we say
that X is 1-complete. For 1-complete real analytic semiholomorphic
foliation of type (n, d) we can prove that

1) every sublevel set {φ ≤ c} has a basis of Stein neighbourhoods;
2) an approximation theorem for CR functions holds on X.

(see Theorem 3.3).
Once these results are proved, the methods of complex analysis ap-

ply, in order to study the cohomology of the sheaf CR of germs of CR
functions. We show that, for 1-complete real analytic semiholomorphic
foliation of type (n, 1), the cohomology groups Hq(X, CR) vanish for
q ≥ 1 (see Theorem 4.1). This implies a vanishing theorem for the
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sheaf of sections of a CR bundle, which we use in Section 4 to get a
tubular neighbourhood theorem and an extension theorem for CR func-
tions on Levi flat hypersurfaces (see Theorems 5.2, 5.3 and Corollary
5.4). In Section 6 we sketch the proof that a 1-complete real analytic
semiholomorphic foliation of type (n, d) embeds in C2n+2d+1 as a closed
submanifold by a smooth CR map (see Theorem 6.1) and, as an appli-
cation, we get that the groups Hj(X;Z) vanish for j ≥ n + d + 1 (see
Theorem 6.3). In the last section a notion of weak positivity is given
for the transversal bundle Ntr on a compact real analytic semiholomor-
phic foliation X of type (n, 1) (see (18)) and we prove that, under this
condition, X embeds in CPN by a real analytic CR map (see Theorem
7.2).

Acknowledgements: The first author was supported by the ERC
grant HEVO - Holomorphic Evolution Equations n. 277691.

2. Preliminaries

2.1. q-complete semiholomorphic foliations. We recall that a semi-
holomorphic foliation of type (n, d) is a (connected) smooth foliation
X whose local models are subdomains Uj = Vj × Bj of Cn × Rd with
transformations (zk, tk) 7→ (zj, tj) of the form

(1)

{
zj = fjk(zk, tk)

tj = gjk(tk),

where fjk, gjk are smooth and fjk is holomorphic with respect to zk. If
we replace Rd by Cd and we suppose that f and g are holomorphic we
get the notion of holomorphic foliation of type (n, d).

Local coordinates z1
j , . . . , z

n
j , t

1
j , . . . , t

d
j satisfying (1) are called distin-

guished local coordinates.
A continuous function f : X → C is a CR function if and only it

is holomorphic along the leaves. Let CR = CRX denote the sheaf of
germs of smooth CR functions in X.

Given a subset Y of X we denote ŶCR(X) the envelope of Y with
respect to the algebra CR(X).

A morphism or CR map F : X → X ′ of semiholomorphic foliations
is a smooth map preserving the leaves and such that the restrictions
to leaves are holomorphic. By CR(X;X ′) we denote the space of all
morphisms X → X ′; this space is a closed subspace in C∞(X;X ′) so
it is a metric space.

A semiholomorphic foliation X is said to be tangentially q-complete
if X carries a smooth exhaustion function φ : X → R+ which is q-
plurisubharmonic along the leaves (i.e. its Levi form has at least n−q+1
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positive eigenvalues) . In this case we may assume that minX φ = 0
and M = {x ∈X : φ(x) = 0} is a point (M is compact; take a ∈M
and a compactly supported nonnegative smooth function ψ such that
{ψ = 0} ∩M = {a}. If ε is positive and sufficiently small the function
φ+ εψ has the required properties).

Remark 2.1. Let X be semiholomorphic foliation of type (n, d) which
carries a function φ which is strongly plurisubharmonic along the leaves
(not necessarily exhaustive). Then

1) if D is a relatively compact domain in X, f : D → C a CR
function continuous up to the boundary bD, we have

max
D
|f | = max

bD
|f |;

Let M = {x ∈ D : |f(x)| = max
D
|f |} and assume, by a con-

tradiction, that M ∩ bD = ∅. M is compact and let a ∈M
be such that φ(a) = max

D
φ. If Fa denotes the leaf through a,

by the maximum principle Fa⊂M and φ|Fa has a maximum at
a so it is constant along Fa. This is a contradiction since, by
hypothesis, the Levi form of φ|Fa is positive.

2) If f is a CR function and supp f is compact then f = 0.
Let K = supp f and a∈K be such that φ(a) = max

K
φ. As

above the leaf Fa cannot be contained in φ ≤ φ(a) so, by the
identity principle, f is vanishing on Fa. It follows that there
exists a distinguished neighbourhood U of a where f vanishes
i.e. supp f⊂K r U ∩K: contradiction.

The same holds, in broader generality, if φ is q-plurisubharmonic
along the leaves with q ≤ n.

2.2. CR-bundles. Let Gm,s be the group of matrices(
A B
0 C

)
where A ∈ GL(m;C), B ∈ GL(m, s;C) and C ∈ GL(s;R). We set
Gm,0 = GL(m;C), G0,s = GL(s;R). To each matrix M ∈ Gm,s we
associate the linear transformation Cm × Rs → Cm × Rs given by

(z, t) 7→ (Az +Bt, Ct),

(z, t) ∈ Cm × Rs.
Let X be a semiholomorphic foliation of type (n, d). A CR-bundle of

type (m,s) is a vector bundle π : E → X such that the cocycle of E
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determined by a trivializing distinguished covering {Uj}j is a smooth
CR map γjk : Uj ∩ Uk → Gm,s

(2) γjk =

(
Ajk Bjk

0 Cjk

)
where Cjk = Cjk(t) is a matrix with smooth entries and Ajk, Bjk are
matrices with smooth CR entries. Thus E is foliated by complex leaves
of dimension m+n and real codimension d+s. If zj, tj are distinguished
coordinates on X and ζj, θj are coordinates on Cm×Rs, then zj, ζj, tj, θj
are distinguished coordinates on E with transformations

zj = fjk(zk, tk)

ζj = Ajk(zk, tk)ζk +Bjk(zk, tk)θk
tj = gjk(tk)

θj = Cjk(tk)θk.

In particular, π : E → X is a smooth CR map.
The inverse E−1 of E is the CR-bundle E of type (m, s) whose

cocycle is

(3) γ−1
jk =

(
A−1
jk −A−1

jk BjkC
−1
jk

0 C−1
jk

)
.

Let X be a semiholomorphic foliation of type (n, d). Then

• the tangent bundle TX of X is a CR-bundle of type (n, d);
• the bundle TF = T 1,0

F X of the holomorphic tangent vectors to
the leaves of X is a CR-bundle of type (n, 0);
• the complexified CTX of the tangent bundle is a complex vector

bundle.

Remark 2.2. If X is embedded in a complex Z, its transverse TZ/TX
is not a Gm,s-bundle in general.

2.3. Complexification. A real analytic foliation of type (n, d) can be
complexified, essentially in a unique way: there exists a holomorphic

foliation X̃ of type (n, d) with a closed real analytic CR embedding

X ↪→ X̃; in particular, X is a Levi flat submanifold of X̃ (cfr. [17,
Theorem 5.1]).

In order to construct X̃ we consider a covering by distinguished
domains {Uj = Vj × Bj} and we complexify each Bj in such a way to

obtain domains Ũj in Cn × Cd. The domains Ũj are patched together
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by the local holomorphic transformations

(4)

{
zj = f̃jk(zk, τk)

τj = g̃jk(τk)

obtained complexifying the (vector) variable tk by τk = tk + iθk in fjk
and gjk (cfr. (1)).

Let zj, τj distinguished holomorphic coordinates on Ũj and θj =

Im τj. Then θsj = Im g̃jk(τk), 1 ≤ s ≤ d, on Ũj ∩ Ũk and consequently,
since Im g̃jk = 0 on X,

θr =
d∑
s=1

ψrsjkθ
s
k

where ψjk =
(
ψrsjk
)

is an invertible d× d matrix whose entries are real

analytic functions on Ũj ∩ Ũk. Moreover, since g̃jk is holomorphic and
g̃jk|X = gjk is real, we also have ψjk|X = ∂gjk/∂tk.
{ψjk} is a cocycle of a CR-bundle of type (0, d) which extends Ntr

on a neighbourhood of X in X̃ .
In [10, Theorem 2] it is proved that if X is tangentially q-complete

then every sublevel Xc = {x ∈ X : φ ≤ c} has a fundamental system

of neighbourhoods in X̃ which are (q+1)-complete complex manifolds.

Let X̃ the complexification of X. Then the cocycle of the (holomor-

phic) transverse bundle Ñtr (to the leaves of X̃) is

(5)
∂g̃jk(τk)

∂τk
=
∂τj
∂τk

=

(
∂ταj

∂τβk

)
.

3. Completeness

3.1. Tranversally complete foliations. Let X be a semiholomor-
phic foliation of type (n, d), n ≥ 1, d ≥ 1 Ntr the transverse bundle
to the leaves of X. A metric on the fibres of Ntr is an assignement of
a distinguished covering {Uj} of X and for every j a smooth map λ0

j

from Uj to the space of symmetric positive d× d matrices such that

λ0
k =

t∂gjk
∂tk

λ0
j

∂gjk
∂tk

.
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Denoting ∂ and ∂ the complex differentiation along the leaves of X,
the local tangential forms

(6) ω = 2∂∂ log λ0
j − ∂ log λ0

j ∧ ∂ log λ0
j =

λ0
j∂∂λ

0
j − 2∂λ0

j ∧ ∂λ0
j

(λ0
j)

3

(7) Ω = ∂∂ log λ0
j − ∂ log λ0

j ∧ ∂ log λ0
j =

2λ0
j∂∂λ

0
j − 3∂λ0

j ∧ ∂λ0
j

(λ0
j)

3

actually give global tangential forms in X.
The foliation X is said to be tranversally q-complete (strongly tran-

versally q-complete) if a metric on the fibres of Ntr can be chosen in
such a way that the hermitian form associated to ω (Ω) has at least
n− q + 1 positive eigenvalues.

Remark 3.1. Assume d = 1 and that X is transversally 1-complete.
Then, due to the fact that the functions gjk do not depend on z,

ω0 = {∂∂ log λ0
j} and η = {∂ log λ0

j} are global tangential forms on
X. Moreover, since ω0 is positive and ω0 = dη, it gives on each leaf ω0

a Kähler metric whose Kähler form is exact. In particular no positive
dimension compact complex subspace can be present in X.

Example 3.1. Every domain D⊂X = Cz ×Ru which projects over a
bounded domain D0⊂Cz is strongly transversally 1-complete. Indeed,
it is enough to take for λ a function µ−1 ◦ π where µ is a positive
superharmonic on D0 and π is the natural projection Cz × Ru → Cz.

Example 3.2. A real hyperplaneX in C2 (or in Cn) is not transversally
1-complete (but clearly it is an increasing union of strongly transver-
sally 1-complete domains). Indeed, if X ⊂ C2 is defined by v = 0,
where z = x + iy, w = u + iv are holomorphic coordinates, transverse
1-completeness of X amounts to the existence of a positive smooth
function λ = λ(z, u), (z, u) ∈ C2, such that

λλzz − 2|λz|2 > 0.

This implies that (
λ−1
)
zz

=
2|λz|2 − λλzz

λ3
< 0

so, for every fixed u, the function λ−1 is positive and superharmonic
on Cz, hence it is constant with respect to z: contradiction.

Example 3.3. Let F : Cm → Cn be a holomorphic function and
Y ⊆ Cn be a real analytic manifold of real dimension k, consisting
only of regular values for F . Then, the set X = F−1(Y ) can be given
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the structure of a mixed foliation of type (m − n, k); moreover, as Y
consists only of regular values of F , locally we have that X ∼= Y ×M
with M = F−1(y0) for some y0 ∈ Y .

If we take F to be a polynomial map, M embeds in a projective

variety M̃ ⊆ CPm, therefore, arguing as in the previous example, we
have that X cannot be transversally pseudoconvex, because this would
amount to the existence of a bounded from below plurisuperharmonic

function on M̃ .
On the other hand, let ψ : ∆ → C3 be a proper holomorphic em-

bedding of the unit disc ∆ ⊂ C and F : C3 → Cn be such that
F−1(0) = ψ(∆). There exists ε > 0 such that (t, 0, . . .) ∈ Cn is a regu-
lar value for F , with t ∈ (−ε, ε); fix Y = {(t, 0, . . .) ∈ Cn : t ∈ (−ε, ε)}
and consider X = F−1(Y ). Now, X ∼= ∆ × (−ε, ε) and the function
λ = (1− |ψ1(z)|2)−1 shows that X is transversally 1-complete.

Example 3.4. Let X⊂Cn
z ×Ru be the smooth family of n-balls of Cn

z ,
z = (z1, . . . , zn) , w = u+ iv, defined by{

v = 0,

|z − a(u)|2 < b(u)2

where a = a(u) is a smooth map R→ Cn, b = b(u) is smooth from R to
R and |a(u)|, |b(u)| → +∞ as |u| → +∞. X is strongly transversally
1-complete with function

λ(z, u) =
1

b(u)2 − |z − a(u)|2

and tangentially 1-complete with exhaustion function φ = λ.

We want to prove the following

Theorem 3.1. Let X be a semiholomorphic foliation of type (n, d).
Assume that X is real analytic and strongly transversally 1-complete.
Then there exist an open neighbourhood U of X in the complexification

X̃ and a non negative smooth function u : U → R with the following
properties

i) X = {x ∈ U : u(x) = 0}

ii) u is plurisubharmonic in U and strongly plurisubharmonic on
U rX.

If X is tranversally 1-complete then property ii) is replaced by the fol-
lowing
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iii) the Levi form of the smooth hypersurfaces {u = const} is posi-
tive definite.

Proof. For the sake of simplicity we assume n = d = 1. Let {λ0
j}

a metric on the fibres of Ntr. With the notations of 2.3 let ÑF the
tranverse bundle on X̃ whose cocycle ψjk = g̃jk is defined by (5) and

let {µj} be a smooth metric on the fibres of N ′−1
F . On Ũj ∩ Ũk we have

µk = ψ2
jkµj and consequently, denoting µ0

j the restriction µj|X , we have

µ0
jλ

0
j
−1

= µ0
kλ

0
k
−1

on Uj ∩ Uk. Thus σ0 = {µ0
jλ

0
j
−1} is a smooth section

of N ′F ⊗ N ′−1
F , where N ′F is the dual of Ntr. Extend σ0 by a smooth

section σ = {σj} of Ñ ′F ⊗ Ñ ′−1
F . Then {λj = σj

−1µj} is a new metric

on the fibres of ÑF whose restriction to X is {λ0
j}.

Now consider on X̃ the smooth function u locally defined by λjθ
2
j

(where τj = tj + iθj); u is non negative on X̃ and positive outside X.
Drop the subscript and compute the Levi form L(u) of u. We have

L(u)(ξ, η) = Aξξ + 2Re (Bξη) + Cηη =(8)

λj,zzθ
2ξξ + 2Re

{
(λj,zτθ

2 + iλj,zθ)ξη
}

+

(λj,ττθ
2 + iλj,τθ − iλj,τθ + λj/2)ηη

and

(9) AC − |B|2 = θ2
(
λj,zz − 2|λj,z|2

)
+ θ3%

where % is a smooth function. The coefficient of θ2 is nothing but
that of the form λ2

jΩ (here we denote ω and Ω, respectively, the forms

(6), (7) where λ0
j is replaced by λj), so, if X is strongly transversally

pseudoconvex, L(u) is positive definite near each point of X and strictly
positive away from X. It follows that there exists a neighbourhood U
of X such that u is plurisubharmonic on U .

Assume now that X is transversally 1-complete. The Levi form
L(u)|HT (S) of a smooth hypersurface S = {u = const} is essentially
determined by the function

θ4
{
λj,zz|λj,τθ + iλj|2 − 2Re (λj,zτθ + iλj,z)(λj,τθ − iλj)λj,z +(10)

(λj,ττθ
2 + iλj,τθ − iλj,τθ + λj/2)|λj,z|2

}
=

θ4(λjλj,zz − (3/2)|λj,z|2) + θ5%

where % is a bounded function. The coefficient of θ4 is nothing but that
of the form λ3

jω so, if X is transversally pseudoconvex, L(u)|HT (S) is not
vanishing near X. It follows that there exists an open neighbourhood
U of X such that the hypersurfaces S = {u = const} contained in
U rX are strongly Levi convex.
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In the general case λ = λj is a matrix, λj = (λj,rs), so we consider

the function u =
d∑
r=1

λj,rsθrθs. Then

L(u)(ξ, η) =
n∑

α,β=1

Aαβξ
αξ

β
+ 2Re

( n∑
α=1

d∑
r=1

Bαrξ
αηr
)

+(11)

d∑
r,s=1

Crsη
rηs

where

(12) Aαβ =
n∑

α,β=1

( d∑
r,s=1

∂2λj,rs
∂zα∂zβ

θrθs
)
ξαξ

β

(13) Bαr =
( n∑
α=1

d∑
h=1

∂2λj,rs
∂zα∂τ r

θrθs + i
d∑
s=1

∂λj,rh
∂zα

θh
)
ξαηr

(14)

Crs =
( d∑
h,k=1

∂2λj,hk
∂τr∂τ s

θhθk + i
d∑

h=1

∂λj,hs
∂τr

θh− i
d∑

h=1

∂λj,rh
∂τ s

θh+λj,rs/2
)
ηrηs

2

Remark 3.2. In view of (8), the Levi form L(u) at a point of X is
positive in the transversal direction η.

Theorem 3.2. Let X be a semiholomorphic foliation of type (n, d).
Assume that X is real analytic and strongly 1-complete. Then for every
compact subset K ⊂X there exist an open neighbourhood V of K in

X̃, a smooth strongly plurisubharmonic function v : V → R+ and a
constant c̄ such that Kb{v < c̄} ∩XbV ∩X.

Proof. Let φ : X → R+ be an exhaustion function, strongly plurisub-
harmonic along the leaves and a sublevel Xc0 of φ such that K⊂Xc0 .

Consider U ⊂ X̃, u : U → R+ as in Theorem 3.1 and let v = au + φ̃

where φ̃ : U → R+ is a smooth extension of φ to U and a a positive
constant. Then, in view of Remark 3.2, it is possible to choose a in
such a way to have L(v)(x) > 0 for every x in a neighbourhood V of
Xc0 , c0 < c; this ends the proof. 2
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3.2. Stein bases and a density theorem.

Theorem 3.3. Let X be a semiholomorphic foliation of type (n, d).
Assume that X is real analytic and strongly 1-complete and let φ :
X → R+ be an exhaustive smooth function strongly plurisubharmonic
along the leaves. Then

i) Xc is a Stein compact of X̃ i.e. it has a basis of Stein neigh-

bourhoods in X̃.

ii) every smooth CR function on a neighbourhood of Xc can be
approximated in the C∞ topology by smooth CR functions on
X.

Proof. In view of Theorem 3.1 we may suppose that X = {u = 0}
where u : X̃ → [0,+∞) is plurisubharmonic and strongly plurisubhar-

monic on X̃ rX.
Let U be an open neighbourhood of Xc in X̃. With K = Xc we

apply Theorem 3.2: there exist an open neighbourhood V bU of Xc

in X̃, a smooth strongly plurisubharmonic function v : V → R+ and
a constant c̄ such that Xcb {v < c̄} ∩XbV ∩X. It follows that for
ε > 0, sufficiently small, W = {v < c̄} ∩ {u < ε}b V b U is a Stein
neighbourhood of Xc.

In order to prove ii) consider a smooth CR function f on a neigh-
bourhood I of Xc in X, and take c′ > c such that Xc′ ⊂ I. For
every j ∈ N define Bj = Xc′+j and choose a Stein neighbourhod Uj
of Bj such that Bj has a fundamental system of open neighbourhoods
WjbUj+1∩Uj which are Runge domains in Uj+1. Since U0 is Stein, the
O(U0)-envelope of B0 coincide with its the plurisubharmonic envelope
(cfr. [12, Theorem 4.3.4]) hence it is a compact contained in X ∩ U0,
B0 being the zero set of the plurisubharmonic function u. Thus we may
assume that B0 is O(U0)-convex.

We have to prove that for every fixed Ck-norm on B0 and ε > 0

there exists a smooth CR-function g : X → C such that ‖g−f‖(k)

B0
≤ ε.

In view of the approximation theorem of Freeman (cfr. [8, Theorem

1.3]), given ε > 0 there is f̃ ∈ O(U0) such that ‖f̃ − f‖(k)

B0
< ε. Now,

define F0 = f̃ and for every j ≥ 1 take Wj such that W j is a Runge
domain in Uj+1 and a holomorphic function Fj ∈ O(Uj−1) satisfying

‖Fj+1 − Fj‖(k)

W j
< ε/2j+1, j = 0, 1, . . . ;
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then

F0 +
+∞∑
j=0

(
Fj+1 − Fj

)
defines a C∞ function g on X such that ‖g − f‖(k)

B0
≤ 2ε. 2

Corollary 3.4. Let X be as in Theorem 3.3 and Xc, c > 0. Then, Xc

is CR(X)-convex i.e. Xc coincides with its CR(X)-envelope.

Proof. Set K = Xc. In view of Theorem 3.1, X is the zero set of
a plurisubharmonic function defined in an open neighbourhood U of

X in X̃. Let Uν ⊂U be a Stein neighborhood of K and Psh(Uν) the

space of the plurisubharmonic in Uν . Then the envelopes K̂O(Uν) and

K̂Psh(Uν) of K coincide (cfr. [12, Theorem 4.3.4]) so in our situation we
have

K⊂K̂CR(X)⊂K̂O(Uν) = K̂Psh(Uν)⊂Uν ∩X.
We obtain the thesis letting Uν⊂U run in a Stein basis of Xc. 2

4. Cohomology

In this section we want to prove the following two theorems

Theorem 4.1. Let X be a semiholomorphic foliation of type (n, 1).
Assume that X is real analytic and strongly 1-complete. Then

Hq(X; CR) = 0

for every q ≥ 1.

Theorem 4.2. Let D be a connected Stein manifold and X ⊂ D a
closed, orientable, smooth Levi flat hypersurface. Then

Hq(X; CR) = 0

for every q ≥ 1.

We need some preliminary facts. Let Ω a domain in Cn × Rk and
for every t ∈ Rk and set Ωt = {z ∈Cn : (z, t) ∈Ω}. Following [2] we
say that {Ωt}t∈Rk is a regular family of domains of holomorphy if the
following conditions are fulfilled:

a) Ωt is a domain of holomorphy for all t∈Rk;
b) for every t0 ∈Rk there exist I0 = {|t − t0| < ε} and a domain

U⊂Cn such that Ωt0 is Runge in U and ∪t∈I0Ωt⊂I0 × U .

In this situation it can be proved that the sheaf CR of Ω is cohomo-
logically trivial (cfr. [2, Corollaire pag. 213]).
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Lemma 4.3. Let X be a 1-complete semiholomorphic foliation of type
(n, d), φ : X → [0,+∞) a strongly plurisubharmonic along the leaves
and c > 0 a regular value of φ. Then there is ε > 0 such that the
homomorphism

Hq(Xc+ε; CR)→ Hq(Xc; CR)

is onto for q ≥ 1. In particular, the homorphism

Hq(Xc; CR)→ Hq(Xc; CR)

is onto for q ≥ 1.

Proof. Since φ is a strongly plurisubharmonic along the leaves the
“bumps lemma” method applies: given x0∈bXc there exist arbitrarily
small neighbourhoods U 3 x0 and open sets BbX with the following
properties:

i) B⊃Xc, BrXcbU and B is given by {φ′ < 0} with φ′ smooth
on a neighbourhood of B and strictly plurisubharmonic along
the leaves;

ii) V := U ∩ B and V ∩Xc are CR isomorphic to regular families
of domains of holomorphy of Cn;

Write B = Xc ∪V . Since Hq(V ; CR) = Hq(V ∩Xc; CR) = 0 for q ≥ 1,
from the Mayer-Vietoris sequence

· · · → Hq(Xc ∪ V ; CR)→ Hq(Xc; CR)⊕Hq(V ; CR)→

Hq(Xc ∩ V ; CR)→ Hq+1(Xc ∪ V ; CR)→ · · ·
we obtain that the homomorphism Hq(B; CR) → Hq(Xc; CR) is sur-
jective for q ≥ 1. By iterating this procedure starting from B, in a
finite number of steps we find a neighbourhood W of Xc such that
Hq(W ; CR) → Hq(Xc; CR) is surjective for every q ≥ 1. It is enough
to take ε > 0 such that Xc+ε⊂W . 2

Proof of Theorem 4.1 We first prove that for every c and q ≥ 1 the
cohomology groups Hq(Xc; CR) vanish and for this that Hq(Xc; CR) =
0 for every c and q ≥ 1 (see Lemma 4.3.)

Let X̃ be the complexification of X. By Theorem 3.3 there exists

a Stein neighbourhood U b X̃ of Xc which is divided by X into two
connected components U+, U− which are Stein domains. Let O+ (O−)
be the sheaf of germs of holomorphic functions in D+ (D−) smooth on
U+ ∪ X (U− ∪ X) and extend it on U by 0. Then we have on U the
exact sequence

(15) 0 // O // O+ ⊕O−
re // CR // 0
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where re is definined by re(f ⊕ g) = f|X − g|X . Let ξ be a q-cocycle

with values in CR defined on Xc. We may suppose that ξ is defined
on U ∩X. Since U is Stein we derive that

Hq(U+ ∪X;O+)⊕Hq(U− ∪X;O−)→ Hq(X; CR)

is an isomorphism for q ≥ 1. In particular, ξ = ξ+ − ξ− where ξ+ and
ξ− are represented by two ∂-closed (0, q)-forms ω+ and ω− respectively
which are smooth up to X. Now, given φ : U → R a strictly plurisub-
harmonic exhaustion function and ρ+, ρ− defining functions for U+, U−
(i.e. U± = {ρ± < 0}, dρ± 6= 0 whenever ρ± = 0, we consider the
function

ρ̃± = −(−ρ±e−Lφ)1/2m .

Computing the Levi form of ρ± in local coordinates and using the
same estimates as in [9, Lemma 2.1], we obtain that, for any given
r ∈ R large enough, we can choose L, ε and m so that ρ̃± is strictly
plurisubharmonic in {φ < r+ ε}∩U±∩V± for some neighbourhood V±
of the boundary of U±.

From this, we obtain the following: there exist two bounded pseudo-
convex domains U ′+,bU , U ′−bU satisfying:

1) U ′+⊂U+ , U ′−⊂U−;

2) Xc⊂bU ′+ ∩X,Xc⊂bU ′− ∩X.

By Kohn’s theorem (cfr. [13]) ω+|U ′+
= ∂α+, ω−|U ′− = ∂α− with α+, α−

smooth up to the boundary and this shows that ξ is a q-coboundary.
Thus Hq(Xc; CR) = 0 for every c and q ≥ 1.

The vanishing of the groups Hq(X; CR) for q ≥ 2 now easily follows
by a standard procedure.

The proof ofH1(X; CR) = 0 requires approximation of CR functions.

Let X =
+∞⋃
s≥1

Xs and ‖ · ‖(s)

Xs
denote the Cs norm, s ∈ N. Let {Ui} be

an open covering of X and {fij} an 1-cocycle of {Ui} with values in

CR. Solve fij = f
(1)
i − f

(1)
j on a neighbourhood of X1 and analogously

fij = g
(2)
i −g

(2)
j on a neighbourhood of X2. Then the {g(2)

i −f
(1)
i } defines

a CR function on a neighbourhood of X1 which can be approximated in

the norm ‖ · ‖(1)

X1
by a CR function h : X → C (see Theorem 3.3); thus,

defining f
(2)
i = g

(2)
i − h we have fij = f

(2)
i − f

(2)
j on a neighbourhood

of X2 and

‖f (2)
i − f

(1)
i ‖

(1)

X1
< 1/2.
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Thus, for every s we can find functions f
(s)
i solving fij = f

(s)
i − f

(s)
j on

a neighbourhood of Xs and satisfying

‖f (s)
i − f

(s−1)
i ‖(s−1)

Xs
< (1/2)s−1.

This makes the series

fi = f
(1)
i +

+∞∑
s=1

(
f

(s+1)
i − f (s)

i

)
convergent in CR(Ui) to a function fi. On Xm we have

fi = f
(m)
i +

+∞∑
s=m+1

(
f

(s+1)
i − f (s)

i

)
where the sum of the series is a CR function on Xm which is indepen-

dent of i. It follows thatfi − fj = f
(m)
i − f

(m)
j = fij i.e. {fij} is a

coboundary and this ends the proof of Theorem 4.1. 2

Observe that the proof of Theorem 4.1 works under the hypothesis
of Theorem 4.2 as well.

Clearly, under the hypothesis of Theorem 4.2 if {xν} is a discrete
subset of X and {cν} a sequence of complex numbers there exist a CR
function f : X → C such that f(xν) = cν , ν = 1, 2, . . .. This is actually
true under the hypothesis of Theorem 4.1:

Theorem 4.4. Let X be a semiholomorphic foliation of type (n, 1).
Assume that X is real analytic and strongly 1-complete. Let A = {xν}
be a discrete set of distinct points of X and {cν} a sequence of complex
numbers. Then there exists a smooth CR function f : X → C such
that f(xν) = cν, ν = 1, 2, . . .. In particular, X is CR(X)− convex.

Proof. Let IA be the sheaf {f ∈CR : f|A = 0}, then CR/IA '
∏

Cxν ;

we have to show that H1(X; IA) = 0. As usual, we denote by X̃ the
complexification of X, φ : X → R a smooth function displaying the
tangential 1-completeness of X and Xc = {φ < c}, c ∈R. In view of
Theorem 4.1, we have H1(Xc; CR) = 0 for every c∈R. Moreover, since
Ac := Xc ∩ A is finite and Xc has a Stein basis of neighbourhoods in

X̃, the map CR(Xc) →
∏

x∈Ac Cx is onto; from the exact sequence of
cohomology

· · · → H0(Xc; CR)→
∏
x∈Ac

Cx → H1(Xc; IA)→ H1(Xc; CR)→ · · ·



16 SAMUELE MONGODI AND GIUSEPPE TOMASSINI

it follows that H1(Xc; IA) = 0. To conclude that H1(X; IA) = 0 we
use the same strategy as in Theorem 4.1 taking into account the fol-
lowing: given x1, x2, . . . , xk in Xc every function f ∈CR(Xc) vanishing
on x1, x2, . . . , xk can be approximate by functions f ∈CR(X) vanishing
on x1, x2, . . . , xk (see Theorem 3.3, ii)). 2

Theorem 4.5. Let D be a connected Stein domain in Cn (or, more
generally a connected Stein manifold) and X⊂D a closed, orientable,
smooth Levi flat hypersurface. Let φ : D → R be exhaustive, strictly
plurisubharmonic and Xc = {φ < c}∩X, c∈R. Then the image of the
CR map CR(X)→ CR(Xc) is everywhere dense.

Proof. Consider B, U as in Lemma 4.3. Observe that, by the bump
lemma procedure applied to {φ < c} we may suppose that B = B′ ∩
X where B′ b D is given by {φ′ < 0} with φ′ smooth and strictly

plurisubharmonic on a neighbourhood of B
′
. In particular, in view of

Theorem 4.2, we have Hq(B; CR) = 0 for q ≥ 1. We are going to
prove that the image of CR(B)→ CR(Xc) is everywhere dense. Write
B = Xc ∪V where V = B ∩U . Let % : CR(B)→ CR(V ∩Xc); observe
that the image of % is everywhere dense. Let

σ : CR(Xc)⊕ CR(V )→ CR(V ∩Xc)

be the map f ⊕ g 7→ %(f) − %(g). In this situation, from the Mayer-
Vietoris sequence of Lemma 4.3 we deduce that the homomorphism σ
is onto. Let f ∈CR(Xc) and %(f)∈CR(V ∩Xc). Then, since the image
of % is everywhere dense, there exists a sequence {gν} ⊂ CR(V ) such
that %(gν) − %(f) → 0. Moreover, in view of Banach theorem applied
to σ there are elements uν ∈ CR(Xc), vν ∈ CR(V ) with the following
properties: uν → 0, vν → 0 and %(uν) − %(vν) = %(f) − %(gν). Then,
setting fν = gν−vν on V and f −uν on Xc we define a sequence of CR
functions fν in B such that fν → f . Iterating this procedure starting
from B in a finite number of steps we find a domain W ⊃ Xc with
the property that CR(W ) is dense in CR(Xc) and an ε > 0 such that
CR(Xc+ε) is dense in CR(Xc). Let I the set of c′ > c with the property
CR(Xc′) is everywhere dense in CR(Xc). Then, an elementary lemma
on Fréchet spaces shows that I is a closed interval, and moreover, by
what is preceding, it is also open. It follows that sup I = +∞ and (by
the same lemma) that CR(X) is everywhere dense in CR(Xc). 2

A vanishing theorem for compact support cohomology H∗c (X; CR)
can be proved in a more general situation. Precisely
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Theorem 4.6. Let X be a tangentially 1-complete semiholomorphic
foliation of type (n, d). Then

Hj
c (X; CR) = 0

for j ≤ n− 1

Proof. Let φ : X → R+ be a smooth function displaying the tangential
1-completeness having only one minimum point x (see Section 2) where
φ(x) = 0. The bumps lemma method gives the following: if Xa is a
sublevel of φ and a′ > a is sufficiently close to a the homomorphism

Hj
c (Xa; CR)→ Hj

c (Xa′ ; CR)

is an isomorphism for 0 ≤ j ≤ n − 1. Let I be the set of a′ ≥ a with
such a property. Then sup I = +∞ so, for every a

Hj
c (Xa; CR)→ Hj

c (X; CR)

is an isomorphism for j ≤ n − 1. On the other hand, if a is close to
0 the sublevel Xa is CR isomorphic to a regular family of domains of
holomorphy, so Hj

c (Xa; CR) = 0 for 0 ≤ j ≤ n− 1. 2

Corollary 4.7. Let X be a 1-complete semiholomorphic foliation of
type (n, d) with n ≥ 2 and K a compact subset such that X r K is
connected. Then the homorphism

CR(X)→ CR(X rK)

is surjective.

4.1. An interpretation. Let X̃ be the complexification of X and W
the sheaf of germs of smooth functions on X̃ which are ∂̄-flat on X. The
restriction map f 7→ f|X is a surjective homomorphism re : W → CR
(cfr. [16]). Thus we have an exact sequence

0 // J //W re // CR // 0 .

We have the following:

α) the germs of J are flat on X (cfr. [3]) (this is actually true for
a generic submanifold of a complex manifold);

β) the sheaf J is acyclic so for q ≥ 1

Hq(X̃;W) ' Hq(X̃;W/J ) ' Hq(X; CR).

Denote by F (0,q) the sheaf of germs of smooth (0, q)-forms in X̃ modulo
those which are flat on X. Then

(16) 0 //W/J // F (0,0) ∂̄ // · · · ∂̄ // F (0,n+d) // 0
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is an acyclic resolution of W/J : given a local (0, q)-form u which is
∂̄-flat on X there is a local form (0, q−1)-form v such that u− ∂̄v is flat
on X. This can be proved by a direct argument using convolution with
Cauchy kernel. Indeed, we can prove something apparently stronger:
given a local ∂̄-closed (0, q)-form u, q ≥ 2, flat on {Imzn = 0}, then we
can solve the equation ∂̄η = u with a (0, q − 1)-form v, again flat on
the same set.

Let u be a local (0, n)-form in Cn, flat on {Imzn = 0}, then

ω = u0dz̄1 ∧ . . . ∧ dz̄n
and we may assume that u0 is compact support. If we set

η = u0 ?1
1

πz1

dz̄2 ∧ . . . ∧ dz̄n

(where ?1 denotes the convolution with respect to the variable z1) we
obtain a (0, n− 1)-form, which is again flat on {Imzn = 0}, such that
∂̄η = u; now, suppose we can solve the problem for (0, q + 1)-forms
by taking convolutions only in the variables z1, . . . , zn−1, then given a
(0, q)-form u in Cn, flat on {Imzn = 0}, we consider α = u ∧ dz̄n: we
have

∂̄α = ∂̄u ∧ dz̄n = 0

and α is flat on {Imzn = 0}, so there is a form β = β0 ∧ dz̄n, flat on
the same set, such that

∂̄β0 ∧ dz̄n = ∂̄β = α = u ∧ dz̄n .

We set γ = u− ∂̄β0; we have that γ∧dz̄n = 0, so γ = γ0∧dz̄n, moreover
0 = ∂̄γ = ∂̄γ0 ∧ dz̄n = ∂̄′γ0 ∧ dz̄n, if we denote by ∂̄′ the ∂̄ operator in
Cn−1, with respect to variables z1, . . . , zn−1. So, we can solve ∂̄′φ = γ0,
because q ≥ 2, by taking convolutions with respect to z1, . . . , zn−1 and
treating zn as a parameter. Therefore, φ is again flat on {Imzn = 0}.
In conclusion, we have

u = ∂̄β0 + ∂̄(φ ∧ dz̄n) = ∂̄η ,

with v a (0, q − 1)-form flat on {Imzn = 0}.
Returning to the original problem: given a local (0, q)-form u which

is ∂̄-flat on X, we can solve the equation ∂̄ψ = ∂̄u with a flat (0, q)-
form ψ, therefore ∂̄(u− ψ) = 0 and consequently u− ψ = ∂̄v for some
(0, q − 1)-form v.

A more general result valid for differential operators with constant
coefficients was proved by Nacinovich (cfr. [14, Proposition 5]). Theo-
rem 4.1 and β) together now imply the following
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Corollary 4.8. Let D be a connected Stein manifold and X ⊂ D a
closed, orientable, smooth Levi flat hypersurface. Then

i) for every (0, q)-form u, q ≥ 1 which is ∂̄-flat on X there is a
(0, q − 1)-form v such that u− ∂̄v is flat on X;

ii) for every (0, q)-form u, q ≥ 2 which is ∂̄-closed and flat on X
there is a (0, q − 1)-form v flat on X and such that u = ∂̄v.

Proof. Denote E (0,q)(D) the space of the (0, q)-forms in D. In view of
β), (16) and Theorem 4.2we have

(17) Hq(X; CR) ' {u ∈ E (0,q)(D)}
{∂̄v + η : v ∈ E (0,q−1)(D), η flat onX}

= 0;

then i) follows. In order to prove ii) let u ∈ E (0,q)(D), q ≥ 2, flat on X
and ∂̄-closed. Since D is Stein u = ∂̄ψ. Then, ∂̄ψ is flat on X therefore,
by i), we can write ψ = ∂̄η + v where v is flat on X. It follows that
u = ∂̄v i.e. ii). 2

5. Applications

5.1. A vanishing theorem for CR-bundles.

Proposition 5.1. Let X be a real analytic semiholomorphic foliation
of type (n, 1), π : E → X a real analytic CR-bundle of type (n, 0).
Then

i) if X is 1-complete E is 1-complete;
ii) if X is transversally 1-complete (strongly transversally 1-complete)

E is transversally 1-complete (strongly transversally 1-complete).

Proof. E is foliated by complex leaves of dimension m + n and real
codimension 1 (see Section 2). If zj, tj are distinguished coordinates
on X and ζj is a coordinate on Cm, then zj, ζj, tj, are distinguished
coordinates on E with transformations

zj = fjk(zk, tk)

ζj = Ajk(zk, tk)ζk
tj = gjk(tk).

Part ii) of the statement is immediate since the transversal bundles of
X and E respectively have the same cocycle. In order to prove part
i) let u : X → R be a smooth function displaying the tangential 1-
completeness of X and γjk : Uj ∩ Uk → Gm,0 the cocycle of E with
respect to a trivializing distinguished covering {Uj}j such that UjbX.
Let us consider a hermitian metric {hj} on the fibres of E. Then on
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Uj ∩ Uk
hk =tγjkhjγjk;

denoting by ζj the fibre coordinate on π−1(Uj) the family {ζjeuhj tζj}j
of local functions defines a smooth function ψ on E. We drop the
subscript j and compute the Levi form L(ψ) of ψ on π−1(Uj). One has

L(ψ)(η) = eu
[
ζh tζL(u)(η) +

m∑
α,β=1

hαβ η
α+n ηβ+n + F(η)

]
where h = (hαβ), η = (η1, . . . , ηn, ηn+1, . . . , ηn+m) and F(η) is a her-
mitian form whose coefficients are proportional to |ζ|. Arguing as in
[4, Theorem 7] it is shown that the function u can be chosen in such
a way that ψ is plurisubharmonic on E and strictly plurisubharmonic
away from the 0-section. Moreover, on the 0-section the Levi form
L(ψ) equals the form

∑m
α,β=1 hαβ η

α+n ηβ+n which is strictly positive in
the direction of the fibre. It follows that the function φ = u ◦ π + ψ
is strictly plurisubharmonic everywhere on E. This ends the proof of
Proposition 5.1.

Theorem 5.2. Let X be a real analytic semiholomorphic foliation of
type (n, 1), π : E → X a real analytic CR bundle of type (m, 0) and
ECR the sheaf of germs of smooth CR-sections of E. Assume that X is
strongly 1-complete. Then

Hq(X, ECR) = 0

for q ≥ 1.

Proof. Let p : E∗ → X be the CR-dual of E. If γjk : Uj ∩ Uk → Gm,0

is the cocycle of E with respect to a distinguished trivializing open
covering U = {Uj}j of X, tγ−1

jk : Uj ∩ Uk → Gm,0 is a cocycle of E?.
By Proposition 5.1 E∗ is strongly 1-complete. Set CR∗ = CRE∗ and
for each domain U ⊂X let CR∗(p−1(U))r, r ≥ 0, denote the space of
the CR functions on p−1(U) which vanish on U of order at least r. We
obtain a filtration

CR∗(p−1(U))0⊃CR∗(p−1(U))1⊃· · · .

If U is a trivializing distinguished coordinate domain and ζ = (ζ1, . . . , ζm)
the fibre coordinate then f ∈ CR∗(p−1(U))r if and only if

(Dr
ζf)|U :=

∂rf

∂ζr11 · · · ∂ζrm1 |U
= 0
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for r1 + · · · + rm ≤ r. Moreover, if U ⊂Uj ∩ Uk and ζj = (ζj1 , . . . , ζ
j
m),

ζk = (ζk1 , . . . , ζ
k
m) are fibre coordinates on Uj, Uk respectively, we have

(Dr
ζjf)|U = γ

(r)
jk (Dr

ζkf)|U

where {γ(r)
jk } denotes the cocycle of S(r)(E), the rth symmetric power

of E.
Conversely, if U = ∪jUj and {σj,r1···rm}, r1 + · · · rm = r, is a smooth

CR-section of S(r)(E) then the local functions∑
r1+···rm=r

σj,r1···rm(ζj1)r1 · · · (ζjm)rm

define a function f ∈ CR∗(p−1(U))r−1.
Thus, for every r > 0 we obtain an isomorphism

S(E)
(r)
CR(U) ' CR∗(p−1(U))r−1/CR∗(p−1(U))r.

where S(E)
(r)
CR denotes the sheaf of germs of smooth CR-sections of

S(r)(E). Let U∗ = {p−1(Uj)}j: U∗ is an acyclic covering of E∗ and
from the previous discussion we derive that each cohomology group
Hq(U∗, CR∗) has a filtration

Hq(U∗, CR∗)⊃Hq(U∗, CR∗)0⊃Hq(U∗, CR∗)1⊃· · ·
with associated graded group isomorphic to

G⊕
⊕
r≥0

Hq(U ,S(E)
(r)
CR),

for some group G. Consequently, by Leray theorem on acyclic coverings
we have a filtration on each group Hq(E∗, CR∗) with associated graded
group isomorphic to ⊕

r≥0

Hq(X,S(E)
(r)
CR).

Since, by Proposition 5.1, E∗ is strongly 1-complete, Theorem 4.1 ap-

plies givingHq(E∗, CR∗) = 0 for every q ≥ 1, whenceHq(X,S(E)
(r)
CR) =

0 for every q ≥ 1, r ≥ 0. In particular, for r = 0 we obtainHq(X, ECR) =
0 for every q ≥ 1. 2

5.2. CR tubular neighbourhood theorem and extension of CR
functions. Let M be a real analytic Levi flat hypersurface in Cn+1,
n ≥ 1. In view of [17, Theorem 5.1], there exist a neighbourhood

U ⊆ Cn+1 of M and a unique holomorphic foliation F̃ on U extending
the foliation F . A natural problem is the following: given a smooth
CR function f : M → C to extend it on a neighbourhood W ⊂U by
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a smooth function f̃ holomorphic along the leaves of F̃ . In the sequel
we answer this question.

The key point for the proof is the following “CR tubular neighbour-
hood theorem”:

Theorem 5.3. Let M be a real analytic Levi flat hypersurface in Cn+1,
n ≥ 1; assume that M is strongly transversally 1-complete. Then there
exist an open neighbourhood W ⊂U of M and a smooth map q : W →
M with the properties:

i) q is a morphism F̃|W → F ;
ii) q|M = idM .

Proof. Clearly, M is strongly 1-complete. Let p : N →M the normal
bundle of the embedding of M in Cn+k. Since F extends on U , there
is a distinguished open covering {Uj} of U with holomorphic coordi-

nates (zj1, . . . , z
j
n, τ

j
1 ) such that if Vj := Uj ∩M 6= ∅, then {Vj} is a

distinguished open covering of M with coordinates (zj1, . . . , z
j
n,Reτ

j
1 ).

In particular, if θj1 denotes the imaginary part of τ j1 , the bundle N|Vj is
generated by the vector field

∂

∂θj1

∣∣∣
Vj
.

It is easy to check that N is a G0,1-bundle.
We have the following exact sequence of CR-bundles

0 // TM // TCn+k
|M

// N // 0

and, passing to the sheaves of germs of CR morphisms, the exact se-
quence

0 // Hom(N, TM) // Hom(N, TCn+k
|M ) // Hom(N,N) // 0 .

Theorem 5.2 now implies that the homomorphism

Γ
(
M,Hom(N, TCn+k

|M )
)
−→ Γ

(
M,Hom(N,N)

)
is onto.

Let φ : N → TCn+1
|M be a CR morphism inducing the identity N →

N . Then, φ(ξ) = (p(ξ), ψ(ξ)) ∈M ×Cn+1 where ξ → ψ(ξ) is a smooth
CR map N → Cn+1 which is of maximal rank along p−1(x) for every
x ∈M .

Then ξ 7→ p(ξ)+ψ(ξ) defines a smooth CR map σ : N → Cn+1, which
is locally of maximal rank on M , inducing a smooth CR equivalence
from a neighbourhood of M in N and a neighbourhood W of M in
Cn+1.



1-COMPLETE SEMIHOLOMORPHIC FOLIATIONS 23

We define q = p ◦ σ−1. 2

Corollary 5.4. Let M be a real analytic Levi flat hypersurface in Cn+1,

n ≥ 1, F the Levi foliation on M , F̃ the holomorphic foliation ex-
tending F on a neighbourood of M . Then every smooth CR function

f : M → C extends to a smooth function f̃ on a neighbourhood of M ,

holomorphic along the leaves of F̃ .

Proof. Take f̃ = f ◦ q. 2

6. An embedding theorem

We want to prove the following

Theorem 6.1. Let X be a real analytic semiholomorphic foliation of
type (n, d). Assume that X is strongly 1-complete. Then X embeds in
C2n+2d+1 as a closed submanifold by a CR map.

First of all let us give the notion of CR polyehedron. Let X be a
semiholomorphic foliation of type (n, d). A CR polyhedron of order N
of X is an open subset PbX of the form

P =
{
x∈X : |fj(x)| < 1, fj∈CR(X), 1 ≤ j ≤ N

}
.

With the notations of Corollary 3.4 we have the following

Lemma 6.2. Let X be a real analytic semiholomorphic foliation of
type (n, d) strongly 1-complete. Let φ : X → R+ be a smooth function
displaying the tangential 1-completeness of X and Xc, Xc′, c < c′ sub-
levels of φ. Then there exists a CR polyhedron P of order 2n + 2d + 1
such that Xc⊂P⊂Xc′.

Proof. Let X̃ the complexification of X. By the proof of Theorem
3.3, part ii), there exist two Stein domains U , V with the following
properties: Xc ⊂ U , Xc′ ⊂ V and Xc has a fundamental system of
Stein domains W b U ∩ V which are Runge in V . Then take such a
W and consider the O(W )-envelope Y of Xc. By a theorem of Bishop
there exists an analytic polyhedron Q⊂W of order 2n + 2d + 1 such
that Xc ⊂ Q (cfr. [12, Lemma 5.3.8]). Since W is Runge in V we
can assume that Q is defined by functions f1, f2, . . . , f2n+2d+1∈O(V ).
Then, P = Q ∩X is a CR polyhedron of order 2n+ 2d+ 1 containing
Xc, defined by CR functions in V ∩X⊃Xc′ : we conclude the proof by
approximation (see Theorem 3.3, ii)). 2
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Proof of Theorem 6.1(Sketch) Let φ : X → R+ be a smooth function

displaying the tangential 1-completeness of X and X̃ be a complexifi-
cation of X. Then X is the union of the increasing sequence of domains
Xν = {φ < ν} and, by Theorem 3.3, for every ν ∈ N, Xν is a Stein
compact and CR(X) is everywhere dense in CR(Xν). For every let

Fν =
{
f ∈CR

(
X;C2n+2d+1

)
: f is not injective and regular onXν

}
.

Clearly, each Fν is a closed subset of the Fréchet space CR
(
X;C2n+2d+1

)
.

Moreover, since Xν is a Stein compact and CR(X) is everywhere dense
in CR(Xν), Fν is a proper subset CR

(
X;C2n+2d+1

)
. Arguing as in

[12, Lemma 5.3.5] one proves that no Fν has interior points. By Baire’s
theorem ∪+∞

ν=1Fν is a proper subset of CR
(
X;C2n+2d+1

)
; in particular

there exists g∈CR
(
X;C2n+2d+1

)
which is regular and one-to-one.

It remains to prove that in CR
(
X;C2n+2d+1

)
there exists a map

which is regular, one-to-one and proper.
Following [12, Theorem 5.3.9] it is sufficient to construct a function

f ∈CR
(
X;C2n+2d+1

)
such that{

x∈X : |f(x)| ≤ k + |g(x)|
}
bX

for every k∈N.
The construction of such an f is similar to that given in [12, Theorem

5.3.9], taking into account Remark 2.1, Theorem 3.3, Corollary 3.4 and
Lemma 6.2. 2

Remark 6.1. Example 3.2 shows that the converse is not true, namely
a real analytic semiholomorphic foliation embedded in CN is not nec-
essarily transversally 1-complete.

As an application, we get the following

Theorem 6.3. Let X be a real analytic semiholomorphic foliation of
type (n, d). Assume that X is 1-complete. Then

Hj(X;Z) = 0

for j ≥ n+ d+ 1 and Hn+d(X;Z) has no torsion.

Proof. Embed X in CN , N = 2n+ 2d+ 1 by a CR map f and choose
a∈CN r X in such a way that ψ = |f − a|2 is a Morse function [1].
In view of Morse theorem we have to show that no critical points of ψ
exists with index larger than n+ d. The Hessian form H(ψ)(p) of ψ at
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a point p∈X is

N∑
j=1

∣∣∣ n∑
α=1

∂fj
∂zα

(p)wα

∣∣∣2 +

2Re
N∑
j=1

[
f j(p)− aj

] n∑
α,β=1

∂2fj
∂zα∂zβ

(p)wαwβ +
d∑

k=1

Akτk

where Ak, 1 ≤ k ≤ d is a linear form in w1, . . . , wn, w1, . . . , wn. The
restriction of H(ψ)(p) to the linear space τ1 = · · · = τd = 0 is the sum
of a positive form and the real part of a quadratic form in the complex
variables w1, . . . , wn so the eigenvalues occur in pairs with opposite
sign. It follows that H(ψ)(p) has at most n + d negative eigenvalues.
2

Remark 6.2. In particular, the statement holds for smooth semiholo-
morphic foliations of type (n, d) embedded in some CN .

Corollary 6.4. Let X ⊂CPN be a closed, oriented, semiholomorphic
foliation of type (n, d), V a nonsingular algebraic hypersurface which
does not contain X. Then the homomorphism

Hj
c (X r V ;Z)→ Hj(X;Z)

induced by V ∩ X → X is is bijective for j < n − 1 and injective for
j = n− 1. Moreover, the quotient group

Hn−1(V ∩X;Z)/Hn−1(X;Z)

has no torsion.

Proof. By Veronese map we may suppose that V is a hyperplane. We
have the exact cohomology sequence

· · · → Hj
c (X r V ;Z)→ Hj(X;Z)→ Hj(X ∩ V ;Z)→

Hj+1
c (X r V ;Z)→ Hj+1(X;Z)→ · · · .

By Poincaré duality

Hj
c (X r V ;Z) ' H2n+d−j(X r V ;Z).

Since X r V is embedded in CN , we conclude the proof applying The-
orem 6.3 and Remark 6.2. 2
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7. The compact case

Let X be a compact real analytic semiholomorphic foliation of type
(n, 1). With the notations of 2.3 let {ψij} the cocycle of the CR-bundle

of type (0, 1) on the complexification X̃ which extends Ntr. The local

smooth functions hi on X̃ satisfying hj = ψ2
ijhi define a metric on the

fibres of Ntr. We say that Ntr is weakly positive if a smooth metric {hk}
can be chosen in such a way that the (1, 1)-form

(18) i∂∂̄ log φ = i∂∂̄ log hk + 2i
∂τi ∧ ∂̄τ̄k
(τi − τ̄k)2

is positive, i∂∂̄ log φ ≥ 0, near X, on the complement of X.

Lemma 7.1. Let Ntr be weakly positive and φ the function on X̃ lo-
cally defined by hiψ

2
ij. Then φ is plurisubharmonic on a neighbourhood

of X and its Levi form has one positive eigenvalue in the transversal

direction τ . In particular, for c > 0 small enough, the sublevels X̃c

of φ are weakly complete manifolds and give a fundamental system of
neighbourhoods of X.

Proof. Clearly, φ ≥ 0 near X and φ > 0 away from X. By hypothesis,
i∂∂̄ log φ ≥ 0 and

∂∂̄φ = φ ∂∂̄ log φ+
∂φ ∧ ∂̄φ

φ
;

moreover, locally on X

2∂∂̄φ = h∂τ ∧ ∂̄τ̄ .

h = hk, τ = τk. The thesis follows since h > 0 and i∂τ ∧ ∂̄τ̄ is a positive
(1, 1)-form. 2

Remark 7.1. Observe that the form (18) is non negative near X in
the complement of X, if X admits a space of parameters.

A CR-bundle L→ X of type (1, 0) is said to positive along the leaves
i.e there is a smooth metric {hk} (on the fibres of) L such that

(19)
∑

1≤α,β≤n

∂2 log hk
∂zkα∂z̄

k
β

ξαξ̄β > 0.

where (zk, tk) are distinguished coordinates.

From Lemma 7.1 we have the following
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Theorem 7.2. Let X be a compact real analytic semiholomorphic fo-
liation of type (n, 1). Suppose that there exists on X an analytic CR-
bundle L of type (1, 0) and positive along the leaves. Then X embeds
in CPN , for some N , by a real analytic CR map.

Proof. Extends L on a neighbourhood of X to a holomorphic line

bundle L̃ and the metric {hk} to a smooth metric {h̃k} preserving
condition (19) near X. For every positive C ∈ R consider the new

metric {h̃k,C = eCφh̃k} where φ is the function defined in Lemma 7.1
and set ζ1 = ζk1 , . . . , ζn = zkn, ζn+1 = τ k.

At a point of X we have

∑
1≤α,β≤n+1

∂2 log h̃k,C
∂ζα∂ζ̄β

ηαη̄β = C
∑

1≤α,β≤n+1

∂2φ

∂ζα∂ζ̄β
ηαη̄β +

∑
1≤α,β≤n+1

∂2 log h̃k
∂ζα∂ζ̄β

ηαη̄β = L1 + L2.

Near X the form L2 is positive for |ηn+1| small enough, say |ηn+1| < ε;
in view of Lemma 7.1, L1 is nonegative and L1 > 0 for |ηn+1| > 0. It
follows that for large enough C the hermitian form L1 +L2 is positive
on a neigbourhood of X say {φ < c} for c small enough.

In this situation a theorem of Hironaka [15, Theorem 4] applies to
embed {φ < c} in some CPN by a locally closed holomorphic embed-
ding. In particular, X itself embeds in CPN by a CR-embedding. 2
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pseudo-convexe à bord lisse de Cn, Math. Z. 189 (1985), no. 3, 421–447.

[10] G. Gigante and G. Tomassini, Foliations with complex leaves, Differential
Geom. Appl. 5 (1995), no. 1, 33–49.

[11] M. Golubitsky and V. Guillemin, Stable mappings and their singularities,
Springer-Verlag, New York-Heidelberg, 1973. Graduate Texts in Mathemat-
ics, Vol. 14.
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