1-COMPLETE SEMIHOLOMORPHIC FOLIATIONS
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ABSTRACT. A semiholomorphic foliations of type (n,d) is a differ-
entiable real manifold X of dimension 2n + d, foliated by com-
plex leaves of complex dimension m. In the present work, we
introduce an appropriate notion of pseudoconvezity (and conse-
quently, g-completeness) for such spaces, given by the interplay of
the usual pseudoconvexity, along the leaves, and the positivity of
the transversal bundle. For 1-complete real analytic semiholomor-
phic foliations, we obtain a vanishing theorem for the CR coho-
mology, which we use to show an extension result for CR functions
on Levi flat hypersurfaces and an embedding theorem in CV. In
the compact case, we introduce a notion of weak positivity for the
transversal bundle, which allows us to construct a real analytic
embedding in CP".
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1. INTRODUCTION

A semiholomorphic foliations of type (n,d), n > 1, d > 1, is a dif-
ferentiable real manifold X of dimension 2n + d, foliated by complex
leaves of complex dimension n. If X is of class C* we say that X is
a a real analytic semiholomorphic foliation. The aim of the present
paper is to investigate the geometrical properties of such spaces along
the lines of the classical theory of complex spaces. Such spaces were
already studied in [10], to some extent, but some of the conclusions
reached there are spoiled by the lack of a necessary hypothesis in the
statements, the positivity of the transversal bundle mentioned below,
which allows us not only to correctly state and prove the results of [10],
but also to push further our investigation and obtain new insights in
the geometry of semiholomorphic foliations; Forstneri¢ and Laurent-
Thiébaut moved in a similar direction, with their work in [7], where
the attention was focused on the existence of a basis of Stein neigh-
bourhoods for some particular compacts of a Levi-flat hypersurface.
We should also mention that, more recently, El Kacimi and Slimene
studied the vanishing of the CR cohomology for some particular kinds
of semiholomorphic foliation, in [5,6]. We are mainly concerned with
real analytic semiholomorphic foliations which satisfy some hypothe-
sis of pseudoconverity. Pseudoconvexity we have in mind consists of
two conditions: 1-pseudoconvexity along the leaves of X, i.e. the exis-
tence of a smooth exhaustion function ¢ : X — R* which is strongly
1-plurisubharmonic along the leaves, and positivity of the bundle Ny,
transversal to the leaves of X (see 3.1). Under these conditions we say
that X is 1-complete. For l-complete real analytic semiholomorphic
foliation of type (n,d) we can prove that

1) every sublevel set {¢ < ¢} has a basis of Stein neighbourhoods;
2) an approximation theorem for CR functions holds on X.

(see Theorem 3.3).

Once these results are proved, the methods of complex analysis ap-
ply, in order to study the cohomology of the sheaf CR of germs of CR
functions. We show that, for 1-complete real analytic semiholomorphic
foliation of type (n, 1), the cohomology groups H?(X,CR) vanish for
g > 1 (see Theorem 4.1). This implies a vanishing theorem for the
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sheaf of sections of a CR bundle, which we use in Section 4 to get a
tubular neighbourhood theorem and an extension theorem for CR func-
tions on Levi flat hypersurfaces (see Theorems 5.2, 5.3 and Corollary
5.4). In Section 6 we sketch the proof that a 1-complete real analytic
semiholomorphic foliation of type (n, d) embeds in C?"*24¢+1 as a closed
submanifold by a smooth CR map (see Theorem 6.1) and, as an appli-
cation, we get that the groups H;(X;Z) vanish for j > n+d+1 (see
Theorem 6.3). In the last section a notion of weak positivity is given
for the transversal bundle N, on a compact real analytic semiholomor-
phic foliation X of type (n, 1) (see (18)) and we prove that, under this
condition, X embeds in CPY by a real analytic CR map (see Theorem
7.2).

Acknowledgements: The first author was supported by the ERC
grant HEVO - Holomorphic Evolution Equations n. 277691.

2. PRELIMINARIES

2.1. g-complete semiholomorphic foliations. We recall that a sems-
holomorphic foliation of type (n,d) is a (connected) smooth foliation
X whose local models are subdomains U; = V; x B; of C" x R? with
transformations (2, t) — (2;,t;) of the form

zj = fir(2k, tr)
ti = gix(tr),

where fji, g;r are smooth and f;;, is holomorphic with respect to zj. If
we replace R? by C? and we suppose that f and g are holomorphic we
get the notion of holomorphic foliation of type (n,d).

Local coordinates zjl», ey 28 t}, e ,t;l satisfying (1) are called distin-
quished local coordinates.

A continuous function f : X — C is a CR function if and only it
is holomorphic along the leaves. Let CR = CRx denote the sheaf of
germs of smooth CR functions in X.

Given a subset Y of X we denote Yer(x) the envelope of Y with
respect to the algebra CR(X).

A morphism or CR map F : X — X' of semiholomorphic foliations
is a smooth map preserving the leaves and such that the restrictions
to leaves are holomorphic. By CR(X; X’) we denote the space of all
morphisms X — X'; this space is a closed subspace in C*°(X; X’) so
it is a metric space.

A semiholomorphic foliation X is said to be tangentially q-complete
if X carries a smooth exhaustion function ¢ : X — RT which is ¢-
plurisubharmonic along the leaves (i.e. its Levi form has at least n—g+1

(1)
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positive eigenvalues) . In this case we may assume that miny ¢ = 0
and M = {zx € X : ¢(x) = 0} is a point (M is compact; take a € M
and a compactly supported nonnegative smooth function  such that
{p =0} N M = {a}. If € is positive and sufficiently small the function
¢ + €1 has the required properties).

Remark 2.1. Let X be semiholomorphic foliation of type (n, d) which
carries a function ¢ which is strongly plurisubharmonic along the leaves
(not necessarily exhaustive). Then

1) if D is a relatively compact domain in X, f : D — C a CR
function continuous up to the boundary bD, we have

max | f| = max |f];

Let M = {z € D : |f(z)] = max|f|} and assume, by a con-
D

tradiction, that M NbD = &. M is compact and let a € M
be such that ¢(a) = max ¢. If F,, denotes the leaf through a,
D

by the maximum principle F;, C M and ¢|r, has a maximum at
a so it is constant along F,. This is a contradiction since, by
hypothesis, the Levi form of ¢|f, is positive.
2) If f is a CR function and supp f is compact then f = 0.
Let K = supp f and a € K be such that ¢(a) = max ¢. As

above the leaf F, cannot be contained in ¢ < ¢(a) so, by the
identity principle, f is vanishing on F,. It follows that there
exists a distinguished neighbourhood U of a where f vanishes
i.e. supp fC K ~ U N K: contradiction.

The same holds, in broader generality, if ¢ is g-plurisubharmonic
along the leaves with ¢ < n.

2.2. CR-~bundles. Let G,, s be the group of matrices

A B
0 C
where A € GL(m;C), B € GL(m,s;C) and C' € GL(s;R). We set

Gmo = GL(m;C), Gos = GL(s;R). To each matrix M € G5 we
associate the linear transformation C”™ x R® — C™ x R?® given by

(2,t) = (Az + Bt,Ct),

(2,t) e C™ x R®.
Let X be a semiholomorphic foliation of type (n,d). A CR-bundle of
type (m,s) is a vector bundle 7= : E — X such that the cocycle of F
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determined by a trivializing distinguished covering {U;}; is a smooth
CR map v, : Uj N Uk, = G s

_( A Bj
2) w= (o)

where Cj, = Cj(t) is a matrix with smooth entries and A, Bjj are
matrices with smooth CR entries. Thus F is foliated by complex leaves
of dimension m-+n and real codimension d+s. If z;,t; are distinguished
coordinates on X and (j, 0; are coordinates on C™ xR?, then z;, (;,t;,0;
are distinguished coordinates on E with transformations

2 = fir(2, ty)

G = Ajr(zi, te)Cr + Bjr(zk, tr) Ok
t; = gjk(t)

0; = Cjr(tr)0k.

In particular, 7 : F — X is a smooth CR map.
The inverse E~! of E is the CR-bundle E of type (m,s) whose
cocycle is

Anl —AL BC!
-1 _ ik jk Pik™ ik

Let X be a semiholomorphic foliation of type (n,d). Then

e the tangent bundle 7X of X is a CR-bundle of type (n,d);
e the bundle Tr = T}E’OX of the holomorphic tangent vectors to
the leaves of X is a CR-bundle of type (n,0);

e the complexified CT'X of the tangent bundle is a complex vector
bundle.

Remark 2.2. If X is embedded in a complex Z, its transverse TZ/T' X
is not a G, s-bundle in general.

2.3. Complexification. A real analytic foliation of type (n,d) can be
complexified, essentially in a unique way: there exists a holomorphic
foliation X of type (n,d) with a closed real analytic CR embedding
X < X; in particular, X is a Levi flat submanifold of X (cfr. [17,
Theorem 5.1]).

In order to construct X we consider a covering by distinguished
domains {U; = V; x B;} and we complexify each B; in such a way to
obtain domains ﬁj in C" x C?. The domains ﬁj are patched together
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by the local holomorphic transformations

(4) {Zj = fjk(zk,Tk)

7 = Gjk(Tk)
obtained complexifying the (vector) variable ¢, by 7, =ty + 6 in fj
and gj; (cfr. (1)).

Let z;, 7; distinguished holomorphic coordinates on (7]- and 0; =
Im7;. Then 05 = Img;.(7x), 1 < s < d, on (7]- N U, and consequently,
since Img;;, = 0 on X,

d

r7§ TSNS
0" = JjkYk

s=1

where ¢, = ( ;,i) is an invertible d x d matrix whose entries are real
analytic functions on 17]- N ﬁk Moreover, since g is holomorphic and
Jjk|x = gjk is real, we also have ¥ x = 0g;j/0ty.

{¥jr} is a cocycle of a CR-bundle of type (0,d) which extends N,
on a neighbourhood of X in X .

In [10, Theorem 2| it is proved that if X is tangentially g-complete
then every sublevel X. = {z € X : ¢ < ¢} has a fundamental system
of neighbourhoods in X which are (¢+ 1)-complete complex manifolds.

Let X the complexification of X. Then the cocycle of the (holomor-
phic) transverse bundle Ny, (to the leaves of X) is

Ogjk(m)  Om [ O1}
5 Gontn) _ 95 _ (°0]).
aTk aTk aTk

3. COMPLETENESS

3.1. Tranversally complete foliations. Let X be a semiholomor-
phic foliation of type (n,d), n > 1, d > 1 Ny, the transverse bundle
to the leaves of X. A metric on the fibres of N, is an assignement of
a distinguished covering {U;} of X and for every j a smooth map )\?
from U, to the space of symmetric positive d x d matrices such that

Rolm 30 0g;i

A = :
Oty 7 Oty
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Denoting 0 and 0 the complex differentiation along the leaves of X,
the local tangential forms

BN — 2070 A OX!
(A9)?

6 w = 2001log \Y —dlog A2 A Olog X0 =
J J J

2XJ00N) — 30X A O

3 0_ 3 0 0
(7)) Q=00log \j — dlog \; A dlog \j = 0y

actually give global tangential forms in X.

The foliation X is said to be tranversally q-complete (strongly tran-
versally q-complete) if a metric on the fibres of Ny, can be chosen in
such a way that the hermitian form associated to w (£2) has at least
n — q + 1 positive eigenvalues.

Remark 3.1. Assume d = 1 and that X is transversally 1-complete.
Then, due to the fact that the functions g;; do not depend on z,
wy = {00log A9} and n = {dlog A} are global tangential forms on
X. Moreover, since wy is positive and wy = dn, it gives on each leaf wy
a Kéahler metric whose Kahler form is exact. In particular no positive
dimension compact complex subspace can be present in X.

Example 3.1. Every domain D C X = C, x R, which projects over a
bounded domain Dy C C, is strongly transversally 1-complete. Indeed,
it is enough to take for A\ a function p~! o 7 where p is a positive
superharmonic on Dy and 7 is the natural projection C, x R, — C,.

Example 3.2. A real hyperplane X in C? (or in C") is not transversally
1-complete (but clearly it is an increasing union of strongly transver-
sally 1-complete domains). Indeed, if X C C? is defined by v = 0,
where z = x + iy, w = u + v are holomorphic coordinates, transverse
1-completeness of X amounts to the existence of a positive smooth
function A\ = \(z,u), (z,u) € C?, such that

Mz — 2|\2 > 0.
This implies that
_ 20012 — M.z
(/\ 1)z2 - )\3 <0

so, for every fixed u, the function A\~! is positive and superharmonic
on C,, hence it is constant with respect to z: contradiction.

Example 3.3. Let F' : C™ — C" be a holomorphic function and
Y C C” be a real analytic manifold of real dimension k, consisting
only of regular values for F. Then, the set X = F~1(Y) can be given



8 SAMUELE MONGODI AND GIUSEPPE TOMASSINI

the structure of a mixed foliation of type (m — n, k); moreover, as Y
consists only of regular values of F', locally we have that X =2Y x M
with M = F~!(y) for some y, € Y.

If we ‘take F' to be a polynomial map, M embeds in a projective
variety M C CP™, therefore, arguing as in the previous example, we
have that X cannot be transversally pseudoconvex, because this would
amount to the existence of a bounded from below plurisuperharmonic
function on M.

On the other hand, let ¢ : A — C? be a proper holomorphic em-
bedding of the unit disc A € C and F : C* — C" be such that
F~1(0) = ¢(A). There exists € > 0 such that (¢,0,...) € C" is a regu-
lar value for F', with ¢t € (—e¢,¢€); fix Y = {(¢,0,...) € C" : t € (—€,€)}
and consider X = F~1(Y). Now, X & A X (—¢,¢) and the function
A= (1—|Y(2)]*)~! shows that X is transversally 1-complete.

Example 3.4. Let X CC? xR, be the smooth family of n-balls of CZ,
z2=(21,...,2n) , W = u+ iv, defined by

v =20,
|z — a(u)]* < b(u)”
where a = a(u) is a smooth map R — C", b = b(u) is smooth from R to
R and |a(u)|, |b(u)] — 400 as |u| — 4+o00. X is strongly transversally
1-complete with function
1
b(u)? — |z — a(u)|?
and tangentially 1-complete with exhaustion function ¢ = \.

Az, u) =

We want to prove the following

Theorem 3.1. Let X be a semiholomorphic foliation of type (n,d).
Assume that X s real analytic and strongly transversally 1-complete.
Then there exist an open neighbourhood U of X in the complexification
X and a non negative smooth function u : U — R with the following
properties

i) X ={zxeU:u(r) =0}

ii) u is plurisubharmonic in U and strongly plurisubharmonic on
U\ X.

If X is tranversally 1-complete then property ii) is replaced by the fol-
lowing
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iii) the Levi form of the smooth hypersurfaces {u = const} is posi-
tive definite.

Proof. For the sake of simplicity we assume n = d = 1. Let {\}}
a metric on the fibres of Ni,. With the notations of 2.3 let N r the
tranverse bundle on X whose cocycle 1, = gji, is defined by (5) and
let {12;} be a smooth metric on the fibres of Ni'. On U; N Uy we have
pi = Y3y and consequently, denoting g the restriction su;)x, we have
u?/\?_l = ug)\g_l on U; NUy. Thus o = {,u?)\?_l} is a smooth section
of Nl ® N ', where N} is the dual of N;,. Extend oy by a smooth
section o = {o;} of Nl’p ® N}Tl. Then {\; = ;7 'u;} is a new metric
on the fibres of Ny whose restriction to X is {A9}.

Now consider on X the smooth function u locally defined by )\]«9]2

(where 7; = t; 4+ i6,); u is non negative on X and positive outside X.
Drop the subscript and compute the Levi form L(u) of u. We have

(8)  L(u)(&n) = AEE 4 2Re (BET) + Ciy =
A 207EE + 2Re { (N -0 + i) .0)Em ) +
(Njrr0? 4N 20 — iNj 70 + \;/2)nm

and

(9) AC — |BP = 6% (Njz — 2|A;2]%) + 60

where ¢ is a smooth function. The coefficient of #? is nothing but
that of the form A?Q (here we denote w and €2, respectively, the forms
(6), (7) where A} is replaced by A;), so, if X is strongly transversally
pseudoconvex, L(u) is positive definite near each point of X and strictly
positive away from X. It follows that there exists a neighbourhood U
of X such that u is plurisubharmonic on U.

Assume now that X is transversally 1-complete. The Levi form
L(u)gr(sy of a smooth hypersurface S = {u = const} is essentially
determined by the function

(10) 01 N2 N0 + 0N [P — 2Re (Nj 70 + iXj2) (Ajr0 — iX) Az +
(N 4 1N -0 — PN 20 + N /2) |\ .7} =
01 (NjAjz — (3/2)[N%) + 0%
where g is a bounded function. The coefficient of 64 is nothing but that
of the form )\?w so, if X is transversally pseudoconvex, L(u)|gr(s) is not
vanishing near X. It follows that there exists an open neighbourhood

U of X such that the hypersurfaces S = {u = const} contained in
U ~ X are strongly Levi convex.
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In the general case A = \; is a matrix, A\; = (\;,s), so we consider

d
the function u = ) \;,+0,65. Then

r=1

n n d
(1) L@Em) = Y Ape € +2Re( 3D Bart W) +
a,f=1 a=1 r=1
d
Z Crsnrﬁs
r,s=1
where
- 82)\ 'S nrpns o =B
(12 A= 3 (Z B0
- a Aj S nrps . d a)\',rh a=—=r
(13) (a = lazaéﬂe f +Z; &Jza eh)g
(14)

) M, Ny —
Crs = ( Z aﬂéj’:ehek Z g Z TR Ay f2)
O

Remark 3.2. In view of (8), the Levi form L(u) at a point of X is
positive in the transversal direction 7.

Theorem 3.2. Let X be a semiholomorphic foliation of type (n,d).
Assume that X is real analytic and strongly 1-complete. Then for every
compact subset K C X there exist an open neighbourhood V' of K in
X, a smooth strongly plurisubharmonic function v : V. — RT and a
constant ¢ such that Ke{v <e}NXeVnNX.

Proof. Let ¢ : X — R™ be an exhaustion function, strongly plurisub-
harmonic along the leaves and a sublevel X, of ¢ such that K C X,.
Consider U C X uw: U — RT as in Theorem 3.1 and let v = au + qb
where gb : U — RT is a smooth extension of ¢ to U and a a positive
constant. Then, in view of Remark 3.2, it is possible to choose a in
such a way to have L(v)(x) > 0 for every z in a neighbourhood V' of
X, Co < c; this ends the proof. O
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3.2. Stein bases and a density theorem.

Theorem 3.3. Let X be a semiholomorphic foliation of type (n,d).
Assume that X is real analytic and strongly 1-complete and let ¢ :
X — R* be an ezhaustive smooth function strongly plurisubharmonic
along the leaves. Then

i) X, is a Stein compact of)? i.e. it has a basis of Stein neigh-
bourhoods in X.

ii) every smooth CR function on a neighbourhood of X. can be
approrimated in the C'™ topology by smooth CR functions on
X.

Proof. In view of Theorem 3.1 we may suppose that X = {u = 0}
where u : X — [0, 4+00) is plurisubharmonic and strongly plurisubhar-
monic on X \ X. _

Let U be an open neighbourhood of X, in X. With K = X, we
apply Theorem 3.2: there exist an open neighbourhood V€U of X.
in X, a smooth strongly plurisubharmonic function v : V" — R* and
a constant ¢ such that X.€{v < ¢} N X €V N X. It follows that for
e > 0, sufficiently small, W = {v < ¢} N{u < e} €V €U is a Stein
neighbourhood of X..

In order to prove ii) consider a smooth CR function f on a neigh-
bourhood I of X, in X, and take ¢ > ¢ such that X» C I. For
every j € N define B; = X, and choose a Stein neighbourhod U
of B, such that B; has a fundamental system of open neighbourhoods
W; @U;;1NU; which are Runge domains in Uj;. Since Uy is Stein, the
O(Uy)-envelope of By coincide with its the plurisubharmonic envelope
(cfr. [12, Theorem 4.3.4]) hence it is a compact contained in X N Uy,
By being the zero set of the plurisubharmonic function u. Thus we may
assume that By is O(Up)-convex.

We have to prove that for every fixed C*-norm on By and £ > 0
there exists a smooth CR-function g : X — C such that ||g — f||%? <e.

In view of the approximation theorem of Freeman (cfr. [8, Theorem
1.3]), given € > 0 there is f € O(Up) such that ||f— f||%? < e. Now,

define Fj = fvand for every j > 1 take W; such that Wj is a Runge
domain in U, and a holomorphic function F; € O(U;_;) satisfying

||Fj+1_Fjj||(Wk)j <€/2j+17 J=0,1,..;
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then
+o0
Fo+> (Fjn—F)
=0

defines a C* function g on X such that ||g — f||%? <2. O

Corollary 3.4. Let X be as in Theorem 3.5 and X., ¢>0. Then, X,
is CR(X)-convex i.e. X. coincides with its CR(X)-envelope.

Proof. Set K = X,.. In view of Theorem 3.1, X is the zero set of
a plurisubharmonic function defined in an open neighbourhood U of
X in X. Let U, CU be a Stein neighborhood of K and Psh(U,) the
space of the plurisubharmonic in U,. Then the envelopes I?@(UU) and

[?psh(UU) of K coincide (cfr. [12, Theorem 4.3.4]) so in our situation we
have R R R
KC KCR(X) C KO(UV) = Kpsh(UV) cU,NX.

We obtain the thesis letting U, CU run in a Stein basis of X,. O

4. COHOMOLOGY
In this section we want to prove the following two theorems

Theorem 4.1. Let X be a semiholomorphic foliation of type (n,1).

Assume that X is real analytic and strongly 1-complete. Then
HY(X;CR)=0

for every g > 1.

Theorem 4.2. Let D be a connected Stein manifold and X C D a
closed, orientable, smooth Levi flat hypersurface. Then

HY(X;CR)=0
for every g > 1.

We need some preliminary facts. Let 2 a domain in C* x R* and
for every t € R¥F and set Q, = {z €C" : (2,t) € Q}. Following [2] we
say that {4 }gr is a regular family of domains of holomorphy if the
following conditions are fulfilled:

a) Q, is a domain of holomorphy for all ¢ € R;
b) for every t; € R* there exist Iy = {|t — ty] < ¢} and a domain
U C C" such that €y, is Runge in U and Uy, 2 C Iy x U.
In this situation it can be proved that the sheaf CR of 2 is cohomo-
logically trivial (cfr. [2, Corollaire pag. 213]).
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Lemma 4.3. Let X be a 1-complete semiholomorphic foliation of type
(n,d), ¢ : X — [0,400) a strongly plurisubharmonic along the leaves
and ¢ > 0 a reqular value of ¢. Then there is € > 0 such that the
homomorphism

HY (X ¢;CR) — HY (X CR)
is onto for ¢ > 1. In particular, the homorphism

HY(X.CR) — HY(X,;CR)
1s onto for q > 1.

Proof. Since ¢ is a strongly plurisubharmonic along the leaves the
“bumps lemma” method applies: given xy€bX, there exist arbitrarily
small neighbourhoods U > zy and open sets B @ X with the following
properties:

i) BDX,., B\ X.€U and B is given by {¢' < 0} with ¢’ smooth
on a neighbourhood of B and strictly plurisubharmonic along
the leaves;

ii) V:=UnNB and VN X, are CR isomorphic to regular families
of domains of holomorphy of C™;

Write B = X.UV. Since HY(V;CR) = HY(V N X, CR) =0 for ¢ > 1,
from the Mayer-Vietoris sequence

o= H(X.UV;CR) - HY(X,;CR)&® HY(V;CR) —

HY(X.NV:CR) —» H™ (X, UV;CR) — ---

we obtain that the homomorphism HY(B;CR) — H%(X.;CR) is sur-
jective for ¢ > 1. By iterating this procedure starting from B, in a
finite number of steps we find a neighbourhood W of X, such that
HY(W;CR) — HY(X.;CR) is surjective for every ¢ > 1. It is enough
to take € > 0 such that X.,.CcW. O

Proof of Theorem 4.1 We first prove that for every c and ¢ > 1 the
cohomology groups H?(X.;CR) vanish and for this that H4(X.;CR) =
0 for every ¢ and ¢ > 1 (see Lemma 4.3.)

Let X be the complexification of X. By Theorem 3.3 there exists
a Stein neighbourhood U € X of X, which is divided by X into two
connected components Uy, U_ which are Stein domains. Let O, (O-)
be the sheaf of germs of holomorphic functions in D, (D_) smooth on
U; UX (U-UX) and extend it on U by 0. Then we have on U the
exact sequence

(15) 0—0—0,80_5—=CR 0
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where re is definined by re(f © g) = fix — gx. Let & be a g-cocycle
with values in CR defined on X,. We may suppose that £ is defined
on U N X. Since U is Stein we derive that

H (U, UX;0,)® H(U_-UX;0_) - HY(X;CR)

is an isomorphism for ¢ > 1. In particular, £ = &, — &_ where £, and
¢_ are represented by two O-closed (0, ¢)-forms w, and w_ respectively
which are smooth up to X. Now, given ¢ : U — R a strictly plurisub-
harmonic exhaustion function and p., p— defining functions for U, , U_
(iie. Ur = {p+ < 0}, dp+ # 0 whenever pL = 0, we consider the
function

i = —(—pae PO
Computing the Levi form of pi in local coordinates and using the
same estimates as in [9, Lemma 2.1], we obtain that, for any given
r € R large enough, we can choose L,e and m so that pi is strictly
plurisubharmonic in {¢ < r+ €} N UL N V4 for some neighbourhood V4
of the boundary of UL.

From this, we obtain the following: there exist two bounded pseudo-
convex domains U’ ,eU , U. €U satistying:

1) U, cU, ,U CU.;
2) X.CbU, NX,X.CbU"_ NX.

By Kohn's theorem (cfr. [13]) Wiy, = day, Wojr = Ja_ with ay, o
smooth up to the boundary and this shows that £ is a g-coboundary.
Thus H9(X,;CR) = 0 for every c and ¢ > 1.

The vanishing of the groups H%(X;CR) for ¢ > 2 now easily follows
by a standard procedure.

The proof of H*(X;CR) = 0 requires approximation of CR functions.

+o0o
Let X = |J X, and || - ||(§) denote the C* norm, s € N. Let {U;} be
s>1 s

an open covering of X and {f;;} an 1-cocycle of {U;} with values in
CR. Solve f;; = fi(l) — f;l) on a neighbourhood of X; and analogously
fij = gl@ —g(?) on a neighbourhood of X 5. Then the {gl@) —fi(l)} defines
a CR function on a neighbourhood of X; which can be approximated in
the norm || - ”% by a CR function h : X — C (see Theorem 3.3); thus,
defining fi(2) = 91(2) — h we have f;; = fi@) — f]@) on a neighbourhood
of X5 and

(2) (1)(1)
12 - 1Y <172,
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Thus, for every s we can find functions fi(s) solving f;; = f-(s) —f ) on

? J

a neighbourhood of X, and satisfying
S s—1 s—1 s—
IES = I8 < (1/2)

This makes the series

+ Z s+1

convergent in CR(U;) to a function f;. On X, we have

f(m + Z s+1) s))

s=m+1

where the sum of the series is a CR function on X,, which is indepen-

dent of ¢. It follows thatf; — f; = fm f;m) = fiy ie. {fi;} is a

coboundary and this ends the proof of Theorem 4.1. O

Observe that the proof of Theorem 4.1 works under the hypothesis
of Theorem 4.2 as well.

Clearly, under the hypothesis of Theorem 4.2 if {z,} is a discrete
subset of X and {c¢,} a sequence of complex numbers there exist a CR
function f : X — C such that f(z,) =c¢,, v =1,2,.... This is actually
true under the hypothesis of Theorem 4.1:

Theorem 4.4. Let X be a semiholomorphic foliation of type (n,1).
Assume that X is real analytic and strongly 1-complete. Let A = {z,}
be a discrete set of distinct points of X and {c,} a sequence of complex
numbers. Then there exists a smooth CR function f : X — C such
that f(x,) =c,, v=1,2,.... In particular, X is CR(X) — convez.

Proof. Let 14 be the sheaf {f€CR : fia = 0}, then CR/I4 ~ [[C,,;
we have to show that H'(X;1,) = 0. As usual, we denote by X the
complexification of X, ¢ : X — R a smooth function displaying the
tangential 1-completeness of X and X, = {¢ < ¢}, c€R. In view of
Theorem 4.1, we have H'(X,;CR) = 0 for every c€R. Moreover, since
40 = X, N A is finite and X, has a Stein basis of neighbourhoods in
X, the map CR(X,) — HweAc C, is onto; from the exact sequence of
cohomology

.= HY(X;CR) — [ Co = H'(X.i1s) = H'(X;CR) —

xE€Ac
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it follows that H*(X.;I4) = 0. To conclude that H'(X;14) = 0 we
use the same strategy as in Theorem 4.1 taking into account the fol-

lowing: given 1, xs, ...,z in X, every function f€CR(X.) vanishing
on Iy, Ty, ..., T, can be approximate by functions f € CR(X) vanishing
on x1,xs, ..., o (see Theorem 3.3, ii)). O

Theorem 4.5. Let D be a connected Stein domain in C" (or, more
generally a connected Stein manifold) and X C D a closed, orientable,
smooth Levi flat hypersurface. Let ¢ : D — R be exhaustive, strictly
plurisubharmonic and X. = {¢ < ¢} N X, ceR. Then the image of the
CR map CR(X) — CR(X.) is everywhere dense.

Proof. Consider B, U as in Lemma 4.3. Observe that, by the bump
lemma procedure applied to {¢ < ¢} we may suppose that B = B’ N
X where B' € D is given by {¢/ < 0} with ¢’ smooth and strictly
plurisubharmonic on a neighbourhood of B. In particular, in view of
Theorem 4.2, we have H(B;CR) = 0 for ¢ > 1. We are going to
prove that the image of CR(B) — CR(X.) is everywhere dense. Write
B = X,UV where V.= BNU. Let p: CR(B) = CR(V N X,); observe
that the image of o is everywhere dense. Let

o CR(X.) ®CR(V) = CR(V N X.)

be the map f @ g — o(f) — o(g). In this situation, from the Mayer-
Vietoris sequence of Lemma 4.3 we deduce that the homomorphism o
is onto. Let feCR(X,) and o(f) €eCR(VNX.). Then, since the image
of p is everywhere dense, there exists a sequence {g,} C CR(V) such
that o(g,) — o(f) — 0. Moreover, in view of Banach theorem applied
to o there are elements u, € CR(X.), v, € CR(V) with the following
properties: u, — 0, v, — 0 and o(u,) — o(v,) = o(f) — 0(g,). Then,
setting f, = g, —v, on V and f —u, on X. we define a sequence of CR
functions f, in B such that f, — f. Iterating this procedure starting
from B in a finite number of steps we find a domain W O X, with
the property that CR(W) is dense in CR(X.) and an £ > 0 such that
CR(Xcte) is dense in CR(X,). Let I the set of ¢ > ¢ with the property
CR(Xx) is everywhere dense in CR(X.). Then, an elementary lemma
on Fréchet spaces shows that [ is a closed interval, and moreover, by
what is preceding, it is also open. It follows that sup I = +o00 and (by
the same lemma) that CR(X) is everywhere dense in CR(X,). O

A vanishing theorem for compact support cohomology H}(X;CR)
can be proved in a more general situation. Precisely
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Theorem 4.6. Let X be a tangentially 1-complete semiholomorphic
foliation of type (n,d). Then
H!(X;CR)=0

forj <mn-—1
Proof. Let ¢ : X — R™ be a smooth function displaying the tangential
1-completeness having only one minimum point z (see Section 2) where
¢(z) = 0. The bumps lemma method gives the following: if X, is a
sublevel of ¢ and o’ > a is sufficiently close to a the homomorphism

H!(X,;CR) — H!(X,;CR)
is an isomorphism for 0 < j < n — 1. Let I be the set of '’ > a with
such a property. Then sup I = +o00 so, for every a

HI(X,;CR) = Hi(X;CR)

is an isomorphism for j < n — 1. On the other hand, if a is close to
0 the sublevel X, is CR isomorphic to a regular family of domains of
holomorphy, so H(X,;CR)=0for0<j<n-—1. O

Corollary 4.7. Let X be a 1-complete semiholomorphic foliation of
type (n,d) with n > 2 and K a compact subset such that X ~ K 1is
connected. Then the homorphism

CR(X) = CR(X \K)
15 surjective.

4.1. An interpretation. Let X be the complexification of X and W
the sheaf of germs of smooth functions on X which are 0-flat on X. The
restriction map f +— fx is a surjective homomorphism re : W — CR
(cfr. [16]). Thus we have an exact sequence

0 J W —>CR 0.
We have the following:

«) the germs of J are flat on X (cfr. [3]) (this is actually true for
a generic submanifold of a complex manifold);
f) the sheaf J is acyclic so for ¢ > 1

HY(X; W) ~ HY(X;W/J) ~ H/(X;CR).

Denote by F(9) the sheaf of germs of smooth (0, ¢)-forms in X modulo
those which are flat on X. Then
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is an acyclic resolution of W/J : given a local (0, ¢)-form u which is
O-flat on X there is a local form (0, ¢— 1)-form v such that u— v is flat
on X. This can be proved by a direct argument using convolution with
Cauchy kernel. Indeed, we can prove something apparently stronger:
given a local 0-closed (0, ¢)-form u, ¢ > 2, flat on {Imz, = 0}, then we
can solve the equation dn = u with a (0,q — 1)-form v, again flat on
the same set.
Let u be a local (0, n)-form in C", flat on {Imz, = 0}, then

w:Udel/\.../\dzn

and we may assume that ug is compact support. If we set

N = Up *1 Ldfz/\/\dzn
w4l

(where x; denotes the convolution with respect to the variable z;) we
obtain a (0,n — 1)-form, which is again flat on {Imz, = 0}, such that
On = wu; now, suppose we can solve the problem for (0,q + 1)-forms
by taking convolutions only in the variables 21, ..., z,_1, then given a
(0, g)-form w in C", flat on {Imz, = 0}, we consider & = u A dz,: we
have

Jda=0uNdz, =0

and « is flat on {Imz, = 0}, so there is a form 3 = [y A dz,, flat on
the same set, such that

0By Ndz, =08 =a=uNdz, .

We set v = u—0f; we have that yAdZ, = 0, so ¥ = vy AdZ,, moreover
0= 0v = 0y Adz, = v A dZ,, if we denote by @ the 0 operator in
C™1, with respect to variables 21, ..., 2,_1. So, we can solve 0'¢ = 7,
because ¢ > 2, by taking convolutions with respect to z1,...,2,_1 and
treating z, as a parameter. Therefore, ¢ is again flat on {Imz, = 0}.
In conclusion, we have

u=08+ ¢ Ndz,) =dn,

with v a (0,¢ — 1)-form flat on {Imz, = 0}.

Returning to the original problem: given a local (0, ¢)-form w which
is 0-flat on X, we can solve the equation 9y = du with a flat (0, q)-
form ¢, therefore d(u — 1)) = 0 and consequently u — ¢ = v for some
(0,q — 1)-form v.

A more general result valid for differential operators with constant
coefficients was proved by Nacinovich (cfr. [14, Proposition 5]). Theo-
rem 4.1 and () together now imply the following
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Corollary 4.8. Let D be a connected Stein manifold and X C D a
closed, orientable, smooth Levi flat hypersurface. Then

i) for every (0,q)-form u, ¢ > 1 which is O-flat on X there is a
(0,q — 1)-form v such that u — Ov is flat on X;

ii) for every (0,q)-form u, ¢ > 2 which is O-closed and flat on X
there is a (0,q — 1)-form v flat on X and such that u = Ov.

Proof. Denote £©9 (D) the space of the (0, ¢q)-forms in D. In view of
B), (16) and Theorem 4.2we have

{u € £09(D)}
17 HYX;CR) ~ — = 0;
(17 ( ) {0v+n:ve&0D(D) nflaton X}
then i) follows. In order to prove ii) let u € E(S’q)(D), g >2, flat on X
and 0-closed. Since D is Stein v = 9v. Then, 0v is flat on X therefore,
by i), we can write ¢ = On + v where v is flat on X. It follows that

u=0v ie. ii). O

5. APPLICATIONS

5.1. A vanishing theorem for CR-bundles.

Proposition 5.1. Let X be a real analytic semiholomorphic foliation
of type (n,1), 7 : E — X a real analytic CR-bundle of type (n,0).
Then

i) if X is 1-complete E is 1-complete;
i) of X is transversally 1-complete (strongly transversally 1-complete)
E is transversally 1-complete (strongly transversally 1-complete).

Proof. F is foliated by complex leaves of dimension m + n and real
codimension 1 (see Section 2). If z;,¢; are distinguished coordinates
on X and (; is a coordinate on C™, then z;,(;,t;, are distinguished
coordinates on F with transformations

2 = fie(zk, ty)
G = Ajr 2k, t) Gk
tj = gik(ty)-

Part ii) of the statement is immediate since the transversal bundles of
X and E respectively have the same cocycle. In order to prove part
i) let u : X — R be a smooth function displaying the tangential 1-
completeness of X and 7, : U; N Uy, — Gmo the cocycle of E with
respect to a trivializing distinguished covering {U,}; such that U; € X.
Let us consider a hermitian metric {h;} on the fibres of E. Then on
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U, N U,
t = .
hie ="yl ji;

denoting by ¢; the fibre coordinate on 7~ 1(U;) the family {(;e"h; tfj }
of local functions defines a smooth function ¥ on E. We drop the
subscript j and compute the Levi form £(¢) of ¢ on 77 (U;). One has

L)) = e*[CRTL@m) + Y b7+ F)]

a?B:]‘

where h = (h,3), 1 = (N1, -+, Moy Mntts - - - > Mngm) and F(n) is a her-
mitian form whose coefficients are proportional to |(|. Arguing as in
[4, Theorem 7] it is shown that the function u can be chosen in such
a way that 1 is plurisubharmonic on E and strictly plurisubharmonic
away from the 0-section. Moreover, on the 0-section the Levi form
L(¢) equals the form 77, b zn**" 77+ which is strictly positive in
the direction of the fibre. It follows that the function ¢ = vonm + ¥
is strictly plurisubharmonic everywhere on E. This ends the proof of
Proposition 5.1.

Theorem 5.2. Let X be a real analytic semiholomorphic foliation of
type (n,1), 7 : E — X a real analytic CR bundle of type (m,0) and
Ecr the sheaf of germs of smooth CR-sections of E. Assume that X s
strongly 1-complete. Then

HYX,Er) =0
forq>1.

Proof. Let p: E* — X be the CR-dual of E. If v, : U; N U, = Gy
is the cocycle of E with respect to a distinguished trivializing open
covering U = {U;}; of X, tvj_kl : U; N U, — Gy is a cocycle of E*.
By Proposition 5.1 E* is strongly 1-complete. Set CR* = CRg+ and
for each domain U C X let CR*(p~*(U)),, r > 0, denote the space of
the CR functions on p~!(U) which vanish on U of order at least r. We
obtain a filtration

CR*(p~ (U)o DCR* (p™ (U))1 D+ .

If U is a trivializing distinguished coordinate domain and ¢ = ({1, ..., (n)
the fibre coordinate then f € CR*(p~'(U)), if and only if

o f

= oo A =0
90 iy

(D
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for vy 4 -+ + 1, < r. Moreover, if UCU; N Uy and ¢ = ({7, ...,¢),
P =(CF,..., ") are fibre coordinates on U;, Uy respectively, we have

(DL P = 715 (D i

where {’y](’,;)} denotes the cocycle of ST (E), the 7" symmetric power
of E.

Conversely, if U = U;U; and {0} ,...,, }, r1 + - -1 =7, is @ smooth
CR-section of S((E) then the local functions

Z Ojr1rm (Cf)rl e (an)rm

r1+-rm=r

define a function f € CR*(p~(U)),_1.
Thus, for every r > 0 we obtain an isomorphism

S(E)op(U) = CR*(p~ (U))r—1 JCR* (p~ 1 (U)),.

where S (E)(CT})% denotes the sheaf of germs of smooth CR-sections of
SO(E). Let U* = {p~"(U;)};: U* is an acyclic covering of E* and
from the previous discussion we derive that each cohomology group
HY(U*,CR*) has a filtration

HY U ,CR*)DH'U*,CR*)yDHIU*",CR")1 D" -+
with associated graded group isomorphic to

Go D HWU.S(E)CR).
r>0

for some group GG. Consequently, by Leray theorem on acyclic coverings
we have a filtration on each group HY(E*,CR*) with associated graded
group isomorphic to

P aex. s(E)ER).

r>0
Since, by Proposition 5.1, E* is strongly 1-complete, Theorem 4.1 ap-
plies giving HY(E*,CR*) = 0 for every ¢ > 1, whence H?(X, S(E)gz%) =
0 for every ¢ > 1, > 0. In particular, for r = 0 we obtain H1(X,Ecg) =
0 for every ¢ > 1. O

5.2. CR tubular neighbourhood theorem and extension of CR
functions. Let M be a real analytic Levi flat hypersurface in C"*?,
n > 1. In view of [17, Theorem 5.1], there exist a neighbourhood
U C C"™! of M and a unique holomorphic foliation FonU extending
the foliation F. A natural problem is the following: given a smooth
CR function f : M — C to extend it on a neighbourhood W C U by
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a smooth function f holomorphic along the leaves of F. In the sequel
we answer this question.

The key point for the proof is the following “CR tubular neighbour-
hood theorem?”:

Theorem 5.3. Let M be a real analytic Levi flat hypersurface in C*1,
n > 1; assume that M 1is strongly transversally 1-complete. Then there
exist an open neighbourhood W C U of M and a smooth map q : W —
M with the properties:

i) q is a morphism f‘w — F;

ii) q‘M = IdM
Proof. Clearly, M is strongly 1-complete. Let p : N — M the normal
bundle of the embedding of M in C***. Since F extends on U, there
is a distinguished open covering {U;} of U with holomorphic coordi-

nates (2],...,2, 7)) such that if V; :== U; N M # @, then {V;} is a
distinguished open covering of M with coordinates (27, ..., 2], Rer}).
In particular, if 9{ denotes the imaginary part of Tf , the bundle Ny, is
generated by the vector field

0
a0]lv;
It is easy to check that N is a G ;-bundle.
We have the following exact sequence of CR-bundles

n+k
0—>TM —=TCF —= N ——0

and, passing to the sheaves of germs of CR morphisms, the exact se-
quence

0 — Hom(N,TM) — Hom (N, TC[};*) — Hom(N, N) —=0 .

Theorem 5.2 now implies that the homomorphism
I'(M,Hom(N, TCJi*)) — T'(M,Hom(N, N))

is onto.
Let ¢ : N — T(Cm1 be a CR morphism inducing the identity N —

N. Then, ¢(¢) = (p(£),¥(£)) € M x C"! where € — 1(£) is a smooth
CR map N — C"*! which is of maximal rank along p~!(z) for every
x e M.

Then & — p(&)+1(€) defines a smooth CR map o : N — C™"! which
is locally of maximal rank on M, inducing a smooth CR equivalence
from a neighbourhood of M in N and a neighbourhood W of M in
Ccntl,
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We define g =poo~!. O

Corollary 5.4. Let M be a real analytic Levi flat hypersurface in C**1,
n > 1, F the Levi foliation on M, F the holomorphic foliation ex-
tending F on a neighbourood of M. Then every smooth CR function
f: M — C extends to a smooth function f on a neighbourhood of M,
holomorphic along the leaves of F.

Proof. Take f: foq O

6. AN EMBEDDING THEOREM

We want to prove the following

Theorem 6.1. Let X be a real analytic semiholomorphic foliation of
type (n,d). Assume that X is strongly 1-complete. Then X embeds in
C? 2441 45 o closed submanifold by a CR map.

First of all let us give the notion of CR polyehedron. Let X be a
semiholomorphic foliation of type (n,d). A CR polyhedron of order N
of X is an open subset P € X of the form

P={reX:|fj2)| <1 f;€CR(X),1<j <N}
With the notations of Corollary 3.4 we have the following

Lemma 6.2. Let X be a real analytic semiholomorphic foliation of
type (n,d) strongly 1-complete. Let ¢ : X — R be a smooth function
displaying the tangential 1-completeness of X and X., Xy, ¢ < ' sub-
levels of ¢. Then there exists a CR polyhedron P of order 2n + 2d + 1
such that X,CPC X..

Proof. Let X the complexification of X. By the proof of Theorem
3.3, part ii), there exist two Stein domains U, V with the following
properties: X, C U, Xo C V and X, has a fundamental system of
Stein domains W € U NV which are Runge in V. Then take such a
W and consider the O(W)-envelope Y of X.. By a theorem of Bishop
there exists an analytic polyhedron Q C W of order 2n + 2d 4+ 1 such
that X. C Q (cfr. [12, Lemma 5.3.8]). Since W is Runge in V we
can assume that Q is defined by functions fi, fa, ..., fonroar1 € O(V).
Then, P = QN X is a CR polyhedron of order 2n + 2d + 1 containing
X., defined by CR functions in VN X D X,: we conclude the proof by

approximation (see Theorem 3.3, ii)). O
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Proof of Theorem 6.1(Sketch) Let ¢ : X — R* be a smooth function
displaying the tangential 1-completeness of X and X be a complexifi-
cation of X. Then X is the union of the increasing sequence of domains
X, = {¢ < v} and, by Theorem 3.3, for every v € N, X, is a Stein
compact and CR(X) is everywhere dense in CR(X,). For every let

F, = {f€CR(X;C**¥1) . fisnot injective and regular on X, }.

Clearly, each F}, is a closed subset of the Fréchet space CR (X ; CQ"”d“) .
Moreover, since X, is a Stein compact and CR(X) is everywhere dense
in CR(X,), F, is a proper subset CR(X;C*""21)  Arguing as in
[12, Lemma 5.3.5] one proves that no F, has interior points. By Baire’s
theorem U F), is a proper subset of CR (X ; (C2”+2d+1); in particular
there exists g € CR(X; C*"*241) which is regular and one-to-one.

It remains to prove that in CR(X ;(CQ"HdH) there exists a map
which is regular, one-to-one and proper.

Following [12, Theorem 5.3.9] it is sufficient to construct a function
fE€CR(X;C* 241 such that

{zeX : |f(@)| <k +|g(x)|} €X

for every keN.

The construction of such an f is similar to that given in [12, Theorem
5.3.9], taking into account Remark 2.1, Theorem 3.3, Corollary 3.4 and
Lemma 6.2. O

Remark 6.1. Example 3.2 shows that the converse is not true, namely
a real analytic semiholomorphic foliation embedded in CV is not nec-
essarily transversally 1-complete.

As an application, we get the following

Theorem 6.3. Let X be a real analytic semiholomorphic foliation of
type (n,d). Assume that X is 1-complete. Then

Hy(X;Z) =0
forj>n+d+1 and H,,q(X;7Z) has no torsion.

Proof. Embed X in C¥, N = 2n 4+ 2d + 1 by a CR map f and choose
a € CY \ X in such a way that ) = |f — a|? is a Morse function [1].
In view of Morse theorem we have to show that no critical points of v
exists with index larger than n + d. The Hessian form H(v¢)(p) of ¢ at
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a point pe X is
of
Z’azaz:

d
2ReZ[ ] Z 82 826 waw5+zz4k7k

j=1 k=1

2

where A, 1 < k < d is a linear form in wy,...,w,,wy,...,w,. The
restriction of H(v)(p) to the linear space 7 = - -+ = 75 = 0 is the sum
of a positive form and the real part of a quadratic form in the complex
variables wq,...,w, so the eigenvalues occur in pairs with opposite

sign. It follows that H(v)(p) has at most n + d negative eigenvalues.
O

Remark 6.2. In particular, the statement holds for smooth semiholo-
morphic foliations of type (n,d) embedded in some CV.

Corollary 6.4. Let X C CPY be a closed, oriented, semiholomorphic
foliation of type (n,d), V' a nonsingular algebraic hypersurface which
does not contain X. Then the homomorphism

HI(X \V;Z) — H (X;7)

induced by VN X — X 1is is bijective for 7 < n — 1 and injective for
7 =mn—1. Moreover, the quotient group

H”fl(V N X;Z)/H”fl(X;Z)
has no torsion.

Proof. By Veronese map we may suppose that V' is a hyperplane. We
have the exact cohomology sequence

= H(XNV,Z) = H(X;Z) = H(XNV;Z) —
HIPY X N VZ) —» H (X, Z) —

By Poincaré duality
HI(X \NV;Z) ~ Hypya (X N V; 7).

Since X \ V is embedded in CV, we conclude the proof applying The-
orem 6.3 and Remark 6.2. O
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7. THE COMPACT CASE

Let X be a compact real analytic semiholomorphic foliation of type
(n,1). With the notations of 2.3 let {¢;;} the cocycle of the CR-bundle
of type (0,1) on the complexification X which extends Ni;:. The local
smooth functions h; on X satistying h; = wfjhi define a metric on the
fibres of Ni,. We say that Ny, is weakly positive if a smooth metric {hy}
can be chosen in such a way that the (1, 1)-form

87’,- VAN 577%

(Ti - 7_—k)2

(18) i001og ¢ = i00log hy, + 2i

is positive, 1001og ¢ > 0, near X, on the complement of X.

Lemma 7.1. Let Ny be weakly positive and ¢ the function on X lo-
cally defined by hiwfj. Then ¢ is plurisubharmonic on a neighbourhood
of X and its Levi form has one positive eigenvalue in the transversal
direction 7. In particular, for ¢ > 0 small enough, the sublevels X,

of ¢ are weakly complete manifolds and give a fundamental system of
neighbourhoods of X .

Proof. Clearly, ¢ > 0 near X and ¢ > 0 away from X. By hypothesis,
1001og ¢ > 0 and

0p A D¢
¢ )

00¢ = ¢ 901og ¢ +
moreover, locally on X
200¢ = hOT A OF.
h = hi, T = 7. The thesis follows since h > 0 and i1 AOT is a positive
(1,1)-form. O
Remark 7.1. Observe that the form (18) is non negative near X in
the complement of X, if X admits a space of parameters.

A CR-bundle L — X of type (1,0) is said to positive along the leaves
i.e there is a smooth metric {h;} (on the fibres of) L such that

(19) Z Méagﬁ < 0.

kA k
o Fen (%Oﬁzﬂ

where (2%, %) are distinguished coordinates.

From Lemma 7.1 we have the following
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Theorem 7.2. Let X be a compact real analytic semiholomorphic fo-
liation of type (n,1). Suppose that there exists on X an analytic CR-
bundle L of type (1,0) and positive along the leaves. Then X embeds
in CPY, for some N, by a real analytic CR map.

Proof. Extends L on a neighbourhood of X to a holomorphic line

bundle L and the metric {h;} to a smooth metric {h} preserving

condition (19) near X. For every positive C' € R consider the new

metric {Ekc = ec¢ﬁk} where ¢ is the function defined in Lemma 7.1

and set (; = (¥, ... G =28 Gy = TR
At a point of X we have

82 log hy.c 5 %9
2O TRC pamb — (O _ a = +
2 Tocac 2 5o

1<a,<n+1 1<a,f<n+1
9loghy
Z a¢, @Eknanﬁ =L+ Lo.
1<a,f<nt+1 = >a75B

Near X the form £, is positive for |n,,1| small enough, say |9,41| < €;
in view of Lemma 7.1, £; is nonegative and £; > 0 for |n,.1| > 0. It
follows that for large enough C' the hermitian form £, 4+ £, is positive
on a neighourhood of X say {¢ < ¢} for ¢ small enough.

In this situation a theorem of Hironaka [15, Theorem 4] applies to
embed {¢ < ¢} in some CPY by a locally closed holomorphic embed-
ding. In particular, X itself embeds in CP" by a CR-embedding. O

REFERENCES

[1] A. Andreotti and T. Frankel, The Lefschetz theorem on hyperplane sections,
Ann. of Math. (2) 69 (1959), 713-717.

[2] A. Andreotti and H. Grauert, Théorémes de finitude pour la cohomologie des
espaces complexes, Bull. Soc. Math. France 90 (1962), 193-259.

[3] A. Andreotti and C. D. Hill, E. E. Levi convezity and the Hans Lewy problem.
I Reduction to vanishing theorems, Ann. Scuola Norm. Sup. Pisa (3) 26 (1972),
325-363.

[4] A. Andreotti and R. Narasimhan, Oka’s Heftungslemma and the Levi problem
for complex spaces, Trans. Amer. Math. Soc. 111 (1964), 345-366.

[5] A. El Kacimi Alaoui, The 0 operator along the leaves and Guichard’s theorem
for a complex simple foliation, Math. Ann. 347 (2010), no. 4, 885-897.

[6] A. El Kacimi Alaoui and J. Sliméne, Cohomologie de Dolbeault le long des
feuilles de certains feuilletages complexes, Ann. Inst. Fourier (Grenoble) 60
(2010), no. 2, 727-757.

[7] F. Forstneri¢ and C. Laurent-Thiébaut, Stein compacts in Levi-flat hypersur-
faces, Trans. Amer. Math. Soc. 360 (2008), no. 1, 307-329 (electronic).



28

(8]

[17]

SAMUELE MONGODI AND GIUSEPPE TOMASSINI

M. Freeman, Tangential Cauchy-Riemann equations and uniform approzrima-
tion, Pacific J. Math. 33 (1970), 101-108.

R. Gay and A. Sebbar, Division et extension dans l'algébre A (Q) d’un ouvert
pseudo-convexe ¢ bord lisse de C™, Math. Z. 189 (1985), no. 3, 421-447.

G. Gigante and G. Tomassini, Foliations with complex leaves, Differential
Geom. Appl. 5 (1995), no. 1, 33-49.

M. Golubitsky and V. Guillemin, Stable mappings and their singularities,
Springer-Verlag, New York-Heidelberg, 1973. Graduate Texts in Mathemat-
ics, Vol. 14.

L. Hérmander, An introduction to complex analysis in several variables, Third,
North-Holland Mathematical Library, vol. 7, North-Holland Publishing Co.,
Amsterdam, 1990.

J. J. Kohn, Global regularity for O on weakly pseudo-convexr manifolds, Trans.
Amer. Math. Soc. 181 (1973), 273-292.

M. Nacinovich, On boundary Hilbert differential complexes, Ann. Polon. Math.
46 (1985), 213-235.

S. Nakano, Vanishing theorems for weakly 1-complete manifolds, Number the-
ory, algebraic geometry and commutative algebra, in honor of Yasuo Akizuki,
1973, pp. 169-179.

L. Nirenberg, A proof of the Malgrange preparation theorem, Proceedings of
Liverpool Singularities—Symposium, I (1969/70), 1971, pp. 97-105. Lecture
Notes in Mathematics, Vol. 192.

C. Rea, Levi-flat submanifolds and holomorphic extension of foliations, Ann.

Scuola Norm. Sup. Pisa (3) 26 (1972), 665-681.

S. MONGODI: DIPARTIMENTO DI MATEMATICA - UNIVERSITA DI RoMA “TOR
VERGATA”, VIA DELLA RICERCA SCIENTIFICA — [-00133 RomA, ITALY
E-mail address: mongodi@mat.uniroma?2.it

G. TOMASSINI: SCUOLA NORMALE SUPERIORE, P1AZzA DEI CAVALIERI, 7 —
1-56126 Pi1sA, ITALY
E-mail address: g.tomassini@sns.it



