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1 Introduction

This paper is devoted to the homogenization of a set of Smoluchowski’s discrete
diffusion-coagulation equations [16] over periodically perforated domains. This type
of equations, describing the evolving densities of diffusing particles that are prone to
coagulate in pairs, models various physical phenomena: the evolution of a system of
solid or liquid particles suspended in a gas, polymerization, aggregation of colloidal
particles, formation of stars and planets as well as biological populations, behavior
of fuel mixtures in engines, etc. (see, e.g. [8], [11]). Quite often, starting from a mi-
croscopic description of a problem, we seek a macroscopic, or averaged, description.
As a matter of fact, while being closer to the actual physical nature, a mathematical
model for a physical system that resolves smaller scales is usually more complicated
and sometimes even virtually impossible to solve. Moreover, experimental data are
often available for macroscale quantities only, but not for the microscale. Therefore,
for quite a long time, the key issue has been how to formulate laws on a scale that is
larger than the microscale and to justify these laws on the basis of a microscopic ap-
proach. To do that, in the seventies, mathematicians have developed a new method
called homogenization [6]. This method allows to perform certain limits of the so-
lutions of partial differential equations describing media with microstructures and
to determine equations which the limits are solution of. Roughly speaking, what

one does is to consider media with microstructures, to average out the physical and



chemical processes arising at the microscale and to calculate effective properties of
the media on the macroscale. This is precisely what has been done in the present
work, where the homogenization method has been applied to the model presented
below.

Let Q be a bounded open set in RY with a smooth boundary 0€2. Let Y be the
unit periodicity cell [0, 1[V having the paving property. We perforate Q by removing
from it a set T, of periodically distributed holes defined as follows. Let us denote
by T an open subset of Y with a smooth boundary I, such that 7 C IntY. Set
Y* = Y \ T which is called in the literature the solid or material part. We define
7(eT) to be the set of all translated images of €T of the form e(k +T), k € ZV.
Then,

T, :=QN7(el).

Introduce now the periodically perforated domain €. defined by
Qe =0\ T..

For the sake of simplicity, we make the following standard assumption on the
holes [7]:

there exists a ’security’ zone around 92 without holes, i.e.
3 > 0 such that dist (09, T,) > 0. (1)

Therefore, € is a connected set ([7]). The boundary 9 of € is then composed of
two parts. The first one is the union of the boundaries of the holes strictly contained

in Q. It is denoted by I'. and is defined by
L= U{a(e(k +T)) | e(k+T)C Q}

The second part of 0§ is its fixed exterior boundary denoted by 9. It is easily
seen that (see [3], Eq. (3))

| Q|
Y |n @)

where | - [y—1 and | - |y are the (N — 1)-dimensional and the N-dimensional Haus-

lime [ Te[y_y =[T[y_4
e—0

dorff measure, respectively.

Throughout this paper, € will denote the general term of a sequence of positive
reals which converges to zero. From now on, let M € N be fixed. We consider in
the following a system of anisotropic diffusion-coagulation equations in Q. (the so-

called Smoluchowski system with diffusion) which describes the dynamics of cluster



growth. In particular, we introduce the vector-valued function u€ : [0,7] x Q¢ —
RM u€ = (uf,...,uS;) where the variable uf, > 0 (1 < m < M) represents the
concentration of m-clusters, that is, clusters consisting of m identical elementary
particles (monomers), while u§, > 0 takes into account aggregations of more than
M — 1 monomers. We assume that the only reaction allowing clusters to coalesce
to form larger clusters is a binary coagulation mechanism, while the movement of
clusters leading to aggregation results only from a diffusion process described by
a matrix Dy, (t,2,%) (1 < m < M) with non-constant coefficients. Similar results
for constant diffusion matrices have been obtained in [9] (see also the comments in

Section 4).

Under these assumptions, our system reads:

%UTi — div(Dy(t,z, £) Vau) + ug Zj\il ajus =0 in [0,7] x Q
[Di(t, 2, 2)Vau§] -n =0 on [0,7] x 092 3
[D1(t, @, 2)Vau§] - n=e(t,z, L) on [0,7] x T’
ui(0,2) =U; >0 in Q;
fl<m< M,
s . M ]
ot — div(Dm(t, 2, ) Vaur,) + ug, D j=1 mjui = fr, 0 [0,T] x Q
(D (t, @, £)Vus,] -n =0 on [0,T] x 09
[Din(t, 2, £)Vaus,] -n=0 on [0,T] x T’
us,(0,2) = in Q

and eventually

Qg;ﬂ — div(Dy(t, z, 2)Vaufy,) = g¢ in [0,T] x Q¢

[Dp(t, 2, £)Vau§,] -n=0 on [0, T] x O -
[Dp(t, 2, £)Vaus,] -n=0 on [0,T] x T’

u§,(0,2) =0 in €,

where the gain terms f¢, and ¢¢ in (4) and (5) are given by

1= 1
fe, = 3 Z jm—j UG Upy and g¢ = 3 Z aj kUG U (6)
=1 J+k>M
k<M
G<M



The kinetic coefficients a; j represent a reaction in which an (i + j)-cluster is formed
from an ¢-cluster and a j-cluster. Therefore, they can be interpreted as “coagulation
rates” and are symmetric a;; = a;; > 0, 4,5 = 1,..., M, but ay py = 0. Let
us remark that the meaning of u§, differs from that of uf, (m < M), since it
describes the sum of the densities of all the 'large’ assemblies. It is assumed that
large assemblies exhibit all the same coagulation properties and do not coagulate
with each other.

Here

(t,z,y) € [0,T] X QXY — Dy, (t,z,y)

is a matrix-valued map with entries d"; that are continuously differentiable in [0, T x
QxYfori,j=1,...,N,m=1,...,M, and are y-periodic on Y. We put A* :=
max; j.m Hd%‘”cl([o T]xGxy)- I addition we assume

(H.1) (t,2) = Dy (t,z, Z) is measurable on €, and

T
111%/ / \d}" (¢, @ y2dtdx—///yd (t,z,y)|? dt dx dy (7)
c~vJo Qe

(H.2) & =df, fori,j=1,...,N,m=1,..., M;

3,07
(H.3) there exists 0 < A\ < A such that

AP < Z di&ig; < Mg
h,j=1

forallé e RN, m=1,..., M.

Moreover, 1, appearing in (3), is a given bounded function satisfying the following
conditions:
(H.A4) ¢(t,z, %) € CY(0,T; B) with B = C*[(; C#(Y)], where C#(Y) is the subset
of C1(RY) of Y-periodic functions;
(H.5) ¥(t=0,2,%2) =0

and U; is a positive constant such that

Ur < [¥ll Lo o,7:8)- (8)

In the Section 2 we show preliminarily that the system (3) - (5) has a unique
classic solution u¢ € C1+®/22+([0, T] x Q.,RM) for any € > 0. The core of this
note is the study of the asymptotic behavior of u€ as ¢ — 0 in the framework of the
so-called two-scale convergence. This method, introduced by Gabriel Nguetseng [14]

and Gregoire Allaire [2], relies on the following compactness theorem:



Theorem 1.1. Let (v€)csq be a bounded sequence in L?([0,T] x Q). There exists a
subsequence, still denoted by (v)eso, and a function vo(t,z,y) in L*([0,T] x Q2 x Y)
such that

. T . x B T
1&1})/0 /Qv (t,x)¢<t,:1:,z> dtdaf:—/o /Q/Yvo(t,:n,y)qS(t,:E,y)dtd:L"dy (9)

for all ¢ € CL([0,T] x CE(Y)).

A sequence (vV°)eso satisfying (9) is said to two-scale converge to vo(t,x,y).

Within the general setting of two-scale convergence, we can state our main ho-

mogenization result:

Theorem 1.2. Let u,(t,x) (1 < m < M) be a family of classical solutions to
problems (3)-(5). Denote by a tilde the extension by zero outside Q¢ of a function
defined in Q. and let x(y) represent the characteristic function of Y*.

Then, the sequences (uS,)eso and (m)oo (1 <m < M) two-scale converge to:
X () um (t,2)] and [x(y)(Vaum(t, ) + Vyus,(t,2,9))] (1 < m < M), respectively,
The limiting functions (wn, (t, ), ul (t,z,y)) (1 <m < M) are the unique solutions
in L2(0,T; H*(Q)) x L2([0, T x ©; H#(Y)/IR) of the following two-scale homogenized
systems:

If m =1 we have:

6 %%(t, x) — divy [Df(t, x) Vaur(t,z)| +0ui(t,x) Z]J‘/il ai,ju;(t, )
— [ vt doty) in [0.7] % 0
r
(10)

[Dy(t,z) Vyur(t,z)]-n=0 on [0,T] x 00
u1(0,z) = Uy in

if 1 <m < M we have
Hau""b(t ) — divg | Dy (6, 2) Vit (t, ) | + Ot (t,2) SN amj uj(t, x)

?t_ ) x m\Y xUm\ly m\Y j=1%m,5 %3\b
= gZ;n:_ll @jm— ;i (t, ) Up—; (t, x) in [0,T] x
[D},(t, ) Vyum(t,x)] -n =0 on [0, T] x 90




if m = M we have:

0 %Ltﬂ(t, x) — divg | Dy (t, ) Vaup (t, z)
= % Yo itk>M G uj (t @) ug(t, ) in [0,T] x Q
k<M
” (12)
(D3 (t,x) Vaun(t,z)] - n =0 on [0,T] x 00
up(0,2) =0 in Q

where

Oum,

<m<
S (ha) (1< m < M)

ul (t,x,y) = Z w;(t,z,y)
i=1
6 =/ x(y)dy = |Y™|
Y

is the volume fraction of material, and D}, (t, ) is a matriz defined by

(D:n)ij(tv$) = v Dm(t7$ay)(vywi(t7$>y) + él) : (Vlej(t,ZE,y) + éj) dy

with é; being the i-th unit vector in RV, and (wi)i<i<n the family of solutions of the

cell problem

—divy (D (t, z,y)[Vywi(t,z,y) + &]) =0 inY*
Dy, (t,z,y)[Vywi(t,z,y) + é]-n=0 onT (13)

y — w;i(t,x,y) Y — periodic

2 The problem at e-scale: existence and regularity

The system (3)—(5) admits a local positive classical solution. Indeed, by [4] and

the usual parabolic comparison principle, we have:

Theorem 2.1. Suppose (H.1) - (H.5) hold. If e > 0, then the system (3)—(5) admits
a unique mazimal classical solution u® = (ug, ..., u5;), that is defined in a relatively

open interval J C [0,T] such that 0 € J. More precisely,

uf € COJ % ) NCH(T\ {0}) x Q) NC2((J\ {0}) x Q).



Moreover

uj(t,z) >0 for (t,z) € (J\{0}) xQe,j=1,...,M.

We are now faced with several questions that will turn out to be deeply intercon-

nected. In particular, we want to show that

e for fixed € > 0, the local solution ¢ is in fact a global solution on [0, T7;

o u satisfies sharp regularity estimates, ie. u§ € C1+e/224([0,T] x Q) for

j=1,...,M.
Moreover, in order to establish our homogenization results, we have to prove

e a priori estimates for the sequences (uj-)e>0, (qug)e>0, (8tu§)e>0 in L2([0, 7] x

€2), that are independent of e.

The first and crucial step will consist of proving that the uj are equibounded in
L>®([0,T]%x Q) for j = 1,..., M. The uniform boundedness of u§ (¢, z) in L>([0, T x
Q) is provided by the following statement:

Theorem 2.2. Take 0 < Tinax < supJ and let u§ be a classical solution of (3).
Then,

‘|Ui||Loo(o7Tmax;Loo(Q€)) <|Ui| + C‘WHLOO(O,CFI,W;B), (14)

where ¢ is independent of €.

Proof. Since

div(Ds (t,, %) Vput) — 24
€

>
ot 20,

by the classical maximum principle the following estimate holds:

Uil Loo (0, mans oo (20)) < UL+ ([ | Loo (0, Tans oo (1)) - (15)
Thus, (14) will follow once we prove that
[Tl oo (0, T Loo(00)) < € N1Y] 250 (0, Tinas: B) (16)

Let now k > 0 be fixed. Define: '™ (t) == (uj(t) — k)4 for t > 0, with derivatives:

ou)  ous
ot o Hus>k) (17)

Vaul) = Vou§ Ly (18)



Moreover,

" loa= (uf oo —k)+ (19)

e = (uf Ir, —k)+ (20)

Let us assume k > k, where k := 1] Loo (0, Tmax;3)- Then, by (8),

u§(0,2) =U; <k <k (21)

For t € [0,T1] with T1 < Tiax, we get

3 [ 1opa- [ 2] /\ S dz] s

B (22)
u
= ds/ Eiugk) s)dx.
[as [ 25w
Taking into account (3), (17) and (18), we obtain that for all s € [0,T}]
oulk) (s) oui(s)
T 7, (R) — 1 (k)
/QE 5 U (s)dx /Qe 5 Ut (s)dx
. M
= / [div(Dl(s,az, =) Vaui) — uf Zal,juj-] ul® (s) da
Qe € j=1
. ) (23)
— [ i) S uP o) dove [ w( —) ul(5) do ()
Q . €
€ j=1 €
r

By the assumption (H.3) and Lemma 7.1 in [9], one has

/ E?u ()dZL'<€/ 1/)<S,SE,%> ®) (5) doe(x /\/ |V ul® (s))? da:
w( —) @+ [ P
Bé(s) 2 Jag(s)

2
< Cl; >/ IVul) ()| da

where we denote by Af(t) and By (t) the set of points in Q¢ and on I'¢, respectively,
at which u(¢,z) > k. It holds:

(24)



[A(®)] < 19|
[Bi(t)] < [Te]

with | - | being the Hausdorff measure.

Plugging (24) into (22) and varying over ¢, we arrive at the estimate:

2 Cie?\ (M (k) (41 [2
sup \u (t)|* dz A— dt ]VUE (t)|* dz
0<t<Ty 2
m T (25)
< — dt/ 1w () dx + = / dt/ < a;,—)
€ €(t

doe(x)
Introducing the following norm

Tmax
Hu”ée(me) = sup lu(t)|? dz + dt [ |Vu(t)|? d (26)
Q. 0 .

0<t<Tmax

the inequality (25) can be rewritten as follows

: C’le (k) |12 n 2
min ?’ A — lu G ) < 2 dt E(t (t)|* dx

T 5 (27)
+—/ dt/ 1/1<t,x,—> doe(x)
2 0 Z(t) €
We estimate the right-hand side of (27). From Hoélder’s inequality we obtain
T e
Lt [, O OR b < WO o an o Bl iy, 29
with 7] = 7‘174—11, ¢ = Ll’ 71 =211, ¢ = 2q1, where, for N > 2, 71 € (2,00)
and g, € (2, (]\2/—2)) have been chosen such that
1 N N
2q, 4
In particular, 1, ¢} < oo, so that (28) yields
n k) (4)]2 k)2 1/q, ml/7}
L] ORI oy AT 9
k

If we choose

: 1 01 62
- anfh (-9)
T < mu;{él A} Q14 < o Q=Y




then from Eq.(117) in [9], it follows that

c (M 1 2
S woras < gmin g (3 -GS Oy o)
k

Analogously, from Hélder’s inequality we have, for k > k

7o) 2 2 /72
€ x ek” [k
5/0 dt / ) ¢<t,:p,€> doe(z) < T(?) LBl 0,132 (r0))
ek? [N .
< N dt |Bj.(t)|-

0

Thus (27) yields
T
w3, 1) < evk? ; dt | By (t)]. (32)

Now, as in [9] (Theorem 5.2), relying on arguments that go back to [10], [15], it
follows from (32) that

Hui||L°°(o,T1;L°°(Fs)) <2mk

where the positive constant m is independent of €. Analogous arguments are valid

for the cylinder [T, Ts+1] X Q¢, s =1,2,...,p — 1 with

1/m in{1 ,
T -n] < 2o

and T, = Tyax. Thus, after a finite number of steps, we get the estimate (16),
completing the proof of Theorem 2.2.
O

Following the inductive argument presented in [17] (Lemma 2.2), we obtain even-

tually the global L™ estimate for local classical solutions of (4)-(5).

Theorem 2.3. Let uj(t,z) (1 < j < M) be a classical solution of (3)-(5). Then
there exists K > 0 such that

1651 Loo (0, Tmaxs Lo (@) < K (33)

uniformly with respect to e.

A first consequence of the estimates (14) and (33) is that, for any fixed € > 0,
J =10,T) and u€ satisfies sharp Holder estimates.

Theorem 2.4. Let € > 0 be fized. Then

10



i) Tmax =T, i.e. J=10,T);

i1) there exists a € (0,1), « depending only on N,\,A*, and €, such that u® €
Clte/224a ([0, T] x Qc, RM) and

[ulcrtarzeta o rixa,riy < Co = Co(Un, [¥llLeo,rp) K €,0).  (34)

Proof. First of all, we notice that, if we prove (34) in J, then, in particular, if

N < p < 0o, we have
”ue”Loo(LLWZ,p(QE)]\/I) < oQ.

Thus i) follows by [4], p. 154.

Let us prove ii). To avoid cumbersome notations, let us set

M
—u§ Zal,ju;» it m=1
j=1
Fo(t,z,uf) = = (35)
mAn —ufnZam,ju;-—i-ffn if 2<m< M
j=1
g° if m=M

and F := (F1,..., Fy).

First of all, we can use a modified version for the parabolic Neumann-Cauchy
problem of the classical Holder estimates for the corresponding Dirichlet-Cauchy
problem, as one can find, for instance, in [12] (Theorem 6.44). If D[r] is an arbitrary

parabolic cylinder
Dr] = {(z,t) ; |z — xo| <7, [t —to] <r?}N (Q X [O,T]),

we obtain

0SCp [ U, < C Y| sup |ug,|+ sup |Fp(t,z,u) (36)
[0,T]x$2 [0,T]x$2

forany m=1,...,M and 0 < r < 1, where C depends on 2, T', A and A. Thus, by
Theorem 2.3,

|us, (t,x) — us, (7,€)]
[l sz o,y rr) < sup —_— e

T+ K
(ta)(ro)e0TIxe 1T —&E[* + [t —7]%/2

(37)

<C| sup |uf|+ sup |F(t,z,uf)|| +K < C(1+K?).
[0,T]x$2 [0,7]x

We write now equations (3)-(5) in non-divergence form, and then we apply classic
Holder estimates as in [10] (Theorem 5.2) and [12] (Theorem 5.18). Eventually,
keeping in mind (37), (34) follows. This achieves the proof of the theorem. O

11



We stress that all the constants involved in these Holder estimates depend also
on the space derivatives of the diffusion coefficients. Since in (3)-(5) the diffusion
coefficients have the form d;"; (t,z,x/€), then our Holder estimates turn out to depend

on e.

3 Homogenization

In order to prove that the solutions u¢ of our Neumann-Cauchy problem at the
scale € converge to a solution of the homogenized problem described in Theorem
1.2, we need a priori L?-estimates of the derivatives of u, that are independent of
e > 0. Unfortunately, the bounds in (34) are not uniform in €, and therefore the
compactness Theorem 1.1 does not apply

To overcome this difficulty, in the sequel we shall prove weaker estimates, that

nevertheless are uniform in e.

Theorem 3.1. The sequence (Vus,)eso (1 < m < M) is bounded in L*([0,T]x Q.),

uniformly in €.

Proof. Case m = 1: let us multiply the first equation in (3) by the function u(t, ).

Integrating, the divergence theorem yields

M
1 0, ¢ T 9
- — d Dy(t,x, —)Vyu$,Veui Yd ¢ E susd
2/{2E 3t|u1| v /Q€< 1t 6) =41 xU1> x_’_/ﬂE il j:1a1,1 R

.y / ¢<t,$, %) w (t,7) do(x)

By the assumption (H.3) and taking into account that the third term on the left-hand

(38)

side of (38) is nonnegative, one has

W )
i/ﬂsalul\zdx—i—)\/ge Vol | da

<o ot %) w0, doc (o)

Let us now estimate the term on the right-hand side of (39). It follows from Lemma

7.4 in [9] that

(39)

‘. |¢(t,$,%)|2doe($) < Co el (40)

where C is a positive constant independent of € and B = C[(; C’;&(Y)] Hence, by

Holder’s and Young’s inequalities and Lemma 7.1 in [9], we deduce

12



/2\u§y2dx+(2A—e2cl)/ |V u§|? dz
o, Ot Q

€ € (41)
< G l(®)3 + Co /Q S 2 de

Integrating over [0,t] with ¢ € [0, T, we get

t
”ui(t)H%Z(QE)+(2)‘_62C1)/0 ds ; Vs de < Cs+ Cr [lul 20 20,y (42)

where C and Cj5 are positive constants independent of € since, by (8),

ui(0,2) = Ur < ||[¢]|Los(0,7:8)-
Taking into account that the first term on the left-hand side of (42) is nonnegative

and the sequence (u{)e>o is bounded in L>(0,7T; L*°(Q)), one has

(2 )\ - 62 Cl) ”vxuiH%Z(O,T;LZ(Qg)) S C4 (43)

Thus the boundedness of V u{ (¢, x) follows, provided that € is close to zero.
The proof for the case 1 < m < M is achieved by applying exactly the same

arguments considered when m = 1. O

Theorem 3.2. The sequence (yus,)e=0 (1 < m < M) is bounded in L*(0,T] x Q.),

uniformly in €.

Proof. Case m = 1: let us multiply the first equation in (3) by the function dyu§ (¢, x).

Integrating, the divergence theorem yields

ous (t,z)|? 1 0 x . .
/\e T dx + 5 /\€ E Dl(t,ZE, E)Vmul,vxul dx
1 M Out
_ 5 /e <atD1 qui7 qui> dx + /S;é <]E:1 ai,j ’LL; u;) 8t1 dx (44)

B x| Ouf
=€ /erlz}<t,$,z> Wdae(x)

From Holder’s and Young’s inequalities, exploiting the boundedness of uf(t,z) (1 <

I < M)in L*>(0,T;L>*(Q)), one has
¢ 2
dui(t,z) dx + % / <D1 (t,x, f)qui, qu§> dz
€

/e o ‘ (45)

—/ <8tD1 qui,vxui>da: < +26/ w<t,x,£> %dae(x)
Qe e/) Ot

€

13



where C is a positive constant independent of €. By the assumption (H.3), we get
ous (t,x 2 0
uilt, 2) dx—ir)\—/ |V u$|? da
Qe

I 7

<Ci+ A*/ \Vou$ |2 de +2¢ / zﬁ(t,:n, E) Ouj doe(x)
QE € 6

Integrating over [0,t] with ¢ € [0, 7], we obtain

us
1

S / Vo (1, 2) 2 de < Cy T

—I-A*/ ds/ |Vmu1|2d:r+2e/ ¢<t,$,%> ui(t,x) doe(x) (47)

—26/ ds / ( >ui(s,:n)dae(:1:)

since Y|t = O,x,% = 0. Now we estimate the last two terms on the right-hand
side of (47).
From Holder’s and Young’s inequalities, taking into account (40) and Lemma 7.1

in [9], one has

2¢ / w<t,az, %) u§(t, ) doc(x) < Cy + €2 Cg/ |V u§ | dx (48)
€ Qé

where C3 is a positive constant independent of € since ¢ € L>°(0,T; B) and u§ is

bounded in L*°(0,T; L*°(£2¢)). Analogously, we get the following inequality

ze/ ds/ < >u1<s 2) do ()

t
<O+ 0 [ Oy + 205 [ IV,
0 0
<Cs

where Cg > 0 is a constant independent of €, since (u{)e>o is bounded in L*°(0, T'; L*(€2)),

(V2u§)eso is bounded in L2(0,T; L%(€)) and

o)

with C' and C; independent of e. Combining the estimates (48) and (49) with (47)
€2

/tds/ ou
0 Qe

2
do(z) < C |0 (t)|% < Cy

we obtain

0s

dz + (A — 62(13)/ \V,us|? de < Cr (50)
Qe

14



For a sequence ¢ of positive numbers going to zero: (A—e2C3) > 0. Then, the second

term on the left-hand side of (50) is nonnegative, and one has

||8tui”%2(o,T;L2(Q€)) <C (51)

where C' > 0 is a constant independent of e.
The proof for the case 1 < m < M is achieved by applying exactly the same
arguments considered when m = 1.

g

Proof of Theorem 1.2. In view of Theorems 2.2, 2.3 and 3.1, the sequences (ﬁﬁvn)Oo
and (i\u,/fn)oo (1 < m < M) are bounded in L%([0,7] x ), and by application
of Theorems 7.1 and 7.3 in [9], they two-scale converge, up to a subsequence, to:

[X(Y) um (t,2)] and [x(y)(Veum(t, ) + Vyub, (t,2,9))] (1 <m §NM) Similarly, in

view of Theorem 3.2, it is possible to prove that the sequence <%utﬁ> (I1<m<
e>0

M) two-scale converges to: [X(y) agzn( )] (I1<m<M).

We can now find the homogenized equations satisfied by u,, (¢, z) and ul (¢, z,v)
(I1<m<M).
Case m = 1: let us multiply the first equation of (3) by the test function

e = O(t,2) + € <t,m, f)

where ¢ € ([0, T]xQ) and ¢1 € C*([0,T]xQ; C¥(Y)). Integrating, the divergence

theorem yields

//8“1 (t,z,= dtdx+//<D1 Vul,V¢e>dtdfc
//ulzaljujqﬁgdtdw—e// <tm >¢Edtd05()

Passing to the two-scale limit we get

(52)
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/OT/Q/ %(m o(t, x) dt dz dy

T
- / / Di(t,z,y)[Vour (t, ) + Vyul(t,z,y)] - [Vao(t, x) + Vyoi (¢, 2,y)] dt dx dy
0 QJY*

T M
" /0 /Q / . ur(t, ) ;::1 ay;uj(t,z) ¢(t, x) dt de dy

:/OT/Q/Fw(t,x,y) o(t, ) dt dz do(y)
(53)

where assumption (H.1) has been taken into account. The last term on the left-
hand side of (53) has been obtained by using Theorem 7.2 in [9], while the term
on the right-hand side has been attained by application of Theorem 7.5 in [9]. An
integration by parts shows that (53) is a variational formulation associated to the

following homogenized system:

—divy[D1(t, 2, y)(Veur (t,z) + Vyui(t,z,y))] =0 in [0,7] xQ2xY* (54)
[D1(t, 2, y)(Vour(t, ) + Vyui(t,z,y))] - n =0 on [0,T] x 2 xI' (55)
0 %(t, x) — divy [ Di(t,z,y)(Vaeur (t, ) + Vyui(t, 2, y))dy
v
M (56)
+ 0 uy(t,x) Zal,j uj(t,x) — / Y(t,z,y)do(y) =0 in[0,T] x
j=1 r
[ Dy(t,z,y)(Vour(t, 2) + Vyui(t, z,y)) dy] n=0 on [0,T] x 92 (57)
v

where

0 = /Yx(y)dy = |V

is the volume fraction of material. To conclude, by continuity, we have that

u1(0,2) = Uy in Q.

The function ui (t, z,y), satisfying (54)-(55), can be expressed as follows
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N
Yt x,y) Z wi(t, x,y) 8u1 —(t,x) (58)
i=1

’l

where (w;)1<i<n is the family of solutions of the cell problem

—divy (D1 (t, z,y)[Vywi(t,z,y) + &]) =0 in Y*
Di(t,z,y)[Vywi(t,z,y) + €] -n=0 onT (59)
y — w;(t,x,y) Y — periodic

By using the relation (58) in Eqgs. (56) and (57), we get

8’&1

90

M
(t,z) — div, [D’f Vui(t, x)] + O uq(t,x) Z aiju;j(t, )
j=1 (60)

- /F?/)(t,x,y) do(y) =0 in[0,7] x Q

[DiVui(t,z)] - n=0 on [0,T] x 90 (61)

where the entries of the matrix D7 are given by

(Df)ij(twr) = v Dl(t7x7y)[vywi(t7x7y) + él] : [Vywj(t,a;,y) + éj] dy-

The proof for the case 1 < m < M is achieved by applying exactly the same
arguments considered when m = 1.

O

4 A mathematical model in medicine

Recently, the Smoluchowski equation with diffusion has been introduced for the
study of a mathematical model in medicine ([13], [1], [5], [9]): the diffusion and
the aggregation of the g-amyloid in the cerebral tissue affected by Alzheimer’s Dis-
ease (AD). Nowadays, the so-called amyloid cascade hypothesis is largely accepted:
roughly speaking, the AB-peptide is produced normally by the intramembranous
proteolysis of APP (amyloid precursor protein) throughout life, but a change in the
metabolism (due to unknow reasons, partially genetic) may increase the total pro-
duction of the monomeric isoform Ao, that is highly toxic for neurons. Thus, high
concentrations of Afss lead to neuronal death, synaptic degeneration and eventu-

ally to dementia. Successively, A2 oligomers are subject to agglomeration (leading
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ultimately to the formation of long, insoluble amyloid fibrils, which accumulate in
microscopic deposits known as senile plaques) and to diffusion through the micro-
scopic tortuosities of the brain tissue.

Mathematically, this process can be modeled at a microscopic level through the
system (3)-(5). More precisely, we define the periodically perforated domain £,
obtained by removing from the fixed domain €2 (the cerebral tissue) infinitely many
small holes of size € (the neurons), which support a non-homogeneous Neumann
boundary condition describing the production of A4 by the neuron membranes.
Then, we prove that, when ¢ — 0, the solution of this micro-model two-scale con-
verges to the solution of a macro-model asymptotically consistent with the original
one. Indeed, the information given on the microscale by the non-homogeneous Neu-
mann boundary condition is transferred into a source term appearing in the limiting
(homogenized) equations. Furthermore, on the macroscale, the geometric structure
of the perforated domain induces a correction in the diffusion matrix of the limit
problem.

A similar approach to the transition from the microscopic model to the macro-
scopic one has been carried out starting from constant diffusion coefficients in [9].
Here, we have considered the case of diffusion matrices depending on time, on the
macroscopic variable z € € and, most of all, on the microscopic variable y € Y.
Indeed, aging (as well as the AD itself) yields an atrophy of the cerebral tissue,
that induces changes in the diffusion rate of the amyloid fibrils. Analogously, this
rate may vary for different regions of the brain. Finally, the dependence on the
microscopic variable makes possible to include in the model the specific features of
the diffusion. Indeed, the AB4o-polymers do not diffuse freely in an uniform fluid:
the cerebral tissue consists of large non-neuronal support cells (the macroglia) and

the cerebrospinal fluid moves along the interstices between these cells.
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