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Abstract

We study monotonicity and 1-dimensional symmetry for positive solutions with algebraic growth of
the following elliptic system:

—Av=—v*v inRY,
for every dimension N > 2. In particular, we prove a Gibbons-type conjecture proposed by H.
Berestycki, T. C. Lin, J. Wei and C. Zhao.

{—Au = —w? inRY
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1 Introduction

This paper concerns monotonicity and 1-dimensional symmetry for entire solutions with algebraic growth
of the following semilinear elliptic system:

—Au=—uv? inRN
—Av=—v?v inR¥ (1)
u,v >0 in RY,

where N > 2. System (1) has been intensively studied during the last years, starting from the seminal
papers [2] and [10]. Therein, (1) appears in the analysis of phase-separation phenomena for Bose-Einstein
condensates with multiple states (we refer to [2, 3] and to the references therein for more details concerning
the physical motivations). In particular, in [2] is emphasized the relationship between system (1) and the
celebrated Allen-Cahn equation. This relationship induced the authors to formulate a De Giorgi’s-type
and a Gibbons’-type conjecture for the solutions of (1) (we refer to [8] for a review on the De Giorgi’s
conjecture and some related problems). In this paper we address precisely the following Gibbons’-type
conjecture:


http://arxiv.org/abs/1303.1265v1

Conjecture (section 7 of [2]). Let N > 2, let (u,v) be a solution of (1) satisfying

li_>m w(@',xn) =0 and 11_>H_}_ u(z',xn) = 400
TN ——00 TN 0

lim (2, zy)=+oc0 and lim w(2/,zn) =0,
TN——00 TN —>F00

the limits being uniform in ' € RN=1. Then (u,v) is 1-dimensional.

Clearly, with respect to the original counterparts, major difficulties arise from the fact that in the present
case we have to deal with a system of equations instead of with a single equation, and with unbounded
solutions.

In what follows, we review the main achievements concerning the existence and the 1-dimensional sym-
metry of entire solutions to (1). In [10], it is showed that there is not a positive solution which is globally
a-Holder continuous for some o € (0,1). On the other hand, in [2] the authors proved the existence of
a non-constant solution for (1) when N =1 (in this case we have a system of ODEs). This solution has
linear growth: there exists C' > 0 such that

u(t) +o(t) < CA+ |t]) vt e R;
moreover, it is reflectionally symmetric with respect to a certain ¢y € R, in the sense that
u(to +t) =v(tg —t) vt € R.

In [3] it is proved that this is the unique positive entire solution (up to translations and scalings) in case
N = 1. On the other hand, always in [3], the authors constructed for every N > 2 entire solutions with
arbitrary integer algebraic growth; here and in the rest of the paper we say that (u,v) has algebraic
growth if there exist p > 1 and C > 0 such that

u(z) +v(z) <O +|zP) Vo e RN, (h1)

These solutions, which depend on more then one variable, are constructed exploiting the deep relationship
between entire solutions of (1) and entire harmonic functions. This relationship has been established in
[5, 10, 12]. Recently, a similar argument has been exploited in [11] to prove the existence of solutions to
(1) having exponential growth in one direction.

Concerning symmetry results, we say that (u,v) is 1-dimensional if there exists v € RY such that

u(z) =a((v,z)) and wv(z)=70({v,x)),

for some @, : R — R. In [2] the authors proved that if N = 2, (u,v) has linear growth and is monotone
in the ey direction, in the sense that

9 o amd 20 mRY

G:I:N 8mN
then (u,v) is 1-dimensional. An improvement of this result has been recently obtained by the first
author in [7]: he replaced the linear growth condition with an arbitrary algebraic growth condition (i.e.
(h1)), and weakened the monotonicity assumption requiring that only one component between u and v
is monotone in zy. Always in case N = 2, in [3] it is showed that if (u,v) has linear growth and is stable
then (u,v) is 1-dimensional. As far as the case N > 2 is concerned, we refer to the recent contribution
[13]: the author proved that for any N > 2, if (u,v) has linear growth and is a local minimizer for the
energy functional, then (u,v) is 1-dimensional.
Our main result is the following:

Theorem 1.1. Let N > 2, let (u,v) be a solution of system (1) having algebraic growth (i.e. satisfying
(hl)) and such that

lim wu(z’,zn) =0 and lim  w(z',zn) = +o0

TN ——O0 TN —>+0o0 (h2)
lim wv(2',zy) = +oo and lim v(z',zn) =0,

TN ——0O0 N —+00



the limit being uniform in ' € RN=1. Then (u,v) depends only on the xx variable, and

ﬂ>0 and ﬂ<O in RV,
oz N Oz N

Some remarks are in order: the conjecture proposed by H. Berestycki, T. C. Lin, J. Wei and C.
Zhao in [2] was formulated without assumption (hl). Nevertheless, at this stage it seems really hard
to deal without an algebraic growth condition, because most of the results which are present in the
literature rest strongly on it (concerning symmetry results, except the work [7] all the quoted achievements
are obtained under the linear growth assumption). As far as we know, the unique contribution going
beyond the algebraic growth is given in [11], where the authors proved the existence of solutions to
(1) with exponential growth. Therein, it is often remarked the striking difference between solutions
having algebraic growth and solutions having exponential growth, which reflects the difference between
harmonic polynomial and harmonic function with exponential growth. For us, the main problem to
deal with solutions not satisfying the algebraic growth condition would be the lack of the blow-down
technology, see Theorem 1.4 of [3].
On the other hand, in light of the strongly coupled nature of system (1), we can weaken assumption (h2)
obtaining again monotonicity and 1-dimensional symmetry.

Corollary 1.2. Let N > 2, and let (u,v) be a solution of system (1) having algebraic growth (i.e.
satisfying (h1)), and such that

lim (u(@',zn) —v(2',2N)) = £o0, (h3)

N —Ftoo

the limits being uniform in ' € RN=1. Then (u,v) depends only on the xx variable, and

ou ov
—_— d — in RY.
B >0 an Dan <0

Notations. Let (u,v) be a solution of (1). We recall some notation that are by now standard. Given
z € RN and r > 0, we set

1
H(x,r) = / u? 402,
r OB, (x)
| 2)
E(z,r) = ﬂ/ |Vul? + |Vo?| + u?o?,
r B,(z)
E
and N(z,r) = H((z’ Z)) The function N is called Almgren frequency function, or Almgren quotient.

For every g € RY and R > 0, we introduce

To + Rz

1 1
\/H(woaR)U( ) \/H(xo,R)v(

The family {(ug,, R, Vao,r) : B > 0} is called the blow-down family of (u,v) centered in xq.
Finally, we will consider the function

_ 1 [Vu(y)]* + v*(y)v*(y) [Vo(y)* + v (y)v*(y)
J(x,r): /BT(z) dy/BT(m) dy.

oot |z —y|N-2 | —y[N-2

(Uzo, R(T), Vg, R(T)) 1= ( Ty + Rw)) : (3)

For some properties related to the Almgren quotient, the blow-down family and the function J, we refer
to the appendix and to the references therein.

We will use the notation r = (2/,z5) € R¥~! x R for a point of RY.
The directional derivative with respect to p € SV ~! will be denoted by % or by d,. When we integrate



by parts, we denote by 0, the normal derivative. The i-th coordinate direction will be denoted by e;.

We will use the notation (-,-) or | - | for the usual scalar product or the usual euclidean norm in any
euclidean space.
Throughout the paper C, Cy,Cs, ... will denote positive constants which may refer to different quantities

from line to line. On the other hand, we will fix the value of some constants. In these cases we will use
the over-lined notation C7,Cs, .. ..

Plan of the paper We wish to prove the 1-dimensional symmetry of the solution (u,v) by means of
the moving planes method. First of all, in section 2, we will provide some estimates which will be useful
in the rest of the paper.

In section 3 we will make rigorous the intuitive fact that, under assumption (h2), zx is the privileged
variable of the solution (u,v): to be precise, by means of the blow-down technology, we will show that
independently on the base point xp € R¥ the entire blow-down family converges to the same function
(ya ki, vz y), with v > 0.

In section 4 we will show that, under our assumptions, dyu(xz) > 0 in {zy > 1} and dyv(z) < 0 in
{zn < 1}. This does not follow directly from the results of section 3, because the quantitative information
given by the convergence of the blow-down family get worse as R — +o0o (we refer to section 4 for more
details).

In section 5 we will use the moving planes method to deduce that Oyu > 0 and Oyv < 0 in RY; firstly,
by the fact that Oyu > 0 for xx > 1 we will deduce that in the same region dyv < 0; this can be done
thanks to a version of the maximum principle in unbounded domains, and allow us to start the moving
planes method. We point out that it is not possible to proceed separately on u and on v (that is, it is
not possible to show that dyu > 0 and, in a second time, that Oyv < 0 in RN); this reflects the strongly
coupled nature of system (1), and introduce a lot of complications with respect to the case of a single
equation.

In section 6, we will complete the proof of Theorem 1.1, passing from the monotonocity in the ey direction
to the monotonocity in all the directions of the upper hemisphere Sf71 ={v e SVt (en,v) > 0}
we will follow the line of reasoning introduced by the first author in [6], with the obvious complications
which come from the fact that we are working with a system and not on a single equation, and that we
are dealing with unbounded solutions.

Finally, in section 7 we will give the proof of Corollary 1.2; to be precise, we will show that under (hl)
and (h3), the assumption (h2) is satisfied, so that Corollary 1.2 follows from our main theorem.

We reported some known results in the appendix at the end of the paper; this appendix can be considered
as an easy-to-read introduction to the study of system (1).

2 Preliminary results

In [13], the author introduced an Alt-Caffarelli-Friedman monotonicity formula for solutions of (1) (we
reported it in the appendix). This formula gives a lower bound for some integral quantities related to
solutions having linear growth (cf. the results of section 4 of [13]). In this section we prove some new
results and we refine some estimates of the quoted paper, in order to use them in the next sections.

In Corollary 4.5 of [13], the author used the linear growth of the solution (u,v) to obtain a lower
bound for the growth of the function

T u? + v
9B,.(0)
We think that it is interesting to note that an equivalent estimate holds true assuming only that (u,v)
has algebraic growth. Clearly, this requires some extra-work.

Corollary 2.1. Let (u,v) be a solution of (1) satisfying (h1). There exists C > 0 such that

/ u? 0% > orVt? Vr > 1.
B..(0)



Proof. Assume by contradiction that the statement is not true: there exists ¢, — 0 and (r,,) C [1,+00)
such that

/ u? +0? < g r T2 (4)
B, (0)

Step 1) liminfr, = +occ.
n—oo

If not, up to a subsequence r, — 7 > 1. By the dominated convergence theorem, we deduce
2, ,2 _
/ uw+0v°=0 = (u,v)=(0,0),
Br(0)

a contradiction.

Step 2) Conclusion of the proof.
To simplify the notation, we denote by j,(r) the quantity

1 [Vu(y)]* + u?(y)v* (y)
7 B,(0) ly|N =2

dy,

and by j,(r) the same quantity for the component v. Now, by Theorem A.15 there exists C' > 0 such
that J(0,7) > C for every r > 1, that is, j,(r)j,(r) > C for every r > 1. In particular, this holds true
for every r,. Up to a subsequence, we can assume j,(r,) > C for every n. By means of (49) (we remark
that the constant appearing is independent on r) plus our absurd assumption (4), we obtain

C
0<O§ju(rn)§N—+2/ u? < Cep — 0
n Bz, (0)

as n — 00, a contradiction. O

Under the linear growth assumption of (u,v), that is, there exists C' > 0 such that
u(z) +v(z) < C(1+ |z|) Ve € RY, (5)
we obtain a uniform (in both z € RY and 7 > 1) lower bound for the values {H (z,7)}.
Lemma 2.2. Let (u,v) be a solution of (1) with linear growth. There exists C1 > 0 such that
H(x,r) > Cy
for every x € RN and r > 1.

Proof. By the monotonicity of H(z,-), it is sufficient to show that H(z,1) > C with C independent on
x € RN, By contradiction, assume that there exists (z;) C RY such that

lim u? + 02 =0. (6)
11— 00 631(11)

By Corollary 2.1, we know that there exists C' > 0 such that

/ u? 0% > orVt? Vr>1,
B..(0)

Let r > 1; for every 7 we have

/ u2+v22/ u? +v? > OrV T2, (7)
BT+\mi\(zi) BT(O)



Note that

/ u2+v2:/ u2—|—02—|—/ u2+v2;
By o, (24) By, (i) \B1(z:) Bi(z;)

thanks to Lemma A.9 we know that N(z;,r) < 1 for every r > 1, for every i. Hence, by means of
Corollary A.7, we deduce

4|z |z
/ u2+v2:/ </ u2—|—v2> dsSe(/ u2+v2>/ sVt ds
By oy (®i)\B1(z:) 1 0B (z4) dB1(z4) 1
<e / u? + 02 | (r 4 |z )V 2.
OB1(x;)

/ u2+v2§e</ u2+02> (T+|:L'Z‘|)N+2+/ u? + v2 (8)
By o, (24) 9B1(x;) Bi(x;)

We observe that from the linear growth of (u,v) it follows also

Therefore

/ u? + 02 SC(1+|xi|)2,
Bi(z4)

where C' does not depend on i. Plugging into the (8) and choosing r = r; > |z;|, r; = 400 as i = o
(here 1 is fixed, so this choice is possible), we deduce

/ w4t <e </ e v2> (ri + e )V + C (1 + |2if?)
B t1a; (@) 9B (z4)

<C / w40 | PN O+ ).
OB1(z;)

A comparison with (7) yields

Cer”gC(/ u2+v2> rZNJrQ—i—Crf.
OB1(x;)

Dividing for TZN *2 and passing to the limit as i — oo, we finally obtain a contradiction:

0<C<C lim u?+0?2 =0,

1—00 aBl(II)
where we used our absurd assumption, equation (6). O

Where |u —v| is not too large, it is natural to expect that this provides a lower bound on the integrals
of both u? and v2. To be precise:

Lemma 2.3. Let (u,v) be a solution of (1) having linear growth. For every Cy < /C1|SN=1| (where
C1 has been defined in Lemma 2.2) there exists Co > 0 such that

/ w?>Cs and / v > Ch
OB1(z0) 0B1(z0)

for every xo € {Ju —v| < C}.



Proof. Without loss of generality, we can assume by contradiction that, for a sequence (z;) C {Ju — v| <
C4}, we have

lim u? = 0.
71— 00 631(Zi)

We claim that under this assumption

lim v? = 0.
71— 00 631(I1)

If not, up to a subsequence there exists § > 0 such that lim; faBl(m,) v? > §2. We introduce the sequence

xr; +x

1 1
(UZ(SC),’Uz(ZL')) = (\/ﬁu( ), mv(% + :C)) .

Note that [, o uf +vf =1 for every i. Each (u;,v;) solves

—Au; = H(z;, Duv?  in RY
—Av; = H(x;, Vuiv;  in RY;

By Corollary A.7 (which we can apply, see Remark A.11), we deduce that

/ u? +v? < erMt1 Vr, Vi. 9)
8B,(0)

As u; and v; are subharmonic, the (9) gives a uniform bound on the L*°(B, /2(0)) norm of the family
{(ui,v;)}, for every r > 1. Now, we have to distinguish between

(i) the sequence {H(x;,1)} is bounded.

(#i) the sequence {H (z;,1)} is unbounded.

In case (4), up to a subsequence H (z;,1) — Hoo. Also, {u;}, {vi}, {Au;}, {Av;} are uniformly bounded
in every compact subset K of RY. By standard gradient estimates for elliptic equations (see [9]) we deduce
that {Vu;}, {Vv;} are uniformly locally bounded in RY, so that up to a subsequence (u;,v;) — (oo, Vo)
in C2 .(RY) (to pass from the uniform convergence to the C? convergence, we refer to the regularity theory
for elliptic equations, e.g. [9]). From the absurd assumption and our normalization it follows

/ u?, =0 and / vZ = 1. (10)
9B1(0) 9B (0)

Moreover, s and vy, are subharmonic and nonnegative. This implies uo, = 0 in B1(0), which in turns
yields (apply the strong maximum principle) 1 = 0 in RY. Hence, v, is harmonic and nonnegative in
RY (this follows by the C? convergence): by the Liouville theorem for harmonic functions, v., = const.
Now, since x; € {|u —v| < C1} with C; < 1/C1|SN~1], and in light of Lemma 2.2, we deduce

; 1 ; 1 N-1
Voo (0) = lim (m@(%‘) — u(w;)| +Ui(0)> < lim <\/C_'Cl +Uz‘(0)> <3/ 1SN

1

But since v, is constant and (10) holds true, necessarily v, (0)2|SY¥ 1| = 1, a contradiction.

In case (i%), up to a subsequence H(z;, 1) — +00 as i — oo. Due to the fact the {(u;,v;)} is uniformly
bounded in every compact subset of R, we are in position to apply Theorems A.2 and A.3: for every
K cc RY, the sequence {(u;,v;)} is uniformly bounded in C%%(K) for every a € (0,1), and, up to
a subsequence, (u;, ;) — (Uoo, Vo) in CO(K) N HY(K), where us — Voo is harmonic, us and ve, are



subharmonic and (10) holds true. As in the previous case, by subharmonicity, nonnegativity, and the

fact that faBl(o) u?, = 0 we deduce us = 0 in B1(0). So, ve is nonnegative and harmonic in B (0);
moreover,
0) = —[o(ai) — ula) |+ ui(0) ) < i —C1 +u(0) ) =0
Vo (0) = lim | ———|v(x;) — u(z;)| + u; <lim | ——— w; =0;
i=se \ /H(z1, 1) isoo \ H(zi, 1)

this implies v, = 0 in B1(0), and gives a contradiction with (10).

We proved that if faBl(I_) u? — 0, then H(x;,1) — 0 as i — co. But this is contradiction with Lemma
2.2. O

Remark 2.4. From now on we will denote as C3 a fixed positive constant strictly smaller then
\ C’l |SN71 |

Let’s come back to the Alt-Caffarelli-Friedman monotonicity formula, see Theorem A.15. In some
cases it is possible to get rid of the dependence of the constant C(xo) on xg. This is the purpose of the
following general result, which holds true for solutions with arbitrary algebraic growth and allows xg to
vary in a set of full measure.

Proposition 2.5. Let (u,v) be a solution of (1) satisfying (h1). Assume that

/ u?* > C;  and / v >Cy Vao € {Ju—v| <6}, (11)
631(10) 6Bl(xf))
where C1,8 > 0. Then there exists Co > 0 such that
_Cyr—1/2 . . .
r e 2 J(xg,7) is nondecreasing in r

for every r > 1, for every xo € {|u—v| < §}.

Proof (cf. proof of Theorem 4.3 and the observation before Corollary 4.8 in [13]). For any
xo € {Ju —v| < ¢} and r > 1, we denote

(Tgg.r (), Vgo e () = (u(xo + 1), V(20 + TT)) with « € 9B1(0).

As in the proof of Lemma 2.5 of [10], it results
d 4 2
Drog.rtanr) > 2+ 20 (Aalro,m) + T (Aolao, )], (12

where I'(t) = (%)2 +t— (%),

r2 faBr(ro) |Voul? + u?v? faBl(()) \Voiiag,r|* + r2u3, 02,
Ay (xg,7) = =

JoB. (zo) ¥ JoBr(0) o

r* JoB, (o) |Voul* + u?? faBl(O) N
AQ(ZL',T) = =

3

JoB, (o) ¥ JoB.(©) V2o

and |Vou|? = |Vu|? — (9,u)%



Step 1) There exist C1,Cy > 0 such that

—=2
5 Jom, (0) Yzo,r

Cl S 62

= 52
faBl(o) Yao,r

for every xo € {Jlu —v| < §} and r > 1.
By contradiction, there are sequences (z;) C {|u —v| < ¢} and (r;) C [1,+00) such that

=2
faBl(O) Uzi,r;

lim =400

: 2
=00 faBl(o) Vir;

(if the limit were 0 we can argue in a similar way). By assumption (11), we have

=2 =2
fBBl(O) Ugyrs < faBl(O) Uzi,rg
= Cl .

72
fBBl (0) Vi rs

, — +00 as i — oo, which in turns implies H(2;,7;) — +00 as i — oo. Note

Consequently, faBl 0) s,
that

—2 2 2
faBl(o) Ugiri f@Bl(O) Ui ,ri faBl(O) Uai,rg

= lim

i—o0 f@Bl(O) Uﬂ%iﬂ“i
where we recall that the notation (ug,,, vy ) has been introduced in (3). We set (u;, v;) := (Ugy rs s Vas,ri)-
By definition

— = = +00 (13)
f@Bl(O) Uﬂ%iﬂ“i faBl (0) ’U%iﬂ“i

_ 2.2 i mN
—Au; = —H(z;,r)r7uv; in R
—Av; = —H(xi,ri)riuv;  in RV,

and

|-t (14)
9B (0)

which, by means of Corollary A.7, provides a uniform-in-i bound on |, 0B, (0) u? +v? for every r > 1. In
light of the subharmonicity of (u;,v;) this yields a uniform-in-i bound on the L* norm of {(u;,v;)} in
every compact set of RV, As the competition parameter tends to +infty, we are in position to apply
the local segregation Theorem A.3, deducing that up to a subsequence (u;,v;) — (too, Voo) in CP (RY),
where us, — Voo is harmonic and both ue, and vy are subharmonic. By (13)

2
9 . 9 . faBl(o) Ui
vy, = lim vy = lim ——5—— =
dB1(0) i=+o0 JoB,(0) 1o fagl(o) uj +v;
As vy is subharmonic and nonnegative, vo, = 0. This implies that u, is harmonic and nonnegative
in B1(0). Also, from (14) it follows faBl(o) u?, = 1. On the other hand, since x; € {Ju —v| < §} and
H(z;,r;) — 400 it results

- i_'m (%W(%) —v(x;)] + vi(0)> =0

and by the strong maximum principle we obtain uy, = 0, a contradiction.

Step 2) Conclusion of the proof.
For xg € {|u —v| < 6} and r > 1, we consider the functions

~ u ~ B
Uzo,r(y) = 9507—7”(34)1 and Umo,r(y) = L(y)a

_ 2 _
(faBl(O) “?vo,r) (faBl(O) “?vo,r)

=



which are obtained by 1z, and U, , after a normalization with respect to the L? norm of Uggy,r ON
0B1(0). In light of assumption (11)

~ 2 2 —2 ~2 ~2 ~ 2 2~2 ~2
Al(ZE(), 7") = / |v9u13077‘| + r / umo,r umo,rvmo,r Z / |v9u$077‘| + 017" uzo,rvzo,r
9B (0) 2B1(0) 9B (0)

~ 2 2 —2 ~2 ~2 ~ 2 2~2 ~2
Al(‘ro’ 7") = / |v9UI077‘| + r / uzo,r umo,rvzo,r Z / |v9v$077‘| + 017" uzo,rvzo,r'
9B, (0) 9B, (0) 9B, (0)

As T is monotone nondecreasing, we deduce

I (A1 (o, 7)) + T (A2(wo, 7))

20 ([ T G ([t i)
8B1(0) 8B (0)

Thanks to the first step, we are in position to apply Lemma 4.2 in [13] in order to obtain

C
I'(As(zo, 7)) + T (Az(20,7)) 22— —,
rz
where C is a positive constant independent on xg € {|u — v| < §} and r > 1. Coming back to (12), we
deduce that there exists C' > 0 such that

3

d -
%log J(xg,7) > —Cr~2

for every zg € {|u —v| < d}, for every r > 1. An integration gives the desired result. O

In light of Lemma 2.3, if (u,v) is a solution of (1) having linear growth then Proposition 2.5 holds
true. By means of this uniform monotonicity formula, we deduce the following statement.

Corollary 2.6. Let (u,v) be a solution of (1) having linear growth. Then there exists Cy > 0 such that

1 _ _
= < J(xo,7) < Cy, / u? +v? < Oy, (15)
Cy 8B (z0)

and

sup  u(z) +v(z) < Cy(1+ R)
z€BR(zo0)

for every zo € {Ju —v| < C3} and r > 1 (where C3 has been defined Remark 2./).

Proof. In light of Proposition 2.5, it is possible ti adapt the proof of Corollary 4.9 in [13] (see also the
discussion at the end of the proof) replacing L; with fé‘Bl(zi) u? +v2, where for us (z;) C {ju—v| < C3}.
In the quoted statement it is used the fact that u(xz;) = v(x;). As in this case u(x;) # v(z;) in general,
we obtain a contradiction with the same argument already used in the proof of Lemma 2.3. This permits
to deduce the existence of Cy > 0 such that (15) holds. Now, Corollary A.7 and the subharmonicity of u
and v permits to obtain also the pointwise estimate of the thesis. o

3 Uniqueness of the asymptotic profile
In this section we show that, under assumptions (h1) and (h2) (in fact it is sufficient to assume much
less), any solution to (1) having algebraic growth is a solution with linear growth. Moreover, we will show

that for every zo € RY, the entire blow-down family {(uz, r,vze,r) : R > 0} converges, as R — +00, to
the same harmonic function.
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Proposition 3.1. Let (u,v) be a solution of (1) satisfying assumptions (hl) and such that

lim v(2',zy) =0 uniformly in x’ € RV, (16)
TN —+00
Then N(xzg,r) <1 for every r > 0, and consequently (u,v) has linear growth. Furthermore, there exists
a constant v > 0 such that, for every xo € RN, the blow-down family {(uz, g, Ve r) : B > 0} converges
to the pair (ya};,vay) as R — +oo, in C) (RN) and in HL (RYN).

loc

Remark 3.2. It is possible to replace assumption (16) with

lim w(z’,zx) =0 uniformly in 2’ € R¥~1.
TN ——0O0
Proof. As (u,v) has algebraic growth, thanks to Lemma A.9 Theorem A.13 applies: for every zo € RY
there exists
’I‘ETOO N(zo,7) = ds, € N\ {0},
and there exists a subsequence (ug, R, , Vo, R, ) Of the blow-down family which is convergent ( in Clooc (RM)
and in H} (RY)) to (¥, V), where ¥, is a homogeneous harmonic polynomial of degree d, > 1.
As showed in Corollary A.14, this implies that lim,_, . H(zg,r) = +00.
Now, let K CC Rf. Since

inf{zy:z € K} >0,
in light of assumption (16) there holds

lim vg(z) =0 uniformly in K.
R—4oc0
As K has been arbitrarily chosen, it follows that vy, g, (z) — 0 pointwise in Rf . By the uniqueness of the
limit, we deduce ¥, = 0 in RY. Thus, ¥,, is an homogeneous harmonic polynomial (hence ¥, (0) = 0)
which is nonnegative in RY and is not identically 0 (this follows simply from the fact that dg, > 1):

—AV,, =0 in RY
Uy >0, Upy #0 in RY
W, (0) = 0.

By the strong maximum principle, we deduce that ¥, > 0 in Rf ; hence, the Hopf’ Lemma guarantees
that VU, (0) # 0. The unique (up to a constant factor) homogeneous harmonic polynomial satisfying
these properties is the linear one: ¥, (z) = Cy,zn; but Cy, > 0 is uniquely determined (independently
on o) by the condition

2 2 : 2 2
/631(0) Cootie = B0, 9B1(0) ao R+ Vg R = -

Hence, for every z( the blow-down family converges (up to a subsequence) to the same pair (7:1:}, YEy),
for a constant v > 0. By Theorem A.13, the fact that the degree of the limiting profile is 1 means that
dz, = 1 for every xo € RV, and this gives the linear growth of (u,v), see Corollary A.S.

It remains to show that, for every zo € RY, the entire blow-down family converges to yry. Assume
by contradiction that this is not true: there exist a compact K C RY, a & > 0 and a subsequence
{(Uao,Rp s Vg, R )} With Ry, — +00 as m — oo, such that

a0,k = V2N llco() + Nthzo, R — YR 12 10)
+ lveo.r, — Vo llco() + Va0, k0 — V2Nl () 2 € (17)
for every m. But now it is possible to repeat step by step the proof of Theorem A.13 obtaining that, up
to a subsequence, {(Ugzy,R,,, Vao, Ry )} CONVErges, as m — +00 to a homogeneous harmonic polynomial of

degree d,, > 1. Following the above line of reasoning, we find that the limit is nothing but the function
(yrk,v7y), in contradiction with (17). O
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4 Monotonicity at infinity
We aim at proving the following statement.
Proposition 4.1. Let (u,v) be a solution of (1) satisfying (h1) and (h2). For every
ve{vesSV=1:(ven) >0},
there exists M, > 0 such that
ze€{ay > M} = 0u(z) >0 and z€{rxny <-M,} = Jdv(x)<0.

The achievement of section 3 says that (u,v) behaves at infinity as (yrk,y2y); thus, the idea is that
u has to be increasing in the ey direction for zy > 1 and v has to be decreasing in the ey direction for
ry < —1. In order to prove this conjecture, we wish to apply the standard gradient estimate for the
Poisson equation (see e.g. [9]) on u minus ”a suitable linear function”: this idea is corroborated by the
fact that Au can be uniformly bounded by an exponentially decaying function for zy sufficiently large.
An analogous bound holds for Av when z is sufficiently large and negative.

Lemma 4.2. Let (u,v) be a solution of (1) satisfying (h2). For every p,q > 1 there exist M;(p,q) > 0
and a positive constant C = C(p,q) > 0 such that

uP(z)vl(z) < Ce O~ va e {lan| > Mi(p,q)}.

Proof. We consider the bound on w”v? in z > 1, the same argument applies for xy < —1.
Given K > 0 and § > 0, by (h2) there exists M > 0 such that

u(z) > K and v(z)<d ifxe{zy>M/2}
For every x € {xny > M} the ball B, := B, ,4(x) is contained in {zx > M/2}. Consequently,

> K, :=inf > K
{U(y) > mip, u =2 Yy € B,, Vo € {xy > M},

v(y) <6
so that
~Av < —K2v in B,
v>0 in B,
v<4 in B,.
We are in position to apply Lemma A.1:
supv < Coe CKaon, (18)
B

where B;, denotes the ball B, s(x). On the other hand, it is possible to apply the Harnack inequality
(Theorem 8.20 in [9], see also the subsequent observation concerning the estimate on the constant) on u
in B, with potential v?:

Sgpu < CeCNE,. (19)

The inequalities (18) and (19) yields
uf (z)v?(z) < COKP§le~CrafeontCopdon Vo e {zny > M}.
A suitable choice of K < K, and § permits to obtain the desired result. O

Remark 4.3. From now on we will denote as M; := max{M;(1,2), M1(2,1)}, where M;(1,2) and
M;1(2,1) have been defined in Lemma 4.2.
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If we could show that the function u can be approximated in {zx > M;} by a linear function with
positive slope in the ey direction, the gradient estimates for the Poisson equation would give the desired
monotonicity for u. So far we showed that for given zq € RY and ¢ > 0 there exists Ry, e > 0 such that

SUP [ty 1 () = VTN | + |vag,r(2) —vTy| <€ (20)
z€B1(0)

for every R > R, .. This means that

H
sup |u(x) — 77@0’ R) +

(ZEN - CEO,N)
z€BR(zo) R

H Zo, R —
v(z) 777(]% >(zN —zon) | < VH(zo,R)e
whenever R > R;, .. This reveals that we have to face two problems: the first one is the fact that we
have not a unique candidate to approximate u for xxy > 1 and v for zxy < —1, the second one is that
this approximation, which holds for R sufficiently large, get worse as R increases (recall that the function
H(zo,-) is nondecreasing and tends to +o0o as R — +o0, see Corollary A.14). In order to overcome the

second problem, we wish to find a uniform estimate (in both o and R) on the ratio 7VH(RZ[)’R); in the
forthcoming Lemma 4.6, we show that this is possible if zo € {|u — v| < Cs}, where C3 has been defined
in Remark 2.4. Before, we deduce some useful information about this special set.

Lemma 4.4. Under the assumption (h2), the set {|u —v| < Cs} is bounded in the ey direction and
unbounded in all the other directions {e1,...,en_1}. In particular, for every ' € RN~1 there exists
Z € {Ju —v| < Cs} such that ¥’ = z'.

Proof. The properties follow easily by our main assumption (h2). Indeed, by considering the function
u — v one sees that

. / / —
(el ay) = vfa’, ) = e,

uniformly in 2/ € RN =1, This immediately implies that the level set {|u —v| < M} is bounded in the ey
direction for every M > 0 (in particular, this holds for C3). On the other hand, for a given 2/ € RV~!
we can consider the map s € R — wu(z’,s) — v(«’,s). This is a continuous function which tends to +oo
as s — 00, thus there exist § € R such that |u(2’,3) — v(z’,3)| < Cs. O

Remark 4.5. From now on, we denote ( := sup{|zo x| : 7o € {Ju —v| < C3}} < +oc.

~ In the next Lemma we give uniform upper and lower bounds on the ratio 7”11(;01{) for g € {Jlu—v| <
C3} and R > 1.

Lemma 4.6. Let (u,v) be a solution of (1) satisfying (h1) and (h2). There exists Cs,Cg > 0 such that

H(SC(),R>

Cs < R

<Cs
for every zo € {Ju —v| < C3} and R > 1.

Proof. By Proposition 3.1, we know that under (h1) and (h2) the solution (u,v) has linear growth. Hence,
we can invoke Corollary 2.6; combining this result with Corollary A.7 we deduce

H(.To, R)
R2
For the lower bound, we show that the quantity

Tow 1(0,1) ::/ \Vwy,r(Y)|? + H(zo, R)R*u2, 1(y)02, r(y) 0
e B,(0) [y V-2

/ [Veo,r ()] + H(zo, R)R*uZ p(y)va, r(Y)
B1(0) ly|N =2

< eH(xg,1) <eCy Vrg € {jlu—v| < C3}, R>1.

dy
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is bounded above by a positive constant C' independent on g € RY and R > 1. We use the (49): there
exists C' > 0 independent on zo € RY and on R > 1 such that

/ Vg, r(y) > + H(wo, R)R*u2 1(y)v2, r(y) 1 / [Vu(y)]? + u*(y)v*(y) dy
B1(0) Br(zo)

dy =
ly|N =2 H(zo,R) ly — x|V 2

C / 2 / 2
<— uw?=C ul m (21
H(:L'Oa R)RN BQR(I()) BQ(O) ot ( )

We point out that, as N(zg,7) < 1 for every zo € RY and r > 1, the same estimate holds true for the
Almgren quotient associated to (uzy, R, Vsy,r), fOr every zg € RN and R > 1 (see Remark A.12). As a
consequence, the normalization faBl(o) ui p+va g =1gives, by Corollary A.7, a uniform (in both g
and R) upper bound for faBS(O) u3, g+ vi g Due to the subharmonicity of (us, g,z Rr), We obtain
a uniform bound for {(ug,, g, Ve,r)} in L°°(B2(0)), so that we can estimate the right hand side of (21)
obtaining

[ Vel e D 0l
B1(0)

y|N =2

for every zop € RY and R > 1. Arguing in the same way on the second factor of J,, r(0,1) we obtain the
desired upper bound: there exists C' > 0 such that

JIO,R(Oa )<cC Vg € RN, VR > 1.

A simple change of variable shows that Jy, r(0,1) = #zmj(l'o, R), so that
H? R
J(wo, R) < cE@0 B RN R (22)

R:
A comparison between (22) and the uniform lower estimate of Corollary 2.6 provides the desired result:

HQ(,TO,R) C =
—pi2g  Yme{lu—u <G VR21 O

We are ready to improve the estimate given by (20). Firstly, we get rid of the dependence of R, . on
xo for g € {|u —v| < Cs}.

Lemma 4.7. Let (u,v) be a solution of (1) satisfying (hl) and (h2). For every e > 0 there exists R. > 0
such that

SUP  |uzg,r(2) = YN | + V2o, r(2) — v | <&
z€B;1(0)

for every R > R. and xg € {ju —v| < C3}, where v and C3 have been defined in Proposition 5.1 and
Remark 2.4 respectively.

Proof. Assume by contradiction that there exist £ > 0 and a sequence (x;, R;) with x; € {Ju —v| < C3}
for every j, R; — 400, and

sup |u1quj (:C) - 'Y:CJ']\_[| + |v1j7Rj (1') - 71';[| > & (23>
z€B1(0)

for every j. Let us denote (uj,v;) = (uz; R;,Ve;,R,;)- We know that (uj;,v;) solves

{—Auj = —H(z;, Rj)Rfujv? in RY Vi
j.

—A’Uj = —H(mj, R])R?U?UJ in RN

14



In light of Lemma 4.6, we know that

: - ,
lim H(z;,R;) > jilgloo C5R; = +o0; (24)

Jj—+o0

a fortiori the competition parameter H(z;, Rj)R? tends to +00 as j — +o00. Note that the normalization
faBl(o) u5+v3 = 1 implies, by means of Corollary A.7 (which we can apply on (u;,v;), see Remark A.12),
that

/ u?+v]2-§erN+1 Vr > 1, Vj.
8B,(0)

By subharmonicity, the sequence {(u;,v;)} is uniformly bounded in every compact set K of RV, and in
light of Theorem A.2 it is also uniformly bounded in C%%(K), for every a € (0,1). The local segregation
Theorem A.3 implies that, up to a subsequence, (u;,v;) = (Uoo, Voo) in Co (RY) N HL (RY), and

loc

(1) UsoVoo =0 in RV,

(i)

(1i%) Uoo — Voo is harmonic in RY,
)

(iv

H(xzj, Rj)R5uiv? — 0 as j — oo in L, (RY),

by (24) and the fact that z; € {|u — v| < C3}

. 1 -
[too (0) — Voo (0)] = jl}fm m@(%‘) —v(z;)| =0

(v) by uniform convergence the normalization on 0B (0) pass to the limit:

/ w2 =1, (25)
9B1(0)

(vi) by H! and uniform convergence and the point (i)

J

2 2 . 2 2
faBr(o) U + V5% J=rtoo faBr(o) uj +vj

= lim N(z;,Rjr)<1  Vre(0,1), (26)

Jj—+oo

rfBT(O) |Vioo|? + |VUoo|? . rfBT(O) |Vu;|? + [V, |* + H((Ej,Rj)RQ/U,?’U?

where the upper bound on N follows from the fact that, under assumptions (h1l) and (h2), Propo-
sition 3.1 applies and guarantees that (u,v) has linear growth.

Note that 9 9
rfBT(o) |Vu<x>| + |VUO<>|

faBr(o) uZ, + v

is the Almgren quotient of the harmonic function s, — Vo, and it is nondecreasing. As oo (0) —v00(0) = 0,
it results

Noo(0,7) :=

Noo(0,7) > 1_i>r(r)1+ Noo(0, 5) = deg(too — Vo0,0) > 1 (27)
for every r > 0. Here, deg(uo, — Voo, 0) denotes the degree of vanishing of the harmonic function e — v
in 0, and is greater then 1 because it has to be a positive integer (this result is by now well known). By
monotonicity, a comparison between (26) and (27) yields N (0,7) = 1 for every r € (0, 1), which implies
(see Proposition 3.9 in [10], which we can apply, as explained in Remark A.4) that us, — v is a linear
function, that is, (e (), veo(z)) = ({e,z)F, (e,2) ) for some e € RY. We claim that

e = en, (28)
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which gives a contradiction with (23) and completes the proof of the statement. To prove the claim, we
note that under our assumptions we have
1 !/ /
vj(z) = ——=v(z; + Rjz’,z; v + Rjzn) = 0
J(0) = et Ry 0+ i)

as j — +00, uniformly in every compact subset of By (0) ﬂRf ; to pass to the limit, we used the fact that
H(zj,R;) > C; (see Lemma 2.2) and the boundedness of the set {|u — v| < C3} in the ey direction (see
Lemma 4.4), which guarantees that z; v + Rjzny — 400 as j — +00. By the uniqueness of the limit, we
deduce e = Cey for some C > 0. The normalization (25) yields C' = v, which concludes the proof of the
claim (28). O

Definition 4.1. Let us fix 7 > 0 not too small (to be determined in the following Lemma). For a given
zo € RY and R > 0 we introduce the conical sectors

R
S;_O,R = {z =(2',zN) € RV . 3 <l|z —z0| < R, |2 —x(| < T(zN xo,N)}

R
S gi= {x = (2',2n) € RV : 3 < |z — zo| < R,|2" — z(] < 7(zo,N —xN)},

Zo,

and their union Sy, g.

+

The following picture represents the set S o.R for a given zg € RYV.

x

R

Zo

The geometry of the set {|u —v| < Cs} allows to show that the union of Sy, r with R sufficiently
large and z¢ € {|u —v| < C3} contains, and it is contained in, the union of two half-spaces.

Lemma 4.8. Let (u,v) be a solution of (1) satisfying (h1) and (h2). There exists R > 0 such that, for
every R > R there exists My = Mo(R) > ( such that

{lzn| > Ma} C U Szo,r C {lzn| >},

106{|u—v|<63}
R>R

where ¢ has been defined in Remark 4.5. Furthermore, for every N > 2 we can choose 7 > 0 such that,
if x € {|xn| > Ma}, there exist & € {|lu —v| < C3} and R > R such that

@z C S”,R?

x
where Q). denotes the open cube centered in x with side 1—(])\6
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Proof. Thanks to Lemma 4.4, it is not difficult to see that, provided R is sufficiently large and R> R, it
results
U SzO,RC U Szo,RC{|iEN| ><}
I[)E{‘H*’Lﬂ<é3} zoe{|lu—v|<Cs}
R>R R>R

Now we argue in Rf showing that there exists My = MQ(E) > ( such that

{$N>M2}C U S:o,R’
zoe{\u—v/\\<6’3}
R>R

and that for_every x € {xny > My} there exist the desired & and R. For z > 1, let & the point of
{lu — v| < C3} such that &’ = 2’ (T exists, see Lemma 4.4). Provided 7 is not too small, the cube

centered in z with side {35 is contained in the conical sector S;FR for R := 3(xy — Zn). Note that,

w

3 5 ~
§($N —IN)=> §($N -¢) = 7N = R.

whenever xny > My := max {6( , %]?E} The same argument works in the half-space RN, O

Remark 4.9. From the previous proof we see that, fixed R > R, it is possible to associate to every
x € {|xn| > Ma} the conical sector S 5 which contains the cube Q; that is, Z is a point of {|u—v| < C3}
such that 2’ = 2’ and

R {

In each S;, r we can obtain a further improvement, by means of Lemma 4.6, of the estimates of
Lemma 4.7.

(.TN —.i'N) if any > Mo

(jN 7:CN) if oy < —Mo.

[\ [SR T [ON]

Lemma 4.10. Let (u,v) be a solution of (1) satisfying (h1) and (h2). For every e >0, if R > R. and
zo € {Ju —v| < C3} then

H(zo,R H(zo,R _
u(z) — 77(10 )(xN - 9UO,N)Jr v(x) — 77@0 )(-TN — -TO,N)
sup R I R
2E€8ay 1 |z — 2o |z — 2o

<e,

with Cs < 7VH(§O’R) < Cs. We recall that Cs,Cs,Cs and R. have been defined in Remark 2.4, Lemma
4.6 and Lemma 4.7 respectively.

Proof. Lemma 4.7 ensures that for every R > R., for every x¢ € {|u — v| < C3}

u(zo + Rz) +
T oy N

H(SC(),R>

v(xo + Rx)

<eg,
H(an R)

— 7Ty
x€S0,1

that is,
‘u(zo + Rz) — v/ H(=q, R):c%’ +

v(zo + Rz) — v/ H (z0, R):c;v‘ </ H(zo, R)e
for every z € Sp,1. Consequently, dividing both the sides for R we obtain

] < u(zo + Rz) ry\/H(:EO,R) R, | |t + Ra) 77\/1{(:00,3) Ry,

|Rz| R |Rz| |Rz| R |Rz|

R

) _ VH@,R)_
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for every x € Sp 1, provided R > R. and zo € {|u — v| < C3}. In turns, this gives

H(xzo,R H(xo,R _
ule) — P EEE (wy —ao )| |o(@) — R ey — o) H(wo, )
sup + <2 €
TE€Sug,R |z — o] |z — o] R
for every R > R. and x¢ € {|Ju—v| < C3}. Finally, we can use the upper bound on 7VH(RM, see Lemma
4.6. O

We are ready to apply the gradient estimates for the Poisson equation in a half-space z > 1; we will
show that if 2 > 0 is sufficiently large then there exists a linear functions ¢, (depending on x) which
approximate v in a C'-sense in z. In light of the uniform control given in Lemma 4.6, the slope of ¢,
will turn to be uniformly bounded from below in an entire half-space (the same holds for v in znx < —1),
allowing to conclude the proof of Proposition 4.1. It is essential to work in conical sectors, because in
this way we can control the quantity |z — x| with the privileged component |xy — zo n|.

Lemma 4.11. Let (u,v) be a solution of (1) satisfying (hl) and (h2). For every € > 0 there exists

M. > 0 such that
VH (@ R)
Vu(z) — y——— Vo € {an > M.},

en| <e

ot

where & and R have been defined in Remark 4.9. Analogously,

\/H(i,R)

Vou(x) — v 7 en| <e Vo e {zy < —M.}.

Proof. For every € > 0, let R. be defined in Lemma 4.7. Let My . := My(max{R, R.}), where M> has
been defined in Lemma 4.8. Let M, := max{M;, M275}, where M7 has been defined in Remark 4.3. For
r € {xy > M.}, there are R > R, and € {|u — v| < C3} such that Q, C S;R’ see Lemma 4.8 and

Remark 4.9. By the gradient estimates for the Poisson equation (see [9], section 3.4) plus Lemmas 4.2
and 4.10, we deduce that

ISH

H(%, R H(#, R TN
#61\1 < <o sup |u(y) — v ( )(yN —Zn)| + == sup v (y)u(y)

Vu(z) — v — =
R TN yeq, R yeQ,

(29)

C
< — sup ely — &[ + Crye 0o,

N yeq,

AsQ, C S;'R, for every y € Q,, it results

ly—2| < (t+1)(yy —in) < (T + D)(yny —an) + (7 + 1)(zn — 3N)
<Czxy+(t+1)(zn +¢) < Cap,

where we recall that ¢ = sup{zo n : ©o € {u =v}} < M, < zn. Plugging this estimate into the (29), we

obtain
VH(&, R)
Vu(z) —y*+——=——en| < Ce + Caye €7n

whenever x > M,; if necessary, we can replace M. with a larger quantity, obtaining the thesis for u.
A similar argument can be carried on for v. O
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Conclusion of the proof of Proposition 4.1. Given v € {v € S¥~1: (v,en) > 0}, we choose
0<e(v) < %<€N,I/>.

where Cs has been defined in Lemma 4.6. It results

H(i R H(i R
Opu(z) = <Vu(ac) — ’7#61\[, u> + ’7¥<€N,V>

> —e(v) +1Cs (en,v) > 0

for every x € {xy > M, }, where M, := M,(,) has been defined in Lemma 4.11. The same argument
gives the monotonicity of v for xn < 1. O

With a slightly modification of the conclusion of the proof, we obtain also the

Corollary 4.12. If we consider © := {v € SN=1: (en,v) > C} with C € (0,1], then there exists Mg > 0
such that

z € {xy > Mo} = Oyu(x) >0 Vv e 0O

z€{zn < —Mo} = dv(x) <0 Vv € ©.

5 Monotonicity in the ey direction

We are going to apply the moving planes method in order to show that v and v are monotone in the ey
direction in the whole RY. To be precise:

Proposition 5.1. Let (u,v) be a solution of (1) satisfying (h1) and (h2). Then

P 9
S0 and 2 <0 RV,
oxn Oz N

In what follows we will use many times the following version of the maximum principle in unbounded
domains, Lemma 2.1 in [1].

Lemma 5.2. Let D be an open connected subset of RN, possibly unbounded. Assume that D is disjoint
from the closure of an infinite open connected cone. Suppose that, for a function c € LYo (D), ¢ <0 a.e.
in D, we have

Av+c(x)v>0 inD
v <0 on 0D,

where v € CO(D) NW2N(D) and vt € L°(D), that is, v is bounded above. Then v <0 in D.

loc

We postpone the proof of Proposition 5.1 after the following Lemma, which is a consequence of the
uniform estimate given in Corollary 2.6.

Lemma 5.3. Let (u,v) be a solution of (1) satisfying (h1) and (h2). Then for every M > 0 there exists
Cyr > 0 such that

u(z) + [Vu(z)| < Cy Vo € RN x (=00, M],
v(z) + |Vo(z)| < On Vo € RN x [—M, +00).
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Proof. We prove only the first inequality. Under our assumptions, we know that (u,v) has linear growth
(see Proposition 3.1). For any x € RV, let Z € {ju—v| < C3} such that &’ = 2’ and let R = 3|xy — in],
so that © € Bj(%) (¥ exists, see Lemma 4.4). By means of Corollary 2.6 we deduce that

_ 3 3~ (2
u(z) +v(r) < sup C4 <1+—|zN:iN|) < =C4 <—+C+|zN|) vz € RV, (30)
YEBR() 2 2 \3

where ¢ has been defined in Remark 4.5. Now, let M; be defined in Remark 4.3, so that uv? < Ce~Clenl
in {xy < —M;}. Moreover, by (h2) there exist M3 > 0 such that u < 1 in RV~! x (=00, —Mj5 + 3]. we
set My := max{M;, M3} and we take any M > M.

By (30), it results

3CL(34+(¢+M) ifze{lan| <M} <

! <
u(z’m>—{1 if v € {ay < —M} ~

3. (2
1+ 504 (g + ¢+ |ZEN|> =:Ci,m

whenever (2/,xx) € RN~ x (—o0o, M]. Clearly, if M < M, the same bound holds.

Let’s pass to the estimate on the gradient. In RV—! x [—M — %,M + %] both « and uv? are uni-
formly bounded thanks to (30). Also, by definition of M; and M3 both u and uv? are uniformly
bounded in RV~1 x (—oo,—M]. Altogether, this means that u and uv? are uniformly bounded in
RN x (foo, M + %}, so that we can apply the standard gradient estimates for the Poisson equation
(see [9], section 3.4) in cubes of side 1, obtaining the existence of Cs ps > 0 such that |Vu(z)| < Cq s for
every x € RV=1 x (—o0, M].

The thesis is then satisfied with Cys := max{Cy s, Cars}- O

Proof of Proposition 5.1. We introduce the classical notation for the moving planes method: for A € R,
we set
ux(@',zn) == u(r', 2\ —xy) and T := {xny > A}

We aim at proving that
uy(z) <wu(x) and w(z) >ov(x) VreTy VAER, (31)

This and the strong maximum principle give the desired monotonicity.
To prove that (31) is satisfied, we show that

Y:={AeR:up <wand vy >vin Ty for every § > A} = R. (32)
Step 1) There exists M > 0 such that if A > M then uy < u and vy > v in Ty.

Let My := M.y, where M., has been defined in Proposition 4.1. Let K := sup{u: zny < My} < 4o0.
By assumption (h2), for every 6 > 0 there exists M > 0 such that

u(r) > K and wv(x) <4 in{zy >2M — My}. (33)
Let A\> M. If x € {xnx > 2\ — My} then zy > 2M — My and 2\ — 2 < My, so that by definition
ux(z) = w2, 2) —an) < K < u(x).

To prove that uy < w in T) for every A > M, it remains to show that if A > M then uy < w in
A<y <2X— My} Ifze{d<azny <2\— My}, then 2y > 2\ — 2y > My, so that the fact that
ux(z) < wu(z) follows directly from the monotonicity of u in the ey direction for {zy > My}.

Now, let us show that if A > M then vy > v in T». Since uy < u in Ty, we have

Al —wvy) —u3(v—vy) >0 inT)
’U—’U)\ZO on 8T,\,

and (v —vx)T < v < §in T) (see equation (33)). Consequently, we are in position to apply Lemma 5.2,
obtaining v — vy < 0 in T).
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Step 2) X =R.

In the first step we showed that ¥ # (. Note that ¥ is a closed interval and contains the unbounded
interval (M, +400). Assume by contradiction that ¥ # R, that is, A := inf ¥ > —oco. Then there exist
sequences (\;) C R and (z%) C T, such that \; < A and \; — A as i — oo, and at least one between

uy, (2 > u(z') Vi (34a)
oy, (2') < wv(z') Vi, (34Db)

holds true.

Assume that (34a) holds true. We claim that the sequence (z%) C R is bounded. If not, as a%; > \; and
A; is bounded, up to a subsequence x%, — 400 as i — oo. It follows that 2)\; — 2%, — —o0, and in light
of assumption (h2) we obtain

lim wy, (z°) = lim u((z),2); —2%) =0 and lim u(z?) = +o0,

11— 00 11— 00 71— 00
in contradiction with (34a) for ¢ sufficiently large. Hence the claim is proved and, up to a subsequence,
Th — X as i — oo.
Let us set _ _ _ _

u'(z) :=u((z") +2',2ny) and '(z) :=ov((@") + 2, zN).

From Lemma 5.3 it follows that {(u% v*)} is uniformly bounded and equi-Lipschitz-continuous in any
compact subset of RV, so that the standard regularity theory for elliptic equations (see again [9]) implies

that up to a subsequence (u’,v’) converges in CZ (RY) to a pair (u®,v*°), still solution of (1) in RV.

We wish to show that 3¢ = A. From the absurd assumption, equation (34a), we get

uT (0, 2%) = u™(0/,2A — 2%2) = lim u((z"), 2\ — 2y)
_ el (35)
= lim uy,(2') > lim u(z') = u™ (0", 2%).
71— 00 71— 00
Let us observe that ((z°)’ + 2/, xx) € Ty whenever (2/,zyn) € Tp. By definition of A, up < u in Ty.
Consequently, by the convergence of v’ to u> we deduce
u (2, zn) = lim u'(2/,2A — zn) = lim u((2') + 2/, 2A — 2x)
71— 00 71— 00
< lim u((2") + 2/, 2x) = lim v’ (2, zx) = u™® (2, zN)
i—00 100
for every (z/,xn) € Ta. Analogously, as va > v in T, we have v} > v in Th.
Now,
—A@W™ —uf) + (=) (u® —u) = (vF)? — (v°)*)ugF >0 in Ty
u® —uP >0 in Ty (36)

u® —uyX =0 on OT).

Furthermore, u® — u%° is not identically 0: indeed by assumption (h2)

4 0 (. e Y W) —
zNh—>H41-oou (@' xn) —u (2, 2n) = +o0.

Hence, the strong maximum principle implies that necessarily ©*° — 4> > 0 in T). A comparison with
(35) reveals that
xy = A. (37)

Now, by the absurd assumption (34a) we deduce

0 < uy, (2%) —u(a®) = u'(2’,2)\; — oY) —u'(2/, on) = 20Nt (2, € (N — 2hy) Vi

21



As \; < 2 for every 4 this implies dyu’(z’, &%) < 0 for every 4. As \; — A and z%;, — A as i — oo,
passing to the limit as ¢ — oo we deduce

Anu> (0, A) < 0. (38)

On the other hand, thanks to the (36) and the fact that u®> —u$® > 0 in Ty, we are in position to apply
the Hopf’ Lemma:
0y (u> (0", A) =g (0, 4)) <0,
which means
28Nu°°(0’, A) > 0,
in contradiction with (38).

The above argument says that (34a) cannot occur. With minor changes, we can show that also (34b)
is not verified, so that 3 = R, which completes the proof. O

6 1-dimensional symmetry

In this section we complete the proof of our main result, Theorem 1.1. We will follow the technique
introduced by the first author in [6]: we will show that, starting from Proposition 5.1, it is possible to
prove that d,u > 0 and d,v < 0 for every v € S_]ﬁ_l ={ve SN=1.py > 0}. The conclusion will follow
easily.

Proposition 6.1. Let (u,v) be a solution of (1) satisfying (h1) and (h2). Then (u,v) depends only on
IN.

Proof. We divide the proof in several steps.

Step 1) For every o > 0 there exists € = ¢(o) > 0 such that
Oyu(z) > ¢ and Onv(zr) < —e Vre S,

where Sy :=RN=1 x (—0,0).
By contradiction, fixed o > 0, assume that there exists (z*) C S, such that at least one between

. ou , ;
Jm o @) =0 (39)
ou .
li — (") =
A, Gy () =0 (350)

holds true. Only to fix our minds, assume that (39a) holds. We define
u'(z) == u(z+2°) and o'(z) :=v(z +2").

Note that |z%;| < o for every i, so that for any compact set K C R there exists M > 0 such that

x+ ' € Sy for every x € K. Lemma 5.3 and standard elliptic estimates say that, up to a subsequence,

(u',v") = (u>,v™>®) in C} (RY), where (u*,v>°) is still a solution to (1). By the convergence, we have
ou> v

—_ >0 d ZZ=—<0 inRY
oxn — an orny — m ’

and Oyu™(0) = 0. Furthermore,
—A (Onu®) + (v°°)? (Oyu™®) = —2uv™ (Oxv™) >0 in RV,

The strong maximum principle implies that either Oyu® > 0 or dyu® = 0. The former one is in
contradiction with the fact that dyu®(0) = 0, the latter one is in contradiction with assumption (h2),
which is also satisfied by the limiting profile (u*°,v>°). Thus, (39a) cannot occur. A similar argument
shows that also (39b) does not hold.
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Step 2) For every o > 0, the map v — (O,u,d,v) is in CO! (SNfl, (CO(EU))Q).
By Lemma 5.3, we know that |Vu| + |Vv| < Cy in S,. Hence
ou ou ‘ v v

_- _ - _ 2= <90 _
aul v Gug (ZL' aul v 6u2 (ZL') - 206|V1 V2|

for every x € S,.

Step 3) w is strictly increasing and v is strictly decreasing with respect to all the unit vectors of an
open neighborhood of en in SN
Let © := {1/ e SN (en,v) > %} By Corollary 4.12, we know that there exists Mg such that

0 0
a—z >0 in{zy > Mo} and G_Z <0 in{zy < —Mo},
for every v € ©. Let 0 > Mg. Using steps 1) and 2), we deduce that there exists an open neighborhood
O, of ey in SN¥=1 such that

0 0

a—Z(z)>0 and a—Z(x)<0 Vi € S,, Vv € O,,. (40)
We can assume that O., C O (if not, we replace O, with a smaller neighborhood). This means that,
for every v € O,,, it results

ou v

$>0 in {xny > -0} and 5

Furthermore, for every v € O,

<0 in {.TN<O'},

A(—=0O,u) — v2(—0,u) = —2uvd,v >0 in RVN~! x (—c0, —0)
—u, <0 on 0 (RN~ x (=00, —0))
—0yu € L™ (RN_l X (—o0, fo)) ,

where the last one follows from Lemma 5.3. We are then in position to apply Lemma 5.2, obtaining
dyu > 01in RN =1 x (=00, —a). Together with (40), this gives d,u > 0 in RY for every v € O, . Similarly,
from

A(0,v) — u?(0,v) = 2uvdyu >0 in RV~ x (0, +00)

v, <0 on 9 (RN~ x (0, +0))

dyv € L (RN~! x (0, +00)) ,

we deduce 9,v < 0 in RY for every v € O,,,. Finally, the strong maximum principle provides d,u > 0
and d,v < 0 in RV, for every v € O, .

Step 4) w is strictly increasing and v is strictly decreasing with respect to all the directions of the upper
hemisphere 8171 ={veSV-1:(en,v) > 0}.
Let 2 be the set of v € Sf71 for which there exists an open neighborhood O, C SV~ of v such that

0 0

s and Z <0 inRY, Vue0,.

ou ou
The set €2 is open by definition, and contains ey for the previous step. If we show that it is closed with
respect to the topology of Sf_l, then Q) = Sf_l and the claim is proved. Let 7 be a cluster point of Q2
(note that {ey,7) > 0), that is, there exists (v,) C Q such that v, — . As

0
3—l/n>0 and 3—:z<0 in RY, vn,
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by continuity

ou v

—>0 and — <0 inRY.
ov — ov —
The strong maximum principle implies that or dyu = 0 or dyu > 0 in RY; analogously, dyv = 0 or
dpv < 0in RN, As 7 is not orthogonal to ey, assumption (h2) says that neither d;u = 0 nor d,v = 0 can
be satisfied, thus dyu > 0 and dyv < 0 in RY. It remains to show that there exists an open neighborhood
Oy of 7 in SiV*l such that for every u € Op

0 0
>0 and — <0 inRY,

ou ou
It is possible to adapt the same proof of steps 1) to 3) with minor changes, in order to deduce the existence
of Oy (in the third step we replace © with {v € SN=!: (en,v) > L(en,7 > 0)}). Consequently, 7 € Q
and € is closed with respect to the topology of Sf_l.

Step 5) Conclusion of the proof.
Since 2 = Si\_f ~1. by continuity we have

0 0

8—520 and a—;}go in RV
for every v which is orthogonal to ey. But also —v is orthogonal to ey, so that

0 0

8_550 and 8_?;50 in RY
for every v orthogonal to ey. In particular

0 0
“~0 and Z=0 mRV,fori=1,...,N—1. O

ox; T

7 Proof of Corollary 1.2

We will show that if (u,v) is a solution of (1) with algebraic growth and (h3) holds true, then (h2) is
satisfied.

Proof of Corollary 1.2. Firstly, let us observe that, since u,v > 0, (h3) implies

lim wu(z’,zn) =400 and lim wv(z',zy) = +o00 (41)
N —+00 TN ——0O0
uniformly in 2/ € RY¥~1. Thus, in order to obtain the thesis it remains to show that under (h1) and (h3)

we have

. / o . 7 o
mNh_}nloou(:c ,zy) =0 and lei}nioov(z ,Zn) =0 (42)

We prove only the second one in (42), for the first one it is possible to argue in the same way.

Step 1) under (hl) and (h3), (u,v) has linear growth.

Given K > 0, by (h3) there exists M > 0 such that u(z) > K if x € {xnx > M/2}. For an arbitrary
0> 1,ifr € {ax > M, [2'| <Oxn} the ball B, := B, /100() is contained in {xx > M/2, [2'| < 20xx}.
Consequently, if z € {xn > M, |2'| < 0zx} we have

u(y) > K, := inEf; u(z) > K Yy € By,
z€by

and
o(y) SCA+yP) SCA+20+1)PyR)) <CA+2y)  VyeB,.
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The latter one gives 0, := sup,cp v(y) < C(1+2%). Now,

—Av< —-K2?y in B,
v>0 in B,
v < 0y in B,

and we are in position to apply Lemma A.1: it follows
v(z) < Coe” O8N < O(1 4 2k e~ OKon Ve e{zny > M, |2'| < Ozn}. (43)

Let us consider the blow-down family (uo r,v0,r) =: (ur,vr). In light of the algebraic growth of (u,v),
Theorem A.13 applies: there exists a homogeneous harmonic polynomial ¥ of degree d € N\ {0} such
that, up to a subsequence, (ug,vg) converges to (¥, ¥~) in C (RY) as R — +o0c0. On the other hand,
let x € {|2'| < Oxn}; there exists R, > 0 such that Rz € {zy > M, |2/| < Orapy} for every R > R,. By
means of (43), we deduce that

1
lim wvg(z) = v(Rz) =0  Vze{la|<bxn},

lim ——

R—+o00 R—+00 H(O’ R)

where we used also Corollary A.14 to ensure that H(0, R) does not tend to 0. As 6 has been arbitrarily

chosen, we deduce that vg — 0 pointwise in Rf . By the uniqueness of the limit, ¥ has to be a

homogeneous harmonic polynomial which vanishes in the entire half-space Rf : as showed in the proof of

Proposition 3.1, necessarily ¥ is a linear function and d = 1. By means of Corollary A.8, we deduce that
(u,v) has linear growth.

Step 2) Conclusion of the proof.
As (u,v) has linear growth, we can choose C3 as in Remark 2.4. Assumption (h3) it is sufficient to ensure
that the geometry of the set {|u —v| < C3} is described by Lemma 4.4: {|u — v| < C3} is bounded in
the ey direction and unbounded in all the other directions. Consequently, also Lemma 4.8 applies: for
R > R we can find M as in the quoted statement.
Given K > 0, by (41) there exists M > 0 such that if z € {zy > 2} then u(z) > K. Let Ms =
max { M, M>}, so that
{,TN > M5} C U S;;,R‘
zoe{\u—vJ<C’3}
R>R

If # € {xny > Ms} then the ball B, := By, j100(z) is contained in {zx > &}, so that

—Av< —-K2?y in B,
v>0 in B,
v < g in B,

where &, :=supp_v < +00, because v € L7, (RY). From Lemma A.1 we obtain

v(z) < C (Sup U(y)) e~ CKen, (44)

yEB,

To control supp_ v, we consider Z and R defined in Lemma 4.8 and Remark 4.9. As B, C Q., a fortiori
B, C S;FR C Bi(&). We are then in position to apply Corollary 2.6:

sup v(y) < Cy(1+ R) =Cy (1 + g(:I:N — :EN))

yEB,
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provided zy is sufficiently large (recall the definition of ¢, Remark 4.5). Plugging into (44), we see that
for every z such that x > 1 is sufficiently large it results

v(x) < Caye “KznN,

which gives the second limit in (42). O

A Appendix

For the reader’s convenience, we report some known and few new results which we used many times in
our work. We prefer to write down explicitly the statements below, because in the literature they do not
appear always in this form, and because sometimes the proofs are missing. In such a case, we will write
them for the sake of completeness.

The exponential decay

It is by now well known that, if (u,v) solves (1) and wu is very large in a ball Ba,(z0), then v has to be
exponentially small with respect to u in a smaller ball.

Lemma A.1 (Lemma 4.4 in [4]). Let 9 € RN and r > 0. Let u € H'(Ba,(z0)) be such that

—Av < —Kv in Ba(x0)
v>0 in Bay(x0)
v< A on 9Ba,.(xg),

where K and A are two positive constants. Then for every a € (0,1) there exists Cy, > 0, not depending
on A, K, R and xq, such that

_ 1/2
sup  v(z) < ade”CaK T
zEBr (o)

We will always apply this result with o = 1/2 to simplify the notation.

The segregation theorem

Let us consider the problem
—Aug = —ﬁum)g
—Avg = —pujvs (45)
ug > 0,vg > 0,

where (3 is a positive parameter tending to +o0o. The following is the local version of the uniform Hélder

estimates obtained in [10], which has been proved in [13].

Theorem A.2. Let {(ug,vs)} be a family of solutions to (45) in a ball Ba.(x¢) C RN (where zg € RN
andr > 0). Assume that, as f — +00, {(ug,vg)} is uniformly bounded in L°°(Ba,(x0)). Then {(ug,vg)}
is uniformly bounded in C%%(B,(xy)), for every a € (0,1).

As a consequence, one can easily adapt the proof of Theorem 1.2 of [10] and obtain a local segregation
theorem, see also [5, 12].

Theorem A.3. Let {(ug,vs)} be a family of solutions to (45) in a ball Ba,(z¢) C RY (where zg € RY
and v > 0). Assume that, as f — 400, {(ug,vg)} is uniformly bounded in L*°(Ba,(x¢)). Then there
exists a pair (Uoo, Vo) Such that, up to a subsequence, there holds

(i) ug — Uoo and vg — Voo in CO(By(z0)) N H* (B, (x0)),
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(i1) UooVoo = 0 in By(x0) and
lim Buzv? =0,
B—r+oo BT(mo) g ﬁ

(iii) the limiting profile satisfies

—Atus =0 in {use > 0} N By(z0)
—Avee =0 in {veo > 0} N By (),

(iv) Uso — Voo 18 harmonic and both us and v are subharmonic in B, (xq).

Remark A.4. In [10] it is considered a different system with some additional terms. In particular, the
term u3 appear in the equation for u, and v? in the equation for v. Since it is required that these powers
are subcritical for the Sobolev embedding, this imposes a restriction on the dimension N. However, as
explained in the introduction of the quoted paper, all the results are valid in any dimension provided u?
and v? are replaced by subcritical terms; this is clearly the case of system (45).

The Almgren monotonicity formula
We recall some properties of the functions H and N, defined in (2). Firstly

Remark A.5. A direct computation shows that

0
—H(zg,7) = 2r1*N/ |Vul? + |Vo|? + 2uv? > 0
or By (o)

for every zo € RY and 7 > 0 the function H(xo,7) is nondecreasing in r.
Proposition 5.2 of [3] says that also the Almgren quotient is nondecreasing as function of r.

Proposition A.6 (Almgren monotonicity formula). Let (u,v) be a solution of (1), let zo € RY. The
Almgren frequency function N(xg,r) is well defined for r € (0,+00), nonnegative and nondecreasing in
.

A control on the Almgren frequency function gives useful information about the growth of the function
H with respect to the radial variable. The proof of the following result is a straightforward modification
of the proof of Proposition 5.3 in [3]

Corollary A.7. Let (u,v) be a solution of (1), let xg € RN, and assume that dy < N(xo,7) < do for
0< Ry <r < Ry. Then

T%dl I{(;L'O7 TQ) < ot T%dQ
r24 = H(wo,r1) = 2%

for every Ry <11 <19 < Rs.

In light of the subharmonicity of (u, v), it is not difficult to deduce a pointwise estimate on the growth
of the solution (u,v).

Corollary A.8. Let (u,v) be a solution of (1), let xg € RN and p > 1, and assume that N(xg,7) < p
for every r > 0. Then there exists C > 0 such that

u(z) +v(x) < CA + |z/P) Ve e RY.

27



Proof. The thesis follows if we show that there exists C' > 0 such that
u(z) +v(r) < C(l+ |x — xo|?) vz € RY.
Suppose by contradiction that our claim is not true. Then there exists r,, — +00 such that

lim Y@ F ) _ (46)

n—-+o0o ™

for some x € S¥~1 and r, — +o00. In light of Corollary A.7, we have

H 2ry,
(9”07’;) < ePH(zo,1) = u? + v < Or2etN-1, (47)
(27‘n) P 0Bar(x0)
As wu is subharmonic, u < ¢,, in Ba, (xg), where @, is the solution of

—Agp, =0 in By, (o)
On =1 on 0Ba,, (x0).

By the representation formula for harmonic functions we know that for every € B,. (o)

B 472 — |x — xo? / u(x)
9

n(T) = — dO’
( ) 2N|SN 1|T” Ba,, (z0) |:L' 7y|N Y

1

1
do. \° ) 2 N1, N1
<Cry, / —2]3 / U <Cr, 2 2 =Cr?,
BBZM (:Eo) T’n BBZM (:Eo)

where C depends only on the dimension N, and for the last inequality we used the (47). Thus, for every
x € SV~ we obtain

u(zo + rnx) < @n(z) < Crb vn,
in contradiction with equation (46). O
As proved in [7], the converse holds true.

Lemma A.9 (Lemma 2.1 in [7]). Let (u,v) be a solution of (1), let xzg € RN, and assume that there
exist p > 1 and C > 0 such that

u(z) +v(z) <CA + |z|P) vz € RY.
Then N(zg,7) < p for every xo € RN and for every r > 0.

Remark A.10. Combining Corollary A.8 and Lemma A.9, we deduce that if for a single 2o € RY we
know that N(xo,r) < p for every r > 0, then

u(z) +v(z) < C(1 + |z|P) Vz € RY,

so that N(z,7) < p for every # € RY. That is, a bound of the Almgren quotient centered in a point
2o € RN provides the same bound for the quotients N (z,-) for every x € RV,

Remark A.11. We point out that all these results hold true for a solution (ug,vg) of (45), with E(zg,r)
replaced by the corresponding energy function, that is,

1
r(Zo
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The blow-down family

By means of the previous monotonicity formulae, in [3] it is proved that the asymptotic information about
{(ug,v3)} can be improved for particular sequences. Let (u,v) be a solution of (1). For every zo € RY
and R > 0, recall that we introduced the blow-down family

(UZO,R(‘T)’UZO,R(‘T)) = < z0 + Rz Ty + R.T)) .

1 1
\/H(xO,R)u( ) ,/H(xO,R)U(

By definition, faBl(o) u2, g +vi g =1"forevery zo € RN and R > 0. Also, (Uz, R, Vey,R) SOIVes

Aty = —H(xo, R)R?ug, g 02, in RV
—Avy, r = —H (w9, R)R? “ang,R Vgo,r  in RY (48)
Uz, R Vzo,R > 0 in RV,

Remark A.12. A direct computation shows that if N(zg,r) < p for every r > 1, the same estimate
holds true for the Almgren quotient associated to the function (uy, gr,vzy.r) (for every zo € RY and
R > 0):

w52 [ (0) [Vitao,rI? + [Vvag k> + H(wo, R)R? 3 pv3, r

= N(xo,Rr)<p  Vr>1.
1 ) = =
=T Jon, 0) Uao.r T Vao.R

As a consequence, if we can bound N(zo, ), we can apply Corollary A.7 on (uz,, R, Vs, R)-
Theorem 1.4 in [3] says, roughly speaking, that if the Almgren frequency function is bounded, then
the limit of N(xg,r) as r — +oo (which exists by monotonicity) is a positive integer and the limiting

profile is a homogeneous harmonic polynomial. It is straightforward to check that, although therein it is
considered the case zg = 0, the result holds true for any o € RY.

Theorem A.13. Let (u,v) be a solution of (1), let xo € RY, and assume that

lim N(zg,r)=:dg < +00.

r—4o0

Then dg, is a positive integer. There exist a subsequence of the blow down family {(uz,, R, Vao,r) * R > 0},
denoted {(Uzy, R, Vzo,R,, )}, and a homogeneous harmonic polynomial of degree dy,, denoted by Uy, , such
that (Uzg, R, Veo,r,) — (Y3, U5 ) as R — +oo in Cp, (RN) and in H}, (RY). Moreover,
H(zo, R)R*u2, g, vay r, — 0  in Ll (RY).
This achievement permits to say something more on the asymptotic of H(xg,-) in case (u,v) has
algebraic growth.

Corollary A.14. Let (u,v) be a solution of (1) with algebraic growth. For xy € RN, let dy, =
lim, 4o N(xo,7), which is a positive integer by the previous statement. For every e > 0 it results

H
lim (zo,7)

S = +00.
r—4-00 r2dmo(1_5)

Proof. As d,, > 1, using the Almgren monotonicity formula (Theorem A.6) we deduce that for every
€ > 0 there exists r. > 0 such that if » > r. then

N(zg,r) > dg, (1 - %) .
Hence, we can use Corollary A.7 to obtain
H(zg,r) > Cr2d“0(1_%) Vr > r,,
with C' > 0. Therefore
H(xg,7r) p2dao (1-5)

lim > lim C——— =+ O
r——+oo r2dro(1*€) T r—+4oo r2d10(1*€) T
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An Alt-Caffarelli-Friedman monotonicity formula

For a solution (u,v) to (1), recall the definition

2 2 2 2 2 2
J(zo,r):%/ |Vu(y)| +uN(ygv () dy/ IVo(y)| JruN(ylv () o
™ JB, (20 ly — 20|~ By (z0) ly — xo| N

First of all, we report the useful formula (4.11) in [13]: there exists C' > 0 independent on 7o € RY and
on r > 1 such that

L[ SR, C e )
B, (z0)

72 J B, (z0) ly — ol N2 — itz
Recently, K. Wang proved an Alt-Caffarelli-Friedman monotonicity formula which enhances a previous

similar result in [10].

Theorem A.15 (Theorem 4.3 in [13]). Let (u,v) be a solution of (1) satisfying (h1), let xg € RY. There
exists C(xo) > 0 such that

—_ —1/2 . . .
s e C@IT T (g0 1) s nondecreasing in v

for everyr > 1.
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