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ABSTRACT

Soft materials can experience a mechanical instability when subjected to a finite compression, developing wrinkles which
may eventually evolve into folds or creases. The possibility to control the wrinkling network morphology has recently found
several applications in many developing fields, such as scaffolds for biomaterials, stretchable electronics and surface micro-
fabrication. Albeit much is known of the pattern initiation at the linear stability order, the nonlinear effects driving the pattern
selection in soft materials are still unknown. This work aims at investigating the nature of the elastic bifurcation undertaken
by a growing soft layer subjected to a equi-biaxial strain. Considering a skin effect at the free surface, the instability
thresholds are found to be controlled by a characteristic length, defined by the ratio between capillary energy and bulk elasticity.
For the first time, a weakly nonlinear analysis of the wrinkling instability is performed here using the multiple-scale perturbation
method applied to the incremental theory in finite elasticity. The Ginzburg-Landau equations are derived for different
superposing linear modes. This study proves that a subcritical pitchfork bifurcation drives the observed wrinkle-to-fold transition in
swelling gels experiments, favoring the emer-gence of hexagonal creased patterns, albeit quasi-hexagonal patterns might later
emerge because of an expected symmetry break. Moreover, if the surface energy is somewhat comparable to the bulk elastic
energy, it has the same stabilizing effect as for fluid instabilities, driving the formation of stable wrinkles, as observed in
elastic bi-layered materials.
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1. Introduction

Soft elastic materials can experience a mechanical instability when subjected to a finite compression, developing surface
undulations, i.e. wrinkles, which may eventually evolve into folds or creases. From the theoretical viewpoint, the wrinkling
of an incompressible elastic half-space was studied by Biot (1963), who proved that all surface modes become unstable
when a critical compressive strain is imposed. Because the vanishing velocity of the Rayleigh surface wave triggers such
a threshold value, this phenomenon is often referred to as a surface instability. This instability lacks a characteristic length-
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scale, and a peculiar behavior arises with the fastest growing mode having infinite wavenumber. Not only the wavelength
is undetermined, but the instability modes are also found to be energetically unstable (Cao and Hutchinson, 2012). In the
real world, such singularities are regularized by the presence of any microstructural length, e.g. a skin
effect at the free surface, and complex surface patterns emerge for different applied strains, as shown in Fig. 1.

Since the pioneering works of Tanaka and coworkers on the swelling instability in polymeric gels (Tanaka et al., 1987,
1992), many experimental studies have been recently focused on the pattern formation and dynamics in soft layers. In fact,
the possibility to control the wrinkling network morphology has found several applications in many developing fields, such
as scaffolds for biomaterials (Kim et al., 2009), stretchable electronics (Rogers et al., 2010), and surface micro-fabrication
(Breid and Crosby, 2011). Such a mechanical instability has also been found to trigger morphogenesis in living materials,
from soft tissues (Li et al., 2012) to solid tumors (Ciarletta, 2013).

Albeit much is known of the pattern initiation at the linear stability order, the nonlinear behavior driving the wrinkle-to-
fold transition in soft materials under equi-biaxial strain has only been partially investigated. Numerical studies have
evidenced that sinusoidal wrinkles can continuously evolve into stable folded patterns if a compliant substrate is considered
(Audoly and Boudaoud, 2008), while the formation of a crease (i.e. the sudden nucleation of a localized fold) is energetically
favored in compressed soft layers (Hong et al., 2009). Nevertheless, as creases have been shown to result from a scale-free,

Fig. 1. Surface patterns emerging at the free surface of a swelling acrylamide gel in a Petri dish (top, from Tanaka et al., 1987). Phase-contrast optical image
(A, scale bar 200 um) and confocal fluorescence image (B, inset: slice 32 pm below the free surface) of the creased surface of a swelling polyacrylamide gel
(bottom, from Saha et al., 2010).



fully nonlinear instability, they cannot emerge below Biot's threshold unless the system's symmetry is broken (Hohlfeld and
Mahadevan, 2011). Furthermore, pattern formation has been mainly studied in the case of uniaxial strain, where creasing
has been proved to be a subcritical instability (Cao and Hutchinson, 2012), while only few studies considered morphological
transitions in two-dimensional configurations (Kim et al., 2011). The aim of this work is to perform a weakly nonlinear
analysis of the wrinkling instability of a soft layer under equi-biaxial compression. The article is organized as follows. The
elastic growth model is presented in Section 2, and the nonlinear incremental equation applied over its base homogeneous
solution is derived in Section 3. The theory of incremental elastic deformations superimposed on finite strains is used in
Section 4 to perform a linear stability analysis. A multiple-scale perturbation method is formulated in Section 5 in order to
perform a weakly nonlinear stability analysis in Section 6. The normal form of the elastic bifurcation is derived in Section 7.
Finally, the discussion of the results of this study and few conclusive remarks are collected in the last section.

2. The elastic growth model and its base solution

In a Cartesian coordinate system with unit base vectors e;, with i = (x,y, z), let me consider a soft elastic layer attached at the
surface Z=0, and having a vertical thickness H much smaller than the horizontal lengths Ly, L,. Indicating with X = X(X, Y, Z)
and x=X(x,y,z) its material and spatial position vectors, respectively, the kinematics is described by the geometrical
deformation tensor F = 0x/0X. The elastic layer can undergo a isotropic volume variation (e.g. swelling for a polymeric gel,
or growth for a living material), and its grown natural state is defined by the tensor F; = gI, where g is the isotropic growth rate
and I is the unit tensor. Such a volumetric growth is modeled by a multiplicative decomposition of F, as follows:

F=F.F; (1)
where F, is the elastic deformation tensor (Rodriguez et al., 1994). Whenever F; is not compatible with the spatial
constraints, the elastic deformation restores the overall compatibility of the layer's deformation, whilst residual stresses
arise.

From a constitutive viewpoint, the body is modeled as an isotropic neo-Hookean incompressible material with a
surface energy at the free boundary Z=H, so that its total strain energy W reads

W= ”/// (tr b—3) dX dY dZ+y/ / (Xx x Xyl) dX dY, 2)
Z=H
where p is the shear modulus, b, = FeFZ is the elastic left Cauchy-Green deformation tensor (having the same trace of the
right Cauchy-Green tensor C. = F'F,), and y is the surface tension coefficient. The presence of a surface tension in Eq. (2)
implies the occurrence of a normal stress at the free surface (i.e. Young-Laplace's law).

The base solution for a growing layer, whose fields are indicated with superscript (0) in the following, corresponds to a
homogeneous elastic deformation F’ = diag(4y, 4y, 4,) whose principal stretches read 1y =4, = 1/g and 1, = g%, restoring
the compatibility with the constraint of zero displacement at the layer's bottom Z=0. Using the constitutive assumptlons in
Eq. (2), the residual Cauchy stress 6@ and first Piola-Kirchoff stress tensor P for the layer read

T -1
6 = b —pol, PO =pF?" —p FO 3)

where po is a Lagrange multiplier ensuring the constraint of incompressibility, i.e. det F. = 1, which can be fixed through the
stress-free boundary conditions at Z=H, as p, :/15/4. Therefore the layer is subjected to a equi-biaxial stress with
P =P = u(g~" —g%), which is compressive if g > 1, i.e. if the layer is increasing its volume.

In the following section, the nonlinear governing equations for the incremental problem will be derived.

3. Nonlinear incremental equations

In order to investigate the stability of such a homogeneous deformation, the theory of incremental deformations
superposed on finite strains will be used (Ogden, 1997). Let me now consider a perturbation with a nonlinear displacement

field u = u(x©), so that I = Vu = grad u is the displacement gradient with respect to the basis elastic state. Under this
assumption, the perturbed elastic deformation gradient reads

F.= F(O) +5F(0) — F(O) +FF(0) 4)
where 6F<O) FF(O) is the increment of the base elastic deformation gradient F(O) The incremental equations of motion can
be written in the spatial form as

V. SO = por (5)

where Sy is the push-forward of the first Piola-Kirchhoff stress tensor. Making a series expansion in the vicinity of the base
elastic state, so that Sg = sg°>+5so, the fully nonlinear expression of the incremental stress reads

8So =L:T+pl—(p+SpFYF, ! (6)

where L is the forth-order tensor of the instantaneous moduli, i.e. the push-forward of the fixed reference elasticity tensor,
and Jp is the nonlinear incremental pressure associated with the perturbation. In the case of a neo-Hookean material, it is
easy to check that the components of L are simply Ljjy = ubj0y = Aj?éj,ﬁ,v, in a coordinate system aligned with the directions



of the principal stretches, whilst higher order instantaneous moduli vanish. Accordingly, using Eq. (4) in Eq. (6) the
incremental stress can be rewritten as

80 = p(Vw' —(p-+3p) il(—l)mrm—épl (7)

where I defined the operator V = [Aidx,/lﬁay,/lﬁaz]T, and the series development of (I+I')~" has been used.
Similarly, the incompressibility constraint can be written as
1

det@+T)=det( 3 (- 1)"11“:)0 —1 ®)
Finally, using Eq. (6) in Eq. (5), the governing incremental equations
read
uV - (VW' =v@p) ¥ (=D =pogu )
m=0

where I used the identity v - (F”F, ') =0.!
4. Linear stability analysis for a growing gel layer
Let me now apply an infinitesimal perturbation using the theory of incremental deformations. Hence let uV(x, y, z) be the

infinitesimal incremental displacement field, the linear incremental incompressibility condition imposes
that

10
v.uV=0. (10)

From Eq. (6), the constitutive equation for the linear components of the incremental stress 55" geads
88V = u(Vu)T 4 py vu - 5pI an

where Sp™V is the linear increment in the Lagrange multiplier. In the absence of body forces, I can therefore write the
equations of motion as

V- (88)) = poru®. 12)
Using Eq. (11), the incremental equations of motion in Eq. (12) take the following simplified form:
=P+l = Uit =P AT = prie, — 8D+ PG = pucl, (13)

where comma denotes partial derivative and Einstein's summation rule on repeated indices is assumed. Differentiating
these incremental equations of motion with respect to x, y, and z, respectively, and using the incremental incompressibility
condition in Eq. (10), I find that

v2(spM) =0, (14)

implying that the incremental Lagrange multiplier is a Laplacian field (Flavin, 1963).
Now, I consider that the bottom z=0 of the layer is fixed (clamped condition), and incremental boundary conditions read

u"(x,y,0)=0, (15)
while the top surface z = (4,/Ax)H = g>H = h remains free of incremental traction, being

ul) +u) =0,

ul) +ull) =0,

— 226p M+ 2u22ul) — y 25 (ul) +ull), ) = . (16)
Let me search for solutions to Egs. (10), (13), and (14) in the following form:

{uﬁ(”, u®, u‘z”,(Sp“)} = {Ui(“(z), UM 2), UM (2), lP“)(z)} (e”‘( cos Ox+sin Oy—v ‘)+cc.), a7

corresponding to the occurrence of a surface wave with wavenumber k and velocity v, forming an angle € with the x-axis, 1
is the imaginary unit and c.c. indicates the complex conjugate. A solution which automatically satisfies the incompressibility
condition in Eq. (10) is given by
¥'(2) ¥'(2)
UV =-—"—""cos 0, UY=-—
X k Y k

where the prime denotes differentiation. Accordingly, the equations of motion in Eqs. (13) and (14) read

sin 9, UP =Y(2) (18)

UL UL+ 22 —p VO + KAl —p V)P =0 (19)

! In fact, considering that F” is a homogeneous tensor, one has div(F”F, ') =DivF, ' =0.
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Fig. 2. Dispersion curves showing the critical equi-biaxial compression /1;“ =1/gt and the wavenumber kth versus the dimensionless parameter Leap/H.
The dashed lines represent the series expansions given by Egs. (25) and (26).
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An expression for ¥ = ¥(z) satisfying the boundary conditions in Eq. (15) is given by
¥ (z) = — cosh(qkz) + cosh(kz) + B(q sinh(kz) — sinh(qkz)) 21)

where B = (2 cosh(kh) — (1+q?) cosh(gkh))/(—2q sinh(kh)+ (1+g?)sinh(gkh)) is imposed by the first of Eq. (16), whilst the
value of q is fixed by Eq. (19), being

(A=A qp—pv? =0 (22)
Considering the last boundary conditions in Eq. (16), the dispersion relation for the linear wave reads
4% (q+q°) +cosh(gkh) ( — 22q(5+2¢%+q*)cosh(kh) — LegpAZkq(— 1+ qz)sinh(kh))
+ (me/lik( —1+q?) cosh(kh)+ 22 (1+ 64> +q4)sir1h(kh)) sinh(gkh) =0 (23)

where Lcqp = 7/ is the capillary length. Accordingly, the elastic problem is governed by the dimensionless parameter L., /H,
which defines the ratio between the capillary and the bulk elastic energies of the body.

5. Neutrally stable mode and near-critical waves

The condition of neutral stability of the layer is given setting v=0 in Eq. (22), whose solution is Ay = g4, = q/l,z(. If one
considers the limit L.y = O, the classical Biot instability occurs for k— oo at the threshold value for Ax= q'/*=1/g given by
the real root of (— 1 -i—3/13 +/16 +/12) =0, being

4223 13\
g 42 33
o ] (13+3~/33)1/3+(2<13+3 33)) o B
x = 3 =u.

which corresponds to a growth threshold given by gO =1 /AO 1.5011. This is consistent with Biot's prediction for a
generalized plain strain condition given by 4 //10 _(/1 Y~ 3 ~3.4 (Hong et al, 2009). Nevertheless, the capillary length
regularizes such a singular behavior allowing to fix the wavelength at the onset of the instability (Ben Amar and Ciarletta,
2010), as depicted in Fig. 2.

In particular, an analytical solutlon can be derived by series expansion within the limit L.qp/H<1. Under this assumption,
the critical instability thresholds P "and gt read

lf(h :lo 0.0110345—" Cap log {M} g =g%+0.0110345(g°)? C”plog {M} (25)
Lcap LCaP
whilst a logarithmic correction for the wavenumber arises
w1 1.20373 1 109.088H
k" = 7H1 g |:j'0 _lth :| ﬁ lo {ﬁ} (26)
X X



A near-critical state is defined taking a small deviation of the threshold value for the growth, such that (g—gt)/gt"<1.
Beyond the threshold, the small velocity of the near-critical wave is given from Eq. (22) as follows:

_gth
_ \t/hGIu 8-8 @7)
gih /p gth

Therefore, a multiple-scale analysis can be performed for the near-critical mode, considering a characteristic length
Lc= 1/l<th and a characteristic time t, :goﬁ/k[h\/6ﬂ. Taking € = \/(g—gth)/g™ as the order parameter of the bifurcation,
the following scaling applies:

DZQ: e“uYx,t,7); Sp= ij €*Op P (X, t, ) (28)

a=1 a=1

with 7 = € - (t/t;) being a slow time scale which can be treated as an independent variable (Bender and Orszag, 1999).
Accordingly, the deformation in the near critical state is defined by

=E"'A-€; Z=@E"?0+26%); p=uE™*(1+4¢*) (29)
In the following, a weakly nonlinear analysis will be performed using the scaling argument and the series developments in

Egs. (28) and (29).

6. Weakly nonlinear stability analysis

The multiple-scale analysis in Eq. (28) is applied in the following for investigating the weakly nonlinear emergence of
surface patterns. A superposition of (n+ 1) linear modes is considered, such that u" = )2 u}”, with

ui” llu(Z) Z cos 0: ( H(T)elk(xc056,+ysin Hj)—I—C.C.) (30)

u}(/]) l[l(z) 2 sin@; (An(T)elk(x cos §; +ysm0)+cc) 31

u(z1) —¥(@2) i (lAn(T) elk(xcos 0;+ysin 01)+C.C.) (32)
j=o

5p(1) P(l)(z) Z (lAn(T) elk(X cos 0 +ysin H)+CC> (33)

where 6; = (jz/n) for n=(1,2) and 6; =0 for n=0, PY(z) and ¥(z) are given by Egs. (20) and (21) at the neutrally stable
mode, and A,(r) are the wave amplitudes that must be fixed by nonlinear effects. In particular, the occurrence of a
monochromatic mode (cylinders, n=0), of two coupled orthogonal modes (squares, n=1) and three interacting waves
(hexagons, n=2) will be examined. The linear modes having different direction of propagation @ appear concurrently
because of the rotational invariance, so that the proposed expression is a combination of interacting modes with a phase
shift given by ,,. The amplitudes A, () are assumed to be independent on the wave direction in order to respect the original
symmetry of the elastic problem. In the following paragraph, the second-order solutions of these modes will be derived.

6.1. Second-order solutions of the incremental equations

At the second order in €, the incompressibility condition in Eq. (8) takes the following form:
V.u? f% tr {(r“’)z] -0 (34)

where I'Y = vu®, and it has been made use of Eq. (10).
The equations of motion in Eq. (9) read

UV - (Vu) —v(©Ep)? +pu(v - (Vu)y . vu =0 (35)

where Eq. (12) has been used for eliminating the dependence on SpV. Similarly, cross-differentiation of Eq. (35) allows to
make the equations independent on 6p®, as follows:

(V- (VU@)")y = (V- (VuP)!) , +((V - (VuD)y - u) , — (V- (VuD)) - u)) =0 (36)
(V- (VU — (V- (Vu@)") x+ (v - (VuD)y . ud) , — (v - (vuD)) - uD), =0 37)

(V- (VuP)h) , = (V- (Vu@)D) ,+ (V- (VuD)) - u) , — (v - (VvuD)) ), =0 (38)



The boundary conditions at the layer's substrate read
u?=0 atz=0 (39)
while the stress-free condition at the free surface imposes
e, 08 =fqp atz=h (40)
with
Feap = [yl +ull. Zeyululh, +uld. Ay (—ul,+2 (ugh) +ush) Julh,
) (gl il ) +ul) (gl il )
() (uhy — ) —us)] @)
and the second-order stress component is given by Eq. (7), being
885" = u(Vu) —po(@ )’ ~T@)+8pOTP —5p@1 42)

For the sake of simplicity, the boundary conditions involving (5582))22 can be rewritten by differentiating Eq. (40) and using
Eq. (35) for eliminating the dependence on Sp®. Furthermore, although the capillary force allows at the linear order to
regularize the singular behavior of Biot's problem, thus fixing the wavelength of the neutrally stable mode, f.,, can be
neglected when solving the second-order problem. In fact, since singularities are avoided at the linear order, it can be easily
checked that the higher order term f..p/u = ((y/u)imposes a very small correction in the second-order solution and it will
not be considered in the following.

If n is the subscript indicating the linear mode in Eqs. (30)-(33), the second order solution has n?+2(n+1) nonlinear
interactions of the linear modes, so the solution will be given by imposing Egs. (34) and (35) at each of these interaction
orders. In the following, the second order solution is given for the three linear solutions under consideration.

6.1.1. Second-order solution for the cylinders

The second-order solution for the cylindrical mode, i.e. setting n=0 in Egs. (30)-(33), is derived in the following. In
particular, the second-order displacement fields contain quadratic nonlinear interactions with the linear solution, so it can
be expressed as follows:

u? = UP @@+ (VP @A3(@) e +cc.) (43)

with i = (x,y,z). After lengthy manipulations, the displacement fields are derived from the solutions of Eqgs. (34) and (35)
with boundary conditions Eqgs. (39) and (40) at each interacting mode. In particular, the following expressions have been
derived:

U2 =0 with UP0)=UZ"(hy=U% (h)=0 (44)
UP" =0 with UP©)=UP' (h=UP (h)=0 (45)
U@ =2UPuly  with U20)=0 (46)

whose solution is simply given by
U@ =UP=0; UP=20"U (47)
Finally, the remaining displacement fields read

(12 My 2y
U2 —ydud” 4 ve

V(yz) —0; V@ =z o (48)
2V 4l A2+ 22V 416K A2V = 3Kk (A2 — A5 UL UL —uM Uy (49)
having the following boundary conditions:
V@0)=vP'0)=0 (50
K2 (@A2V P (hy— (A2 + 722UD (UL (hy)+ A2VP' (h) = 0 (51)
— 402 = 22K U2 (h) — 407 + 22DV (h)+ A2V () = 0 (52)

where the linear boundary conditions in Eq. (16) have been used for simplifying. The solution of Eq. (49) is given by

V;Z)=e—(Zisz)/AZV1+e(2/lxkz)//lzvz+e—2kzv3+e21av4+b]U(zl)/Ug)”+bzué1)U§1)”' (53)



with

9(%eds=12) 4314, 7b, 10,067
204 2,2 ad - 2 0 D Eog 4
k*(94, — 822, 2; +94,) k

b2= 3 K
where vy, ...,v4 are constant parameters which are fixed by the boundary conditions in Egs. (50)-(52). Their analytical
expression is very cumbersome and it is not enclosed in this article for the sake of simplicity.

In conclusion, Egs. (43), (47), and (53) represent the second order displacement field of the perturbed solution for the
cylindrical mode. It is interesting to notice that the second order solution is independent on the direction of the
monochromatic mode, as shown in Appendix A.

6.1.2. Second-order solution for the squares
The second-order solution for the squares, i.e. setting n=1 in Eqs. (30)-(33), can be expressed in the following form:

u(2) U(Z)(z)|A1(r)| +<V(12)(Z)A (7) e2tkx V(z)(Z)Az(T) 2iky

1

+WQ @A (1) XY L W (2) Ay (7)) ¥+ c.c.) (55)

with i = (x,y, 2). The self-interacting modes do not depend on the orientation of the linear wave (see Appendix A), therefore
it is straightforward to show that

(12 (D1 (2)y
U Uz Uz +Vlz

V(z) V(2) 0: V(Z) V(Z) V(Z) V(2) V(Z) T (56)
together with
U(2) U(2) 0: U(Z) 4u(1)U(1)/ (57)

After lengthy manipulations on Egs. (34) and (35), the other second order displacement fields for the squares can be
expressed as

(12 2y
U -wg

WY =-—w: W=wd=wy=-w= Sk (58)
where W is the solution of the following differential equation:
BWR" 222+ 2WR +alt 2w
= 218 (Z2 =245 )UUY" +62;U0 U - 200 (kAU + AU (59)
According to Eq. (59), the solution for W(Z) takes the following expression:
W) = e~ W2hka/deyy, | o2k ey 4 o= Vhzyy, 4 oV2hayy
+d UVUD +d U U +d3U§1>’U;”+d4UQ>U;” (60)
with
222 (A =22+ 22 2 (23+34
d z \Mx — Az z 9.62787 z \ M z 7.73982
1= — ~ 5 = ~ ’
(—2/1,2(+/1§> </If—6/1§/1§+/1§)k2 K (—2/1§+/1§) (ﬂf—eﬂf/lfwlj)k“ K*
6 4,2 2294 2
= 2, — 13,45 — A, ~0.464527: d, = 215 2.42353 61)

215~ 13,1412 +s,12,14 2 (~2i+ )R R

The constant parameters wi, ..., Wy can be derived by solving the four following boundary conditions from Egs. (39) and (40)
being

W2(0)=W'(0)=0 (62)
22 (W2 (h)+ 22U (MUY (hy)+ (WL )(h) =0 (63)

2k (—,lﬁ W2 (hy— A2 (k2 U‘;>2(h)+2W‘2>/(h)+4u‘”’2(h))
+ (A +22 ) ULMUL () + WS () =0 (64)

Finally, Egs. (55)-(58) and (60) represent the second order displacement field of the perturbed solution for the squares.



6.1.3. Second-order solution for the hexagons
The second-order solution for the hexagons, i.e. setting n=2 in Eqs. (30)-(33), must take the following form:

u? =UP @)Ax(7)?
+ (V(ZZ,-)(Z)Ag(T) p2hx 4 V(ZZ-)(Z)A%(T) eik(x++/3y) + V(32,-)(Z)A§(T) e~ tk(x—+/3y)

1

+ Wgzi)(Z)A%(‘L') e(1/2)11<(3x+d§y) +W(22i)(Z)A§(T) elkﬁy + W(32-)(Z)IA2(T)|2 e*(l/Z)lk(3x—ﬁy)

Y @A) e12HE ) LY D) Ay @) e+ Y A3 (r) €KY e ) (65)

with i = (x,y,2). As for the previous case, the analysis on the self-interacting modes allows to derive the following relations:

(2) (2) (2) (1)2 1)y (1)” 2y
14 V3y le _,Uz _Uz Uz +Vlz .

@_ _yo_ty_ Y3y _ .
Va= V= 5= 572 ak
2 . 2 (2 2 2
V2 =0, V2=V =V =v® (66)

together with
U@ =UP=0; UP=6U"U" (67)

After lengthy manipulations on Egs. (34) and (35), the solution for the hexagons can be calculated by solving two differential
equations of the forth-order in W) and Y.
The first set of solutions is given by

3 3 V3

1H2 1 1) (2)
W — _ 3w _wo _ 3 e _ Ve _ SU7-4UL U AW
3x — ﬁ 3y — 1x_\/§ Iy = 2 2y —° Sk ’
2 . 2 2 2
W(Zx) =0; le) = W(Zz) == W(31) (68)

where W(zzz) is the solution of the following differential equation:
22WR" — 6k (A2 + AHWD + 18K 2 WD
= (=7 +8 ) KCULUY -4 ( (4 - 245 )IPUD + 22U UL (69)

According to Eq. (69), the solution for W) takes the following expression:

W<222) _ e—(ﬁ/lxkz)//lzwl + e(ﬁzxkz)//leZ +e J§kzw3 + eﬁkzw4

+d UUY +dp U UL +dsUDUD +dyUPUD” (70)
with
. 307 (2445 — 7400 + 93427 ~ 1024345 4324 ) 12253
1= ~ ;
2( =164+ 172434 — 4442005 + 403402 136,07 +120,° )k> K
; 327 (A +247 ) (623~ 154047 + 547 ) 8.04551
)= ~ — )
(162,° ~ 172227 + 4444307 — 4037372 + 13645 —122,° ) * K
L — 810+ 982802 — 1712507 + 5425 + 22228 0.637068:
164,° — 1722322 + 4442527 — 4032225 +1362225 —1241°
. 32 (8 — 604342 + 11527 — 564,25 +84 ) 407122 o
4 = 2

(1640 —1722; +44423 41 — 403475 +1362,0; —124° ) ok

The constant parameters wy, ..., w4 can be derived by solving the four following boundary conditions from Eqs. (39) and (40)
being

W (0)=Wg'(0)=0 (72)
I (3,15 W2 (h)— (/1,3 + 8,15) U;“(h)ug”/(h)) +22WP (=0 (73)

2(42+ 522 )KAUD () + 17 ( (= 1323 +4027 ) U2 () 12 (45 4227 ) W () + 42 WS () = 0 (74)



The last set of remaining solutions is given by
(2) 2) , y "
vo _ Yy Ly 7Yﬂ=£2x): l4y(222> _(5UM? 4 4uD U
1x 3 3x J3 2 8k ’
v . y@ _y®@ @
YZy) =0, Y=Y, =-Y5 (75)

where Y2 is the solution of the following differential equation:
23V 20U+ AR + 2K YY) = 3(— 4k UL UL+ UD (2 +427 ) ICUL + 847U )) (76)
According to Eq. (76), the solution for Y2 takes the following expression:

Y(Zzz) — e—(ixkz)/izyl +e(lxkz)/ﬂzy2 _Hg—kzy3 +el<zy4

+fUPUD £, UV UD +FUP UL (77)
with
2 2

fi= —% ~ —2.30596; f, :% ~ —0.805961;

2(—4k+2; )k 42—

2
f3 :%:4.61192 (78)
(7% +/12)k

The constant parameters y;, ..., ¥, can be derived by solving the four following boundary conditions from Eqgs. (39) and (40)
being

Y2(0) =Y2'0)=0 (79)
I (A2YR ) — (45 =227 ) UV (UL () +A2YS) () =0 (80)
182K UL () + 1 (4 (45 +227 ) YS! (0 + (1345 +4042 ) US P () ) — 442YS) () =0 (81)

Finally, Egs. (65)-(68), (70), (75), and (77) represent the second order displacement field of the perturbed solution for the
hexagons. Once calculated the second-order solutions for the problem, it is possible to derive the amplitude equations for
the elastic instability.

6.2. Derivation of the amplitude equations

In the previous section, the second-order solutions of the incremental problem have been derived for the three patterns
under consideration. A further series development of the solution would introduce resonant terms in the third-order
displacement fields, because of the cubic nonlinear interactions of the linear modes (Fu and Rogerson, 1994). Therefore, a
number of amplitude or Ginzburg-Landau equations should be introduced in order to avoid the occurrence of secular terms
in the solution of the incremental equations.

Nevertheless, the full derivation of the third-order elastic solution of this problem would be very hard to get and it is not
considered in the following. A more elegant method for deriving the amplitude equations, based on energetic considerations
(Fu and Ogden, 1999), is presented in the following. In particular, the total elastic energy of the body will be expanded in
series of the order parameter € using the scaling laws in Egs. (28) and (29). Since the second-order solutions of the
incremental problem contain nonlinear quadratic terms of interaction with the linear mode, it is expected that solvability
conditions must be imposed to ensure the energy conservation at the fourth order expansion in €.

Let U be the total elastic energy of the body in the perturbed volume V), of the instability, as follows:

2
U:/ 1//‘,+ph dv+/ y ds 82)
" VP 2 SP

where S, indicates the free surface in the perturbed configuration and y, is the neo-Hookean bulk strain energy density,
whose series development around the perturbed solution at F, is given by

W, =Wy +%tr [be Vu] +/thr [(&u)TVu] =yW,0+pV - u+ttrfe Vu]+%tr [ﬁu)T Vu] (83)

where 1//V0=/4(2§+2/15—3)/2. This phenomenon suggests that at a weakly nonlinear regime the doubling of the
wavenumber of the instability might occur.



Recalling from simple differentiation rules and the divergence theorem that
/tr[o- vu] dV = —/(V -o)u dV+/N0'u ds=0 (84)
v S

where N is the unit normal vector in the base solution, the total potential energy in Eq. (82) simplifies as:
U _ u2 .
U:/ Wio+DV - uthtr {(Vu)T Vu] re2pt dV+/ 75 dS (85)
v 2 2t2 Sy

where S indicates the free surface in the base configuration, and the surface Jacobian is defined
as

Js=1xX+w, A (X+w) [ =/NA+T)~ n by simple manipulations of Nanson's formula, where n is the perturbed unit normal.
relation:  Before developing the elastic energy U in Eq. (85) at the leading orders in €, it is useful to introduce the following

/N(Ssgl)u‘k’ ds= /tr[(,u(%u(”)Tij vu® —spVvui dv
s v
:/s v (ulh+ully ez - u® ds=0(y) (86)
f

which is derived using Eqgs. (11), (12), and (16)), where u® is the generic incremental displacement of order €. Setting a
series development U = ZkU”‘)e" in Eq. (85) together with Eqgs. (28) and (29), the first order term is

Ut = / (poV - uM) dv + / rA2W) +ufl) ds =0 (87)
v Js;

where the incompressibility condition Eq. (10) and the periodicity of the perturbation have been used.
The second order term can be simplified using Eq. (10), (34), (86) as follows:

@ _ [ (Po Do LB [T v @)
U _//(2tr[Vu vu }+2tr[(Vu )! vu de+/sfy]5 das

)
=Y /s 5 (ugyﬁu;}y)y)ugw 1g2>> ds=0 (88)
f

where Eqgs. (30)-(32) have been used, together with

My M
Upy2  Uyy2
A +u(y1,}),u§2,3—u“’u“’> (89)

(2) _ gth 2) 2)
JS _ﬂxz uy’y+ux~)(+ 2 2 Xy TYX

Developing the incompressibility condition Eq. (8) at the third order in €, being
v u® —trvulvu@1+J® =0 (90)

with J® = detjvuV] = det T'", i.e. being the third order component of J = det " = YJ™e™, it is straightforward to show
that

U = / (PoV - u®+ tr[(Fu®) vu® 4 (Tu?)" vu®]) av+ / Y& ds=0 o1)
1% S

which is identically satisfied for cylinders and squares thanks to the periodicity of the integrands. For hexagons, instead,
vanishing of Eq. (91) is fulfilled by considering that the amplitude A,(7) is a real number, i.e. by enforcing the inversion
symmetry u¥ —» —u®, or Ay(7)— —Ay(7). In particular, the inversion symmetry u®” - —u® imposes the absence of
quadratic nonlinearities for hexagonal patterns, which would otherwise occur if the amplitudes A,(zr) were assumed to
be dependent on the wave direction.

Similarly, at the fourth-order in €, the elastic energy reads

U@ :/(pov-u(4)+2p0tr[Vu“)Vu“’} +%tr[(§u(2))r Vum] +Mtr[(§u‘3’)T vu®
14

1)y2
+"—4tr{(7u(”)r Vu‘”} +p(u’72) dv + / Y& ds 92)
2 Ztc Sy

where V =[— Z/If‘h 20xx, — Zﬂihzayy, 4/1§hzazz]Tand Egs. (28) and (29) have been used. It is useful considering the following
expansion for the incompressibility condition in Eq. (8):

V-u? —tr[vuvu®] — L tr[vu®vu®@] +1(v - u@)? +J9 =0 (93)
with:
(@) _ 1,(2)3,(1),(1) (2)9,(1)7,(1) (1)9,(2) 1,(D (1)7,(2)7,(1) (2)7,(1)7,(1) (2)7,(1)7,(1)
J - uz,z uyyux,x - uyvzuz,y ux,x + uz,z uy,yux,x - uy,zuz,y ux,x - uz,z ux,y uy,x + ux,z uz,yuyx
(1)7,(2)4,(1) (1)7,(2)7,(1) (2)7,(1),,(1) (2)7,(1)1,(1) (1)74(2)7,(1) (1)7,(2),(1)
- uz,z) uxAyuy,x + ux,z uz,y uyx + uy‘zux‘yuz,x - uxz uy,J)/ uz,x + uy,z uxyuz,x - uxz uy,})/uz,x



+uYuhu® —uDu®u® —uDuu? +uDuu? + uhul) u@) — uHulhu®) (94)

Substituting Eqs. (34), (86), and (93), it is possible to simplify the elastic energy in Eq. (92) as follows:
u® = / (po (2tr [Vu@vu®@] - (V u@)? j‘4>+2tr[Vu<”Vu“>}>
+6p™ (rvu vu®)— ) +/itr [(Vu®)T vu®]
(1)y2
Ko [ o (T o) (u;’)
+2tr[(Vu ) Vu ] P | v
thy (41 1 3) 1@
7). (A2 (U uly )ud +J$0 ) ds (95)

In summary, it is found from Egs. (87), (88), (91), and (95) that the energy deviation from the base state is of order €*.

Such an incremental elastic energy U® not only should be bounded in the perturbed configuration but it must also be
conserved during the incremental motion for a perfectly elastic body. Therefore, the amplitude equations can be derived by

imposing:
du® /dr =0 (96)

whose expression only requires the analytical solutions for u™ and u® for each mode under considerations. In the following
section, the amplitude equations for the cylindrical, the square and the hexagonal patterns are derived.

7. Amplitude equations for cylinders, squares and hexagons
7.1. Symmetry and normal form of the bifurcation

The method for deriving the amplitude equations from energy considerations has been introduced in the previous
section. Before calculating their detailed expression for the modes considered in this work, it is useful to investigate the
symmetry restrictions on the normal form of the bifurcation.

Considering the periodicity of the base perturbations, the incremental energy per unit of periodic surface can be
written as

k ]( 27/ky  p2m/ky
4X” ] / / / < < str[vu®vu?] - (v-u<2>)2 —J“"+2tr[Vu<”Vu<”}>
= y= =

(1)\2
+5p“)(tr[vumvu(2)]f ](3)> +g(tr[(§u<2>)7 vu®tr [(Vu‘”)T Vu“)]) +p(';’tz) ) dv 97)
c

where k,, k, are the wavenumbers of the pattern in the x, y directions, respectively. The conservation of the differential
elastic energy in Eq. (96) over a time shift U(t) = U(t +ty) is equivalent to the transformation of the amplitudes Ay(7)—
An(t)e/t . Furthermore, it is easy to show that an inversion invariance also applies from the symmetry of the governing
equations. In fact, the differential elastic energy in Eq. (97) is invariant by a transformation A,(7) > —An(7), or equivalently
uD - —u®, which also implies sp— —sp™, & @, J@ 1@ and u® - u?@. From both these invariance requirements,
the resulting differential energy 6U, must be in the form

5U, _:Bn aAn(T)

+ a1 [An(D)* + a2n|An(D)[* (98)

where 3, &t1n, @z, must be real constants. The normal form of the amplitude equations can be derived by substituting Eq.
(98) into Eq. (96), reading

?An(1)
o072

where r = —ayp/f, is the linear stability coefficient, v, = —2a,,/f, is the nonlinear term, and the conjugate equation is also
imposed. The normal form of the elastic bifurcation in Eq. (99) is imposed by the symmetries of the elastic problem: in fact,
the governing equations possess the discrete symmetries of parity x— —x (i.e. A,—A;), and the combined symmetry of time
translation t—(t +to) (i.e. Ay—Ane" ) and of inversion (i.e. A,— —A,). In particular, the inversion symmetry imposes the
absence of quadratic nonlinearities in Eq. (99), avoiding transcritical bifurcations for hexagonal patterns (Golubitsky et al.,
1984).

The amplitude equations in Eq. (99) correspond to a pitchfork bifurcation, which will be supercritical (resp. subcritical) if
r/Un <0 (resp.r/vy > 0).

The term r only depends on the linear incremental solution regardless of the superposition of different linear modes
(Newell and Whitehead, 1969). From Eq. (97), it is straightforward to show that for a single mode (i.e. setting n=0 in

= TAn(7) + Un|An(7)|*An(7) (99)



Egs. (30)-(33)) one has
H
_P 2 2 )
ﬂo_t?' ZZO(&U +Y ) dz>0;
h
aro/p =822 (W)W (h)+2 / (—Aihz(‘PZ +¥?) 42212 (lP’z Ty 2)) dz (100)
z=0
For multiple modes the resulting coefficients are the sum of the ones for each superposing mode, i.e. a1, = (n+ 1)ajpand

Pn=n+1)p,, so that r = —a19/f,. On the contrary, the nonlinear term v, will depend on the orientation of the superposing
linear modes, and will be calculated in the following for the three modes under consideration in this work.

7.2. Derivation of the nonlinear terms in the amplitude equations
Imposing L.=1/ k™ =1 as the unit length and using Eqs. (43)-(48), after lengthy manipulations on Eq. (97) the nonlinear

term ayo for the cylindrical mode can be expressed as

1 2 2 2. 2 2 /
a0 =y <16/1§h V@2 L8N L Ty 4T 4 30D
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where the terms ¥ and V§2’ are given by Eqgs. (21) and (53), respectively.
Similarly, using Egs. (55)-(58), the nonlinear term a» for the squares (i.e. setting n=1 in Egs. (30)-(33)) is given by
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where the terms ¥, V&) and W are given by Egs. (21), (56), and (60), respectively.
Finally, using Eqgs. (65)—(68), the nonlinear term a,-, for the hexagons (i.e. setting n=2 in Egs. (30)—(33)) reads
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Table 1
Coefficients of the Ginzburg-Landau equations.

Leap/H r vo 121 v2
0.001 1.001 8.54 x 10" 318 x 10" 9.61x 10"
0.025 0.999 —6.73 x 10° —8.72x 107 —9.23 x 107

Fig. 3. Weakly nonlinear solutions of the morphology of the layer's top surface for cylinders (left: n=0, Ag=0.08), squares (center: n=1, A;=0.0025), and
hexagons (right: n=2, A,=0.025) with e = /(g—g")/gth = 0.001, L¢,p/H=0.001, K" =1.
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where the terms ¥, V(Zzz), W(zzz) and Y(zzz’ are given by Eqgs. (21), (66), (70), and (77), respectively.

8. Discussion and conclusion

This work aimed at investigating the nature of the elastic bifurcation undertaken by a growing soft layer subjected to an
equi-biaxial strain. Considering a skin effect at the free surface, the instability thresholds are found to be controlled by a
characteristic length, defined by the ratio between capillary energy and bulk elasticity. For the first time, a weakly nonlinear
analysis of the wrinkling instability has been performed using the multiple-scale perturbation method applied to the
incremental theory in finite elasticity. The Ginzburg-Landau equations are derived in Eq. (99) for different superposing
linear modes: the resulting coefficients are collected in Table 1 for cylinders, squares and hexagonal patterns using two
different values of the dimensionless ratio between the capillary length and the layer's thickness.

Considering the swelling of a soft gel as an illustrative example, recent experimental studies report a surface tension with the

air at about y ~ 43 mN/m (Tabuteau et al., 2009) with shear moduli ranging from few to hundreds of KPa (Trujillo et al.,
2008), which give a characteristic capillary length L., in the order of the pm. Since the typical layer's thickness H is about a
mm, this gives a dimensionless ratio Leqp/H ~ 10~ 3 The results of the weakly nonlinear coefficients in Table 1 reveal that all
the bifurcation modes are subcritical. In practice, the wrinkled solutions are found to be highly unstable beyond the critical
threshold, therefore the layer undergoes a discontinuous transition towards a state which will be selected by nonlinear
effects of higher order. As depicted in Fig. 3, the weakly nonlinear elastic solutions tend to form sharp folds for relatively
small amplitudes, suggesting a nonlinear transition towards a creased free surface. This finding is in accordance with the
experimental results reporting a quick transition to creased states with significant hysteresis between onset and
disappearance (Yoon et al., 2010). The theoretical predictions also suggest that the emergence of hexagonal patterns is
energetically favored, as reported in early experiments (Tanaka et al., 1987). Nevertheless, although the wave amplitudes are
considered all equal in this study, beyond the critical threshold further transitions may occur to states of lower symmetry for
the hexagons.

On the contrary, the bifurcation becomes supercritical for higher capillary lengths, such as Lep/H = 0.025, which means
that wrinkles can be stabilized if the capillary length is of the same order of the layer's thickness, as usually found for fluid
instabilities. Accordingly, it is reasonable to hypothesize that the formation of stable wrinkling in layered materials is driven
by a competition of different elastic length-scales of the same order.



In dynamic problems, the Ginzburg Landau equations provide further details on the post-bifurcation evolution of the
selected patterns compared to existing static methods. In the proposed work, in fact, inertial effects allow both fixing the
velocity of the near-critical elastic waves in Eq. (27) and deriving the correct scaling laws for the weakly nonlinear
investigation in Eqgs. (28) and (29). In the case of a supercritical bifurcation, i.e. a continuous transition from wrinkles to
stable folds, it is noteworthy to highlight that the static amplitude solutions found here could be equivalently derived using
the classical initial post-bifurcation analysis formulated by Koiter (1945). Although such a static method has been recently
proved to capture the weakly nonlinear solution in a wide class of elastic problems (Cao and Hutchinson, 2012; Hutchinson,
2013), it must be reminded the dynamical analysis proposed here might provide further information on the post-buckling
behavior after a subcritical, i.e. discontinuous, bifurcation. In this case, in fact, inertial effects cannot be neglected since they
drive the transition towards a stable solution determined by fully nonlinear effects. The system dynamics has been found,
for example, to have a strong influence on elastomer creasing, where sulci can nucleate in a finite time for an inertial or a
gradient-descent dynamics but cannot get formed spontaneously for a viscoelastic material (see the Supplementary
Material in Hohlfeld and Mahadevan, 2011).

Future work will be focused on investigating the effect of small imperfections within the system on pattern formation. In
fact, the presence of material defects or small deviations from the perfectly equi-biaxial state could brake the symmetries by
provoking different growth rates of the unstable modes, thus creating disordered patterns, as observed for Rayleigh-Bénard
instability (Cross and Hohenberg, 1993).

In conclusion, the weakly nonlinear analysis presented in this study proves that soft layers subjected to an equi-biaxial
strain undergo a pitchfork bifurcation driving the onset of the wrinkle-to-fold transition. In the case of growing gels, such a
bifurcation is subcritical, and higher-order nonlinear interactions should be considered to investigate the formation of sharp
folds at the free surface. Hexagonal patterns are found to be the most unstable modes in the weakly nonlinear regime near
the instability threshold, albeit quasi-hexagonal patterns might later emerge because of an expected symmetry break.
Finally, if the capillary length is of the same order of the layer's thickness, stable folds form with an amplitude scaling in the
weakly nonlinear regime as the square root of the difference between the growth value and its linear stability threshold.
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Appendix A. Second order solution for a generic monochromatic mode

Let me consider a monochromatic mode directed at an angle / with respect to the principal direction x. The
corresponding linear perturbation is defined as

u;(l) _ ’f] (Z) cos ﬁ(A (T)elk(x cos f+y sin ﬁ)+CC> (104)
Ll;,l) _ T (Z) T3, ﬂ(Ao(T)elk(X cos f+y sin /)’)+C C) (105)
u;l) =¥ (le(T) erk(xcos P+y sin /})+C.C.> (106)

Considering all the interacting modes, the second order solution must be expressed as
u(2) U(z)(Z)IAo(T)I + (V(Z)(Z)AO(T) e2i(x cos f+y sin ﬁ)—i-C.C,) (107)

Accordingly, the solutions of Egs. (34) and (35) with boundary conditions Egs. (39) and (40) are given by

uh2 _yhydr yer yh2 _ gy’ 4 y@r
2) _ Yz z Yz z . 2) _ z z Yz z
Vi) =1sin S K ;o Vi =1cos f K

while the other fields take the values previously calculated for the cylindrical mode in Egs. (47) and (53). Such a result
allows great simplifications when considering a superposition of linear waves, requiring that the second order solutions for
the self-interacting modes have the same displacement fields.

(108)
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