
Wrinkle-to-fold transition in soft layers under equi-biaxial
strain: A weakly nonlinear analysis
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1. Introduction
mechanical instability when subjected to a finite compression, developing surface 

undulations, i.e. wrinkles, which may eventually evolve into folds or creases. From the theoretical viewpoint, the wrinkling 
of an incompressible elastic half-space was studied by Biot (1963), who proved that all surface modes become unstable 
when a critical compressive strain is imposed. Because the vanishing velocity of the Rayleigh surface wave triggers such 
a threshold value, this phenomenon is often referred to as a surface instability. This instability lacks a characteristic length-
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scale, and a peculiar behavior arises with the fastest growing mode having infinite wavenumber. Not only the wavelength 
is undetermined, but the instability modes are also found to be energetically unstable (Cao and Hutchinson, 2012). In the 
real world, such singularities are regularized by the presence of any microstructural length, e.g. a skin 
effect at the free surface, and complex surface patterns emerge for different applied strains, as shown in Fig. 1.

Since the pioneering works of Tanaka and coworkers on the swelling instability in polymeric gels (Tanaka et al., 1987, 
1992), many experimental studies have been recently focused on the pattern formation and dynamics in soft layers. In fact, 
the possibility to control the wrinkling network morphology has found several applications in many developing fields, such 
as scaffolds for biomaterials (Kim et al., 2009), stretchable electronics (Rogers et al., 2010), and surface micro-fabrication 
(Breid and Crosby, 2011). Such a mechanical instability has also been found to trigger morphogenesis in living materials, 
from soft tissues (Li et al., 2012) to solid tumors (Ciarletta, 2013).

Albeit much is known of the pattern initiation at the linear stability order, the nonlinear behavior driving the wrinkle-to-
fold transition in soft materials under equi-biaxial strain has only been partially investigated. Numerical studies have 
evidenced that sinusoidal wrinkles can continuously evolve into stable folded patterns if a compliant substrate is considered 
(Audoly and Boudaoud, 2008), while the formation of a crease (i.e. the sudden nucleation of a localized fold) is energetically 
favored in compressed soft layers (Hong et al., 2009). Nevertheless, as creases have been shown to result from a scale-free,
Fig. 1. Surface patterns emerging at the free surface of a swelling acrylamide gel in a Petri dish (top, from Tanaka et al., 1987). Phase-contrast optical image
(A, scale bar 200 μm) and confocal fluorescence image (B, inset: slice 32 μm below the free surface) of the creased surface of a swelling polyacrylamide gel 
(bottom, from Saha et al., 2010).



fully nonlinear instability, they cannot emerge below Biot's threshold unless the system's symmetry is broken (Hohlfeld and 
Mahadevan, 2011). Furthermore, pattern formation has been mainly studied in the case of uniaxial strain, where creasing 
has been proved to be a subcritical instability (Cao and Hutchinson, 2012), while only few studies considered morphological 
transitions in two-dimensional configurations (Kim et al., 2011). The aim of this work is to perform a weakly nonlinear 
analysis of the wrinkling instability of a soft layer under equi-biaxial compression. The article is organized as follows. The 
elastic growth model is presented in Section 2, and the nonlinear incremental equation applied over its base homogeneous 
solution is derived in Section 3. The theory of incremental elastic deformations superimposed on finite strains is used in 
Section 4 to perform a linear stability analysis. A multiple-scale perturbation method is formulated in Section 5 in order to 
perform a weakly nonlinear stability analysis in Section 6. The normal form of the elastic bifurcation is derived in Section 7. 
Finally, the discussion of the results of this study and few conclusive remarks are collected in the last section.

2. The elastic growth model and its base solution

In a Cartesian coordinate systemwith unit base vectors ei, with i¼ ðx; y; zÞ, let me consider a soft elastic layer attached at the
surface Z¼0, and having a vertical thickness H much smaller than the horizontal lengths Lx; Ly. Indicating with X¼XðX;Y ; ZÞ
and x¼ xðx; y; zÞ its material and spatial position vectors, respectively, the kinematics is described by the geometrical
deformation tensor F¼ ∂x=∂X. The elastic layer can undergo a isotropic volume variation (e.g. swelling for a polymeric gel,
or growth for a living material), and its grown natural state is defined by the tensor Fg ¼ gI, where g is the isotropic growth rate
and I is the unit tensor. Such a volumetric growth is modeled by a multiplicative decomposition of F, as follows:

F¼ FeFg ð1Þ
where Fe is the elastic deformation tensor (Rodriguez et al., 1994). Whenever Fg is not compatible with the spatial 
constraints, the elastic deformation restores the overall compatibility of the layer's deformation, whilst residual stresses 
arise.

From a constitutive viewpoint, the body is modeled as an isotropic neo-Hookean incompressible material with a 
surface energy at the free boundary Z¼H, so that its total strain energy W reads

W ¼ μ
2

ZZZ
tr b�3ð Þ dX dY dZþγ

Z Z
Z ¼ H

jx;X � x;Y j
� �

dX dY ; ð2Þ

where μ is the shear modulus, be ¼ FeFTe is the elastic left Cauchy–Green deformation tensor (having the same trace of the
right Cauchy–Green tensor Ce ¼ FTeFe), and γ is the surface tension coefficient. The presence of a surface tension in Eq. (2)
implies the occurrence of a normal stress at the free surface (i.e. Young–Laplace's law).

The base solution for a growing layer, whose fields are indicated with superscript ð0Þ in the following, corresponds to a
homogeneous elastic deformation Fð0Þe ¼ diagðλx; λy; λzÞ whose principal stretches read λx ¼ λy ¼ 1=g and λz ¼ g2, restoring
the compatibility with the constraint of zero displacement at the layer's bottom Z¼0. Using the constitutive assumptions in
Eq. (2), the residual Cauchy stress σð0Þ and first Piola–Kirchoff stress tensor Pð0Þ for the layer read

σð0Þ ¼ μbð0Þ
e �p0I; Pð0Þ ¼ μFð0Þe

T �p0F
ð0Þ
e

�1 ð3Þ
where p0 is a Lagrange multiplier ensuring the constraint of incompressibility, i.e. det Fe ¼ 1, which can be fixed through the
stress-free boundary conditions at Z¼H, as p0 ¼ λ2zμ. Therefore the layer is subjected to a equi-biaxial stress with
Pð0Þ
xx ¼ Pð0Þ

yy ¼ μðg�1�g5Þ, which is compressive if g41, i.e. if the layer is increasing its volume.
In the following section, the nonlinear governing equations for the incremental problem will be derived.

3. Nonlinear incremental equations

In order to investigate the stability of such a homogeneous deformation, the theory of incremental deformations 
superposed on finite strains will be used (Ogden, 1997). Let me now consider a perturbation with a nonlinear displacement
field u ¼ uðxð0ÞÞ, so that Γ ¼ ∇u ¼ grad u is the displacement gradient with respect to the basis elastic state. Under this 
assumption, the perturbed elastic deformation gradient reads

Fe ¼ Fð0Þe þδFð0Þe ¼ Fð0Þe þΓFð0Þe ð4Þ
where δFð0Þe ¼ΓFð0Þe is the increment of the base elastic deformation gradient Fð0Þe . The incremental equations of motion can
be written in the spatial form as

∇ � S0 ¼ ρ∂ttu ð5Þ
where S0 is the push-forward of the first Piola–Kirchhoff stress tensor. Making a series expansion in the vicinity of the base
elastic state, so that S0 ¼ Sð0Þ0 þδS0, the fully nonlinear expression of the incremental stress reads

δS0 ¼ L:ΓþpI�ðpþδpÞFð0Þe F�1
e ð6Þ

where L is the forth-order tensor of the instantaneous moduli, i.e. the push-forward of the fixed reference elasticity tensor,
and δp is the nonlinear incremental pressure associated with the perturbation. In the case of a neo-Hookean material, it is
easy to check that the components of L are simply Ljikl ¼ μbjkδil ¼ λ2j δjkδil in a coordinate system aligned with the directions



of the principal stretches, whilst higher order instantaneous moduli vanish. Accordingly, using Eq. (4) in Eq. (6) the 
incremental stress can be rewritten as

δS0 ¼ μðe∇uÞT �ðpþδpÞ ∑
1

m ¼ 1
ð�1ÞmΓm�δpI ð7Þ

where I defined the operator e∇ ¼ ½λ2x∂x;λ2y∂y; λ2z ∂z�T , and the series development of ðIþΓÞ�1 has been used.
Similarly, the incompressibility constraint can be written as

detðIþΓÞ ¼ det ∑
1

ð�1ÞmΓm
� ��1

¼ 1 ð8Þ
m ¼ 0

Finally, using Eq. (6) in Eq. (5), the governing incremental equations 
read

μ∇ � ðe∇uÞT �∇ðδpÞ ∑
1

m ¼ 0
ð�1ÞmΓm ¼ ρ∂ttu ð9Þ

where I used the identity ∇ � ðFð0Þe F�1
e Þ ¼ 0.1

4. Linear stability analysis for a growing gel layer

Let me now apply an infinitesimal perturbation using the theory of incremental deformations. Hence let uð1Þðx; y; zÞ be the

ð10Þ

0

infinitesimal incremental displacement field, the linear incremental incompressibility condition imposes 
that

∇ � uð1Þ ¼ 0:
From Eq. (6), the constitutive equation for the linear components of the incremental stress δSð1Þ reads

δSð1Þ0 ¼ μðe∇uð1ÞÞT þp0 ∇uð1Þ �δpð1ÞI ð11Þ
where δpð1Þ is the linear increment in the Lagrange multiplier. In the absence of body forces, I can therefore write the
equations of motion as

∇ � ðδSð1Þ0 Þ ¼ ρ∂ttuð1Þ: ð12Þ
Using Eq. (11), the incremental equations of motion in Eq. (12) take the following simplified form:

�δpð1Þ;x þμλ2i u
ð1Þ
x;ii ¼ ρuð1Þ

x;tt ; �δpð1Þ;y þμλ2i u
ð1Þ
y;ii ¼ ρuð1Þ

y;tt ; �δpð1Þ;z þμλ2i u
ð1Þ
z;ii ¼ ρuð1Þ

z;tt ; ð13Þ

where comma denotes partial derivative and Einstein's summation rule on repeated indices is assumed. Differentiating
these incremental equations of motion with respect to x, y, and z, respectively, and using the incremental incompressibility
condition in Eq. (10), I find that

∇2ðδpð1ÞÞ ¼ 0; ð14Þ
implying that the incremental Lagrange multiplier is a Laplacian field (Flavin, 1963).

Now, I consider that the bottom z¼0 of the layer is fixed (clamped condition), and incremental boundary conditions read

uð1Þ
i ðx; y;0Þ ¼ 0; ð15Þ

while the top surface z¼ ðλz=λxÞH¼ g3H ¼ h remains free of incremental traction, being

uð1Þ
x;zþuð1Þ

z;x ¼ 0;

uð1Þ
y;zþuð1Þ

z;y ¼ 0;

�λ2zδp
ð1Þ þ2μλ2z u

ð1Þ
z;z �γλ2x uð1Þ

z;xxþuð1Þ
z;yy

� �
¼ 0: ð16Þ

Let me search for solutions to Eqs. (10), (13), and (14) in the following form:

uð1Þ
x ;uð1Þ

y ;uð1Þ
z ; δpð1Þ

n o
¼ Uð1Þ

x ðzÞ;Uð1Þ
y ðzÞ; ıUð1Þ

z ðzÞ; ıPð1ÞðzÞ
n o

eıkð cos θxþ sin θ y�v tÞ þc:c:
� �

; ð17Þ

corresponding to the occurrence of a surface wave with wavenumber k and velocity v, forming an angle θ with the x-axis, ı
is the imaginary unit and c.c. indicates the complex conjugate. A solution which automatically satisfies the incompressibility
condition in Eq. (10) is given by

Uð1Þ
x ¼ �Ψ 0ðzÞ

k
cos θ; Uð1Þ

y ¼ �Ψ 0ðzÞ
k

sin θ; Uð1Þ
z ¼Ψ zð Þ ð18Þ

where the prime denotes differentiation. Accordingly, the equations of motion in Eqs. (13) and (14) read

μλ2zΨ
⁗�k2ðμðλ2x þλ2z Þ�ρ v2ÞΨ ″þk4ðμλ2x�ρ v2ÞΨ ¼ 0 ð19Þ
1 In fact, considering that Fð0Þe is a homogeneous tensor, one has divðFð0Þe F�1
e Þ ¼Div F�1

e ¼ 0.



Fig. 2. Dispersion curves showing the critical equi-biaxial compression λthx ¼ 1=gth and the wavenumber kth versus the dimensionless parameter Lcap=H.
The dashed lines represent the series expansions given by Eqs. (25) and (26).
Pð1Þ
z ¼ μλ2z

k2
Ψ ‴� μλ2x�ρ v2

� �
Ψ 0 ð20Þ

An expression for Ψ ¼ Ψ ðzÞ satisfying the boundary conditions in Eq. (15) is given by

Ψ ðzÞ ¼ �coshðqkzÞþcoshðkzÞþBðq sinhðkzÞ�sinhðqkzÞÞ ð21Þ
where B¼ 2 coshðkhÞ� 1þq2

� �
coshðqkhÞ� �

= �2q sinhðkhÞþ 1þq2
� �

sinhðqkhÞ� �
is imposed by the first of Eq. (16), whilst the

value of q is fixed by Eq. (19), being

ðλ2x �λ2z q
2Þμ�ρv2 ¼ 0 ð22Þ

Considering the last boundary conditions in Eq. (16), the dispersion relation for the linear wave reads

4λ2z qþq3
� �þcoshðqkhÞ �λ2z q 5þ2q2þq4

� �
coshðkhÞ�Lcapλ

2
xkq �1þq2
� �

sinhðkhÞ
� �

þ Lcapλ
2
xk �1þq2
� �

coshðkhÞþλ2z 1þ6q2þq4
� �

sinhðkhÞ
� �

sinhðqkhÞ ¼ 0 ð23Þ

where Lcap ¼ γ=μ is the capillary length. Accordingly, the elastic problem is governed by the dimensionless parameter Lcap=H,
which defines the ratio between the capillary and the bulk elastic energies of the body.

5. Neutrally stable mode and near-critical waves

The condition of neutral stability of the layer is given setting v¼0 in Eq. (22), whose solution is λx ¼ qλz ¼ q=λx
2. If one 

considers the limit Lcap ¼ 0, the classical Biot instability occurs for k-1 at the threshold value for λx ¼ q1=3 ¼ 1=g given by
the real root of ð�1þ3λx

3 þλx
6 þλx

9Þ ¼ 0, being

λ0x ¼

�1� 4 22=3

13þ3
ffiffiffiffiffiffi
33

p� �1=3 þ 2 13þ3
ffiffiffiffiffiffi
33

p� �� �1=3
3

0BBBBBB@

1CCCCCCA

1=3

C0:6661 ð24Þ

which corresponds to a growth threshold given by g0 ¼ 1=λx
0 C1:5011. This is consistent with Biot's prediction for a 

generalized plain strain condition given by λz
0
=λx

0 ¼ ðλx0Þ� 3 C3:4 (Hong et al., 2009). Nevertheless, the capillary length 
regularizes such a singular behavior allowing to fix the wavelength at the onset of the instability (Ben Amar and Ciarletta, 
2010), as depicted in Fig. 2.

In particular, an analytical solution can be derived by series expansion within the limit Lcap=H⪡1. Under this assumption, 
the critical instability thresholds λx

th 
and gth read

λthx ¼ λ0x �0:0110345
Lcap
H

log
109:088H

Lcap

	 

; gth ¼ g0þ0:0110345ðg0Þ2Lcap

H
log

109:088H
Lcap

	 

ð25Þ

whilst a logarithmic correction for the wavenumber arises

kth ¼ 1
2H

log
1:20373

λ0x �λthx

" #
C

1
2H

log
109:088H

Lcap

	 

ð26Þ



A near-critical state is defined taking a small deviation of the threshold value for the growth, such that ðg�gthÞ=gth⪡1.
Beyond the threshold, the small velocity of the near-critical wave is given from Eq. (22) as follows:

v¼
ffiffiffiffiffiffi
6μ

p
gth

ffiffiffi
ρ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g�gth

gth

s
ð27Þ

Therefore, a multiple-scale analysis can be performed for the near-critical mode, considering a characteristic length
Lc ¼ 1=kth and a characteristic time tc ¼ g0

ffiffiffi
ρ

p
=kth

ffiffiffiffiffiffi
6μ

p
. Taking ϵ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�gthÞ=gth

p
as the order parameter of the bifurcation,

the following scaling applies:

u¼ ∑
1

α ¼ 1
ϵαuðαÞðx; t; τÞ; δp¼ ∑

1

α ¼ 1
ϵαδpðαÞðx; t; τÞ ð28Þ

with τ ¼ ϵ � ðt=tcÞ being a slow time scale which can be treated as an independent variable (Bender and Orszag, 1999). 
Accordingly, the deformation in the near critical state is defined by

λx ¼ ðgthÞ�1ð1�ϵ2Þ; λz ¼ ðgthÞ2ð1þ2ϵ2Þ; p¼ μðgthÞ4ð1þ4ϵ2Þ ð29Þ
In the following, a weakly nonlinear analysis will be performed using the scaling argument and the series developments in 
Eqs. (28) and (29).

6. Weakly nonlinear stability analysis

The multiple-scale analysis in Eq. (28) is applied in the following for investigating the weakly nonlinear emergence of
surface patterns. A superposition of ðnþ1Þ linear modes is considered, such that uð1Þ ¼∑n

j ¼ 0u
ð1Þ
j , with

uð1Þ
x ¼ �Ψ 0ðzÞ

k
∑
n

j ¼ 0
cos θj AnðτÞeık x cosθj þy sin θjð Þþc:c:

� �
ð30Þ

uð1Þ
y ¼ �Ψ 0ðzÞ

k
∑
n

j ¼ 0
sinθj AnðτÞeık x cosθj þy sin θjð Þþc:c:

� �
ð31Þ

uð1Þ
z ¼Ψ ðzÞ ∑

n

j ¼ 0
ıAnðτÞ eık x cos θj þy sin θjð Þþc:c:
� �

ð32Þ

δpð1Þ ¼ Pð1ÞðzÞ ∑
n

j ¼ 0
ıAnðτÞ eık x cos θj þy sin θjð Þþc:c:
� �

ð33Þ

where θj ¼ jπ=n
� �

for n¼ ð1;2Þ and θj ¼ 0 for n¼0, Pð1ÞðzÞ and Ψ ðzÞ are given by Eqs. (20) and (21) at the neutrally stable
mode, and AnðτÞ are the wave amplitudes that must be fixed by nonlinear effects. In particular, the occurrence of a
monochromatic mode (cylinders, n¼0), of two coupled orthogonal modes (squares, n¼1) and three interacting waves
(hexagons, n¼2) will be examined. The linear modes having different direction of propagation θ appear concurrently
because of the rotational invariance, so that the proposed expression is a combination of interacting modes with a phase
shift given by θn. The amplitudes AnðτÞ are assumed to be independent on the wave direction in order to respect the original
symmetry of the elastic problem. In the following paragraph, the second-order solutions of these modes will be derived.

6.1. Second-order solutions of the incremental equations

At the second order in ϵ, the incompressibility condition in Eq. (8) takes the following form:

∇ � uð2Þ �1
2

tr ðΓð1ÞÞ2
h i

¼ 0 ð34Þ

where Γð1Þ ¼ ∇uð1Þ, and it has been made use of Eq. (10).
The equations of motion in Eq. (9) read

μ∇ � ðe∇uð2ÞÞT �∇ðδpÞð2Þ þμð∇ � ðe∇uð1ÞÞT Þ � ∇uð1Þ ¼ 0 ð35Þ
where Eq. (12) has been used for eliminating the dependence on δpð1Þ. Similarly, cross-differentiation of Eq. (35) allows to 
make the equations independent on δpð2Þ, as follows:

ð∇ � ðe∇uð2Þ
x ÞT Þ;y�ð∇ � ðe∇uð2Þ

y ÞT Þ;xþðð∇ � ðe∇uð1ÞÞT Þ � uð1Þ
;x Þ;y�ðð∇ � ðe∇uð1ÞÞT Þ � uð1Þ

;y Þ;x ¼ 0 ð36Þ

ð∇ � ðe∇uð2Þ
x ÞT Þ;z�ð∇ � ðe∇uð2Þ

z ÞT Þ;xþðð∇ � ðe∇uð1ÞÞT Þ � uð1Þ
;x Þ;z�ðð∇ � ðe∇uð1ÞÞT Þ � uð1Þ

;z Þ;x ¼ 0 ð37Þ

ð∇ � ðe∇uð2Þ
z ÞT Þ;y�ð∇ � ðe∇uð2Þ

y ÞT Þ;zþðð∇ � ðe∇uð1ÞÞT Þ � uð1Þ
;z Þ;y�ðð∇ � ðe∇uð1ÞÞT Þ � uð1Þ

;y Þ;z ¼ 0 ð38Þ



The boundary conditions at the layer's substrate read

uð2Þ ¼ 0 at z¼ 0 ð39Þ
while the stress-free condition at the free surface imposes

ez δS
ð2Þ
0 ¼ fcap at z¼ h ð40Þ

with

fcap ¼ λ2xγu
ð1Þ
z;x ðuð1Þ

z;yyþuð1Þ
z;xxÞ; λ2xγuð1Þ

z;yðuð1Þ
z;yyþuð1Þ

z;xxÞ; λ2xγ �uð2Þ
z;yyþ2 uð1Þ

x;yþuð1Þ
y;x

� �
uð1Þ
z;xy

�h
þuð1Þ

z;x uð1Þ
x;yyþuð1Þ

x;xx

� �
þuð1Þ

z;y uð1Þ
y;yyþuð1Þ

y;xx

� �
þ uð1Þ

y;y�uð1Þ
x;x

� �
uð1Þ
z;yy�uð1Þ

z;xx

� �
�uð2Þ

z;xx

�iT
ð41Þ

and the second-order stress component is given by Eq. (7), being

δSð2Þ0 ¼ μðe∇uð2ÞÞT �p0ððΓð1ÞÞ2�Γð2ÞÞþδpð1ÞΓð1Þ �δpð2ÞI ð42Þ
For the sake of simplicity, the boundary conditions involving ðδSð2Þ0 Þzz can be rewritten by differentiating Eq. (40) and using
Eq. (35) for eliminating the dependence on δpð2Þ. Furthermore, although the capillary force allows at the linear order to 
regularize the singular behavior of Biot's problem, thus fixing the wavelength of the neutrally stable mode, fcap can be 
neglected when solving the second-order problem.� �In fact, since singularities are avoided at the linear order, it can be easily 
checked that the higher order term fcap=μ ¼ O γ=μ imposes a very small correction in the second-order solution and it will 
not be considered in the following.

If n is the subscript indicating the linear mode in Eqs. (30)–(33), the second order solution has n2 þ2ðnþ1Þ nonlinear 
interactions of the linear modes, so the solution will be given by imposing Eqs. (34) and (35) at each of these interaction 
orders. In the following, the second order solution is given for the three linear solutions under consideration.

6.1.1. Second-order solution for the cylinders
The second-order solution for the cylindrical mode, i.e. setting n¼0 in Eqs. (30)–(33), is derived in the following. In 

particular, the second-order displacement fields contain quadratic nonlinear interactions with the linear solution, so it can 
be expressed as follows:

uð2Þ
i ¼ Uð2Þ

i ðzÞjA0ðτÞj2þ V ð2Þ
i ðzÞA2

0ðτÞ e2ıkxþc:c:
� �

ð43Þ

with i ¼ ðx; y; zÞ. After lengthy manipulations, the displacement fields are derived from the solutions of Eqs. (34) and (35) 
with boundary conditions Eqs. (39) and (40) at each interacting mode. In particular, the following expressions have been 
derived:

Uð2Þ‴
x ¼ 0 with Uð2Þ

x ð0Þ ¼Uð2Þ0
x ðhÞ ¼ Uð2Þ″

x ðhÞ ¼ 0 ð44Þ

Uð2Þ‴
y ¼ 0 with Uð2Þ

y ð0Þ ¼Uð2Þ0
y ðhÞ ¼ Uð2Þ″

y ðhÞ ¼ 0 ð45Þ

Uð2Þ0
z ¼ 2ðUð1Þ

z Uð1Þ0
z Þ0 with Uð2Þ

z ð0Þ ¼ 0 ð46Þ
whose solution is simply given by

Uð2Þ
x ¼Uð2Þ

y ¼ 0; Uð2Þ
z ¼ 2Uð1Þ

z Uð1Þ0
z ð47Þ

Finally, the remaining displacement fields read

V ð2Þ
y ¼ 0; V ð2Þ

x ¼ ı
Uð1Þ02

z �Uð1Þ
z Uð1Þ″

z þV ð2Þ0
z

2k
ð48Þ

λ2z V
ð2Þ⁗
z �4k2ðλ2xþλ2z ÞV ð2Þ″

z þ16k4λ2xV
ð2Þ
z ¼ 3k2ðλ2z �λ2x ÞðUð1Þ

z Uð1Þ‴
z �Uð1Þ0

z Uð1Þ″
z Þ ð49Þ

having the following boundary conditions:

V ð2Þ
z ð0Þ ¼ V ð2Þ0

z ð0Þ ¼ 0 ð50Þ

k2ð4λ2z V ð2Þ
z ðhÞ�ðλ2x þ7λ2z ÞUð1Þ

z ðhÞUð1Þ0
z ðhÞÞþλ2z V

ð2Þ″
z ðhÞ ¼ 0 ð51Þ

�4ðλ2x �2λ2z Þk2Uð1Þ02
z ðhÞ�4ðλ2x þ2λ2z Þk2V ð2Þ0

z ðhÞþλ2z V
ð2Þ‴
z ðhÞ ¼ 0 ð52Þ

where the linear boundary conditions in Eq. (16) have been used for simplifying. The solution of Eq. (49) is given by

V ð2Þ
z ¼ e�ð2λxkzÞ=λz v1þeð2λxkzÞ=λz v2þe�2kzv3þe2kzv4þb1U

ð1Þ0
z Uð1Þ″

z þb2U
ð1Þ
z Uð1Þ‴

z ð53Þ



with

b2 ¼
9 λ2xλ

2
z �λ4z

� �
k2ð9λ4x �82λ2xλ

2
z þ9λ4z Þ

C
�4:314

k2
; b1 ¼ �7b2

3
C

10:067

k2
ð54Þ

where v1; …; v4 are constant parameters which are fixed by the boundary conditions in Eqs. (50)–(52). Their analytical 
expression is very cumbersome and it is not enclosed in this article for the sake of simplicity.

In conclusion, Eqs. (43), (47), and (53) represent the second order displacement field of the perturbed solution for the 
cylindrical mode. It is interesting to notice that the second order solution is independent on the direction of the 
monochromatic mode, as shown in Appendix A.

6.1.2. Second-order solution for the squares
The second-order solution for the squares, i.e. setting n¼1 in Eqs. (30)–(33), can be expressed in the following form:

uð2Þ
i ¼Uð2Þ

i ðzÞjA1ðτÞj2þ V ð2Þ
1i ðzÞA2

1ðτÞ e2ıkxþV ð2Þ
2i ðzÞA2

1ðτÞ e2ıky
�

þW ð2Þ
1i ðzÞA2

1ðτÞ eıkðxþyÞ þW ð2Þ
2i ðzÞjA1ðτÞj2 eıkðx�yÞ þc:c:

�
ð55Þ

with i¼ ðx; y; zÞ. The self-interacting modes do not depend on the orientation of the linear wave (see Appendix A), therefore
it is straightforward to show that

V ð2Þ
2x ¼ V ð2Þ

1y ¼ 0; V ð2Þ
1z ¼ V ð2Þ

2z ¼ V ð2Þ
z ; V ð2Þ

1x ¼ V ð2Þ
2y ¼ ı

Uð1Þ02
z �Uð1Þ

z Uð1Þ″
z þV ð2Þ0

1z

2k
ð56Þ

together with

Uð2Þ
x ¼Uð2Þ

y ¼ 0; Uð2Þ
z ¼ 4Uð1Þ

z Uð1Þ0
z ð57Þ

After lengthy manipulations on Eqs. (34) and (35), the other second order displacement fields for the squares can be
expressed as

W ð2Þ
2z ¼ �W ð2Þ

1z ; W ð2Þ
1x ¼W ð2Þ

1y ¼W ð2Þ
2y ¼ �W ð2Þ

2x ¼ ı
Uð1Þ02�W ð2Þ0

2z

2k
ð58Þ

where W ð2Þ
2z is the solution of the following differential equation:

λ2zW
ð2Þ⁗
2z �2k2ðλ2x þλ2z ÞW ð2Þ″

2z þ4k4λ2xW
ð2Þ
2z

¼ �2k2 λ2x �2λ2z
� �

Uð1Þ0
z Uð1Þ″

z þ6λ2z U
ð1Þ‴
z Uð1Þ″

z �2Uð1Þ
z λ2xk

4Uð1Þ0
z þλ2z k

2Uð1Þ‴
z

� �
ð59Þ

According to Eq. (59), the solution for W ð2Þ
2z takes the following expression:

W ð2Þ
2z ¼ e�ð

ffiffi
2

p
λxkzÞ=λzw1þeð

ffiffi
2

p
λxkzÞ=λzw2þe�

ffiffi
2

p
kzw3þe

ffiffi
2

p
kzw4

þd1U
ð1Þ0
z Uð1Þ″

z þd2U
ð1Þ‴
z Uð1Þ″

z þd3U
ð1Þ0
z Uð1Þ

z þd4U
ð1Þ
z Uð1Þ‴

z ð60Þ

with

d1 ¼ �
2λ2z λ4x �λ2xλ

2
z þ2λ4z

� �
�2λ2x þλ2z
� �

λ4x �6λ2xλ
2
z þλ4z

� �
k2

C
9:62787

k2
; d2 ¼

λ4z λ2x þ3λ2z
� �

�2λ2x þλ2z
� �

λ4x �6λ2xλ
2
z þλ4z

� �
k4

C
7:73982

k4
;

d3 ¼
2λ6x �13λ4xλ

2
z �λ2xλ

4
z

2λ6x �13λ4xλ
2
z þ8λ2xλ

4
z �λ6z

C0:464527; d4 ¼
2λ2z

�2λ2x þλ2z
� �

k2
C

2:42353

k2
ð61Þ

The constant parameters w1;…;w4 can be derived by solving the four following boundary conditions from Eqs. (39) and (40)
being

W ð2Þ
2z ð0Þ ¼W ð2Þ0

2z ð0Þ ¼ 0 ð62Þ

2k2ðW ð2Þ
2z ðhÞþ2Uð1Þ

z ðhÞUð1Þ0
z ðhÞÞþðW ð2Þ″

2z ÞðhÞ ¼ 0 ð63Þ

2k2 �λ2xW
ð2Þ0
2z ðhÞ�λ2z k2Uð1Þ2

z ðhÞþ2W ð2Þ0
2z ðhÞþ4Uð1Þ02

z ðhÞ
� ��

þ λ2x þλ2z
� �

Uð1Þ
z ðhÞUð1Þ″

z ðhÞ
�
þλ2zW

ð2Þ‴
2z ðhÞ ¼ 0 ð64Þ

Finally, Eqs. (55)–(58) and (60) represent the second order displacement field of the perturbed solution for the squares.



6.1.3. Second-order solution for the hexagons
The second-order solution for the hexagons, i.e. setting n¼2 in Eqs. (30)–(33), must take the following form:

uð2Þ
i ¼ Uð2Þ

i ðzÞjA2ðτÞj2

þ V ð2Þ
2i ðzÞA2

2ðτÞ e2ıkxþV ð2Þ
2i ðzÞA2

2ðτÞ eik xþ
ffiffi
3

p
yð ÞþV ð2Þ

3i ðzÞA2
2ðτÞ e� ıkðx�

ffiffi
3

p
yÞ

�
þW ð2Þ

1i ðzÞA2
2ðτÞ eð1=2Þık 3xþ

ffiffi
3

p
yð ÞþW ð2Þ

2i ðzÞA2
2ðτÞ eık

ffiffi
3

p
yþW ð2Þ

3i ðzÞjA2ðτÞj2 e�ð1=2Þık 3x�
ffiffi
3

p
yð Þ

þY ð2Þ
1i ðzÞjA2ðτÞj2 eð1=2Þık x�

ffiffi
3

p
yð ÞþY ð2Þ

2i ðzÞjA2ðτÞj2 eıkxþY ð2Þ
3i ðzÞA2

2ðτÞ eð1=2Þık xþ
ffiffi
3

p
yð Þþc:c:

�
ð65Þ

with i¼ ðx; y; zÞ. As for the previous case, the analysis on the self-interacting modes allows to derive the following relations:

V ð2Þ
2x ¼ �V ð2Þ

3x ¼
V ð2Þ
2yffiffiffi
3

p ¼
V ð2Þ
3yffiffiffi
3

p ¼ V ð2Þ
1x
2

¼ ı
Uð1Þ02

z �Uð1Þ
z Uð1Þ″

z þV ð2Þ0
1z

4k
;

V ð2Þ
1y ¼ 0; V ð2Þ

1z ¼ V ð2Þ
2z ¼ V ð2Þ

3z ¼ V ð2Þ
z ð66Þ

together with

Uð2Þ
x ¼Uð2Þ

y ¼ 0; Uð2Þ
z ¼ 6Uð1Þ

z Uð1Þ0
z ð67Þ

After lengthy manipulations on Eqs. (34) and (35), the solution for the hexagons can be calculated by solving two differential
equations of the forth-order in W ð2Þ

2z and Y ð2Þ
2z .

The first set of solutions is given by

W ð2Þ
3x ¼ � 3ffiffiffi

3
p W ð2Þ

3y ¼W ð2Þ
1x ¼ 3ffiffiffi

3
p W ð2Þ

1y ¼
ffiffiffi
3

p

2
W ð2Þ

2y ¼ ı
5Uð1Þ02

z �4Uð1Þ
z Uð1Þ″

z þ4W ð2Þ0
2z

8k
;

W ð2Þ
2x ¼ 0; W ð2Þ

1z ¼W ð2Þ
2z ¼ �W ð2Þ

3z ð68Þ

where W ð2Þ
2z is the solution of the following differential equation:

2λ2zW
ð2Þ⁗
2z �6k2ðλ2x þλ2z ÞW ð2Þ″

2z þ18k4λ2xW
ð2Þ
2z

¼ �7λ2x þ8λ2z
� �

k2Uð1Þ0
z Uð1Þ″

z þ4 λ2x �2λ2z
� �

k2Uð1Þ
z þλ2z U

ð1Þ″
z

� �
Uð1Þ‴

z ð69Þ

According to Eq. (69), the solution for Wð2Þ
2z takes the following expression:

W ð2Þ
2z ¼ e�ð

ffiffi
3

p
λxkzÞ=λzw1þeð

ffiffi
3

p
λxkzÞ=λzw2þe�

ffiffi
3

p
kzw3þe

ffiffi
3

p
kzw4

þd1U
ð1Þ0
z Uð1Þ″

z þd2U
ð1Þ‴
z Uð1Þ″

z þd3U
ð1Þ0
z Uð1Þ

z þd4U
ð1Þ
z Uð1Þ‴

z ð70Þ

with

d1 ¼
3λ2z 24λ8x �74λ6xλ

2
z þ93λ4xλ

4
z �102λ2xλ

6
z þ32λ8z

� �
2 �16λ10x þ172λ8xλ

2
z �444λ6xλ

4
z þ403λ4xλ

6
z �136λ2xλ

8
z þ12λ10z

� �
k2

C
12:253

k2
;

d2 ¼
3λ4z λ2x þ2λ2z

� �
6λ4x �15λ2xλ

2
z þ5λ4z

� �
16λ10x �172λ8xλ

2
z þ444λ6xλ

4
z �403λ4xλ

6
z þ136λ2xλ

8
z �12λ10z

� �
k4

C�8:04551

k4
;

d3 ¼
�8λ10x þ98λ8xλ

2
z �171λ6xλ

4
z þ5λ4xλ

6
z þ22λ2xλ

8
z

16λ10x �172λ8xλ
2
z þ444λ6xλ

4
z �403λ4xλ

6
z þ136λ2xλ

8
z �12λ10z

C�0:637068;

d4 ¼
3λ2z 8λ8x �60λ6xλ

2
z þ115λ4xλ

4
z �56λ2xλ

6
z þ8λ8z

� �
16λ10x �172λ8xλ

2
z þ444λ6xλ

4
z �403λ4xλ

6
z þ136λ2xλ

8
z �12λ10z

� �
k2

C�4:07122

k2
ð71Þ

The constant parameters w1;…;w4 can be derived by solving the four following boundary conditions from Eqs. (39) and (40)
being

W ð2Þ
2z ð0Þ ¼W ð2Þ0

2z ð0Þ ¼ 0 ð72Þ

k2 3λ2zW
ð2Þ
2z ðhÞ� λ2x þ8λ2z

� �
Uð1Þ

z ðhÞUð1Þ0
z ðhÞ

� �
þλ2zW

ð2Þ″
2z ðhÞ ¼ 0 ð73Þ

2 4λ2xþ5λ2z
� �

k4Uð1Þ2
z ðhÞþk2 �13λ2x þ40λ2z

� �
Uð1Þ02

z ðhÞ�12 λ2x þ2λ2z
� �

W ð2Þ0
2z ðhÞ

� �
þ4λ2zW

ð2Þ‴
2z ðhÞ ¼ 0 ð74Þ



The last set of remaining solutions is given by

Y ð2Þ
1x ¼ �

Y ð2Þ
1y

3
¼ �Y ð2Þ

3x ¼ �
Y ð2Þ
3yffiffiffi
3

p ¼ Y ð2Þ
2x

2
¼ ı

4Y ð2Þ0
2z �ð5Uð1Þ02

z þ4Uð1Þ
z Uð1Þ″

z Þ
8k

;

Y ð2Þ
2y ¼ 0; Y ð2Þ

1z ¼ Y ð2Þ
2z ¼ �Y ð2Þ

3z ð75Þ

where Y ð2Þ
2z is the solution of the following differential equation:

2λ2z Y
ð2Þ⁗
2z �2k2ðλ2x þλ2z ÞY ð2Þ″

2z þ2k4λ2xY
ð2Þ
2z ¼ 3 �4λ2xk

4Uð1Þ
z Uð1Þ0

z þUð1Þ″
z λ2x þ4λ2z

� �
k2Uð1Þ0

z þ8λ2zU
ð1Þ‴
z

� �� �
ð76Þ

According to Eq. (76), the solution for Y ð2Þ
2z takes the following expression:

Y ð2Þ
2z ¼ e�ðλxkzÞ=λz y1þeðλxkzÞ=λz y2þe�kzy3þekzy4

þ f 1U
ð1Þ0
z Uð1Þ″

z þ f 2U
ð1Þ0
z Uð1Þ

z þ f 3U
ð1Þ
z Uð1Þ‴

z ð77Þ

with

f 1 ¼ � 3λ2z
2 �4λ2x þλ2z
� �

k2
C�2:30596; f 2 ¼

6λ2x
4λ2x �λ2z

C�0:805961;

f 3 ¼
3λ2z

�4λ2x þλ2z
� �

k2
C4:61192 ð78Þ

The constant parameters y1;…; y4 can be derived by solving the four following boundary conditions from Eqs. (39) and (40)
being

Y ð2Þ
2z ð0Þ ¼ Y ð2Þ0

2z ð0Þ ¼ 0 ð79Þ

k2 λ2z Y
ð2Þ
2z ðhÞ� λ2x �2λ2z

� �
Uð1Þ0

z ðhÞUð1Þ
z ðhÞ

� �
þλ2z Y

ð2Þ″
2z ðhÞ ¼ 0 ð80Þ

18λ2z k
4Uð1Þ2

z ðhÞþk2 4 λ2x þ2λ2z
� �

Y ð2Þ0
2z ðhÞþ 13λ2x þ40λ2z

� �
Uð1Þ02

z ðhÞ
� �

�4λ2z Y
ð2Þ‴
2z ðhÞ ¼ 0 ð81Þ

Finally, Eqs. (65)–(68), (70), (75), and (77) represent the second order displacement field of the perturbed solution for the 
hexagons. Once calculated the second-order solutions for the problem, it is possible to derive the amplitude equations for 
the elastic instability.

6.2. Derivation of the amplitude equations

In the previous section, the second-order solutions of the incremental problem have been derived for the three patterns 
under consideration. A further series development of the solution would introduce resonant terms in the third-order 
displacement fields, because of the cubic nonlinear interactions of the linear modes (Fu and Rogerson, 1994). Therefore, a 
number of amplitude or Ginzburg–Landau equations should be introduced in order to avoid the occurrence of secular terms 
in the solution of the incremental equations.

Nevertheless, the full derivation of the third-order elastic solution of this problem would be very hard to get and it is not 
considered in the following. A more elegant method for deriving the amplitude equations, based on energetic considerations 
(Fu and Ogden, 1999), is presented in the following. In particular, the total elastic energy of the body will be expanded in 
series of the order parameter ϵ using the scaling laws in Eqs. (28) and (29). Since the second-order solutions of the 
incremental problem contain nonlinear quadratic terms of interaction with the linear mode, it is expected that solvability 
conditions must be imposed to ensure the energy conservation at the fourth order expansion in ϵ.

Let U be the total elastic energy of the body in the perturbed volume Vp of the instability, as follows:

U ¼
Z
Vp

ψ vþρ
u2
;t

2

!
dvþ

Z
Sp
γ ds ð82Þ

where Sp indicates the free surface in the perturbed configuration and ψv is the neo-Hookean bulk strain energy density,
whose series development around the perturbed solution at Fe is given by

ψ v ¼ψ v0þ
μ
2
tr be ∇u
� �þμ

4
tr ðe∇uÞT∇u
h i

¼ψ v0þp∇ � uþtr σ ∇u½ �þμ
4
tr ðe∇uÞT ∇u
h i

ð83Þ

where ψ v0 ¼ μðλ2z þ2λ2x �3Þ=2. This phenomenon suggests that at a weakly nonlinear regime the doubling of the
wavenumber of the instability might occur.



Recalling from simple differentiation rules and the divergence theorem thatZ
tr σ ∇u½ � dV ¼ �

Z
v
ð∇ � σÞu dVþ

Z
S
Nσu dS¼ 0 ð84Þ

where N is the unit normal vector in the base solution, the total potential energy in Eq. (82) simplifies as:

U ¼
Z
V

ψ v0þp∇ � uþμ
2
tr ðe∇uÞT ∇u
h i

þϵ2ρ
u2
;τ

2t2c

 !
dVþ

Z
Sf
γJS dS ð85Þ

where Sf indicates the free surface in the base configuration, and the surface Jacobian is defined 
as
JS ¼ jðxþuÞ;x 4 ðxþuÞ;yj ¼ JNðIþΓÞ� 1n by simple manipulations of Nanson's formula, where n is the perturbed unit normal. 

Before developing the elastic energy U in Eq. (85) at the leading orders in ϵ, it is useful to introduce the followingrelation:Z
s
NδSð1Þ0 uðkÞ dS¼

Z
V
tr½ðμðe∇uð1ÞÞT þp ∇uð1Þ �δpð1ÞIÞ∇uðkÞ� dV

¼
Z
Sf
γλ2x uð1Þ

z;xxþuð1Þ
z;yy

� �
ez � uðkÞ dS¼O γ

� � ð86Þ

which is derived using Eqs. (11), (12), and (16)), where uðkÞ is the generic incremental displacement of order ϵk. Setting a
series development U ¼ ∑kU

ðkÞϵk in Eq. (85) together with Eqs. (28) and (29), the first order term is

Uð1Þ ¼
Z
V
p0∇ � uð1Þ� �

dVþ
Z
Sf
γλthx 2ðuð1Þ

x;xþuð1Þ
y;yÞ dS¼ 0 ð87Þ

where the incompressibility condition Eq. (10) and the periodicity of the perturbation have been used.
The second order term can be simplified using Eq. (10), (34), (86) as follows:

Uð2Þ ¼
Z
V

p0
2
tr ∇uð1Þ∇uð1Þ� �þμ

2
tr ðe∇uð1ÞÞT ∇uð1Þ
h i� �

dVþ
Z
Sf
γJð2ÞS dS

¼ γ
Z
Sf

λthx 2
2

uð1Þ
z;xxþuð1Þ

z;yy

� �
uð1Þ
z þ Jð2ÞS

!
dS¼ 0 ð88Þ

where Eqs. (30)–(32) have been used, together with

Jð2ÞS ¼ λthx 2 uð2Þ
y;yþuð2Þ

x;xþ
uð1Þ
z;y2
2

þuð1Þ
z;x2
2

þuð1Þ
y;yu

ð1Þ
x;x�uð1Þ

x;yu
ð1Þ
y;x

!
ð89Þ

Developing the incompressibility condition Eq. (8) at the third order in ϵ, being

∇ � uð3Þ �tr½∇uð1Þ∇uð2Þ�þ Jð3Þ ¼ 0 ð90Þ
with Jð3Þ ¼ det½∇uð1Þ� ¼ det Γð1Þ, i.e. being the third order component of J ¼ det Γ¼∑mJ

ðmÞϵm, it is straightforward to show
that

Uð3Þ ¼
Z
V

p0∇ � uð3Þ þμ
2
tr ðe∇uð1ÞÞT ∇uð2Þ þðe∇uð2ÞÞT ∇uð1Þ
h i� �

dVþ
Z
Sf
γJð3ÞS dS¼ 0 ð91Þ

which is identically satisfied for cylinders and squares thanks to the periodicity of the integrands. For hexagons, instead,
vanishing of Eq. (91) is fulfilled by considering that the amplitude A2ðτÞ is a real number, i.e. by enforcing the inversion
symmetry uð1Þ-�uð1Þ, or A2ðτÞ-�A2ðτÞ. In particular, the inversion symmetry uð1Þ-�uð1Þ imposes the absence of
quadratic nonlinearities for hexagonal patterns, which would otherwise occur if the amplitudes A2ðτÞ were assumed to
be dependent on the wave direction.

Similarly, at the fourth-order in ϵ, the elastic energy reads

Uð4Þ ¼
Z
V

p0∇ � uð4Þ þ2p0tr ∇uð1Þ∇uð1Þ� �þμ
2
tr ðe∇uð2ÞÞT ∇uð2Þ
h i

þμtr ðe∇uð3ÞÞT ∇uð1Þ
h i�

þμ
2
tr ð∇uð1ÞÞT ∇uð1Þ
h i

þρ
ðuð1Þ

;τ Þ2
2t2c

!
dVþ

Z
Sf
γJð4ÞS dS ð92Þ

where ∇ ¼ ½�2λthx 2∂xx; �2λthx 2∂yy;4λ
th
z 2∂zz�T and Eqs. (28) and (29) have been used. It is useful considering the following

expansion for the incompressibility condition in Eq. (8):

∇ � uð4Þ �tr ∇uð1Þ∇uð3Þ� ��1
2 tr ∇uð2Þ∇uð2Þ� �þ1

2 ð∇ � uð2ÞÞ2þ Jð4Þ ¼ 0 ð93Þ
with:

Jð4Þ ¼ uð2Þ
z;zu

ð1Þ
y;yu

ð1Þ
x;x�uð2Þ

y;zu
ð1Þ
z;yu

ð1Þ
x;xþuð1Þ

z;zu
ð2Þ
y;yu

ð1Þ
x;x�uð1Þ

y;zu
ð2Þ
z;yu

ð1Þ
x;x�uð2Þ

z;zu
ð1Þ
x;yu

ð1Þ
y;xþuð2Þ

x;zu
ð1Þ
z;yu

ð1Þ
y;x

�uð1Þ
z;zu

ð2Þ
x;yu

ð1Þ
y;xþuð1Þ

x;zu
ð2Þ
z;yu

ð1Þ
y;xþuð2Þ

y;zu
ð1Þ
x;yu

ð1Þ
z;x�uð2Þ

x;zu
ð1Þ
y;yu

ð1Þ
z;xþuð1Þ

y;zu
ð2Þ
x;yu

ð1Þ
z;x�uð1Þ

x;zu
ð2Þ
y;yu

ð1Þ
z;x



 

 
 
, 

 
 
 
 
 

þuð1Þ
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ð1Þ
y;yu

ð2Þ
x;x�uð1Þ

y;zu
ð1Þ
z;yu

ð2Þ
x;x�uð1Þ
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ð2Þ
y;xþuð1Þ
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ð2Þ
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y;zu
ð1Þ
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ð2Þ
z;x�uð1Þ
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ð1Þ
y;yu

ð2Þ
z;x ð94Þ

Substituting Eqs. (34), (86), and (93), it is possible to simplify the elastic energy in Eq. (92) as follows:

Uð4Þ ¼
Z
V

p0
1
2
tr ∇uð2Þ∇uð2Þ� ��1

2
ð∇ � uð2ÞÞ2� Jð4Þ þ2tr ∇uð1Þ∇uð1Þ� �� ��

þδpð1Þ tr½∇uð1Þ∇uð2Þ�� Jð3Þ
� �

þμ
2
tr ðe∇uð2ÞÞT ∇uð2Þ
h i

þμ
2
tr ð∇uð1ÞÞT ∇uð1Þ
h i

þρ
ðuð1Þ

;τ Þ2
2t2c

!
dV

þγ
Z
Sf

λthx 2 uð1Þ
z;xxþuð1Þ

z;yy

� �
uð3Þ
z þ Jð4ÞS

� �
dS ð95Þ

In summary, it is found from Eqs. (87), (88), (91), and (95) that the energy deviation from the base state is of order ϵ4. 
Such an incremental elastic energy Uð4Þ not only should be bounded in the perturbed configuration but it must also be 
conserved during the incremental motion for a perfectly elastic body. Therefore, the amplitude equations can be derived by 
imposing:

dUð4Þ=dτ¼ 0 ð96Þ
whose expression only requires the analytical solutions for uð1Þ and uð2Þ for each mode under considerations. In the following
section, the amplitude equations for the cylindrical, the square and the hexagonal patterns are derived.

7. Amplitude equations for cylinders, squares and hexagons

7.1. Symmetry and normal form of the bifurcation

The method for deriving the amplitude equations from energy considerations has been introduced in the previous
section. Before calculating their detailed expression for the modes considered in this work, it is useful to investigate the
symmetry restrictions on the normal form of the bifurcation.

Considering the periodicity of the base perturbations, the incremental energy per unit of periodic surface can be
written as

δU ¼ kxky
4π2

Z 2π=kx

x ¼ 0

Z 2π=ky

y ¼ 0

Z h

z ¼ 0
p0

1
2
tr ∇uð2Þ∇uð2Þ� ��1

2
ð∇ � uð2ÞÞ2� Jð4Þ þ2tr ∇uð1Þ∇uð1Þ� �� ��

þδpð1Þ tr½∇uð1Þ∇uð2Þ�� Jð3Þ
� �

þμ
2

tr½ðe∇uð2ÞÞT ∇uð2Þ�þtr ð∇uð1ÞÞT ∇uð1Þ
h i� �

þρ
ðuð1Þ

;τ Þ2
2t2c

!
dV ð97Þ

where kx, ky are the wavenumbers of the pattern in the x, y directions, respectively. The conservation of the differential
elastic energy in Eq. (96) over a time shift UðtÞ ¼Uðt þt0Þ is equivalent to the transformation of the amplitudes AnðτÞ-
AnðτÞeıϵt0=tc . Furthermore, it is easy to show that an inversion invariance also applies from the symmetry of the governing
equations. In fact, the differential elastic energy in Eq. (97) is invariant by a transformation AnðτÞ-�AnðτÞ, or  equivalently
uð1Þ-�uð1Þ, which also implies δpð1Þ-�δpð1Þ, Jð3Þ-� Jð3Þ, Jð4Þ-Jð4Þ and uð2Þ-uð2Þ. From both these invariance requirements
the resulting differential energy δUn must be in the form

δUn ¼ βn





∂AnðτÞ




2þα1n AnðτÞ 2þα2n AnðτÞ 4









 ð98Þ
∂τ

where βn, α1n, α2n must be real constants. The normal form of the amplitude equations can be derived by substituting Eq.
(98) into Eq. (96), reading

∂2AnðτÞ
∂τ2

¼ rAn τð Þþνn AnðτÞ 2An τð Þ




 ð99Þ

where r ¼ �α1n=βn is the linear stability coefficient, νn ¼ �2α2n=βn is the nonlinear term, and the conjugate equation is also
imposed. The normal form of the elastic bifurcation in Eq. (99) is imposed by the symmetries of the elastic problem: in fact,
the governing equations possess the discrete symmetries of parity x-�x (i.e. An-An), and the combined symmetry of time
translation t-ðt þt0Þ (i.e. An-Aneıvt0 ) and of inversion (i.e. An-�An). In particular, the inversion symmetry imposes the
absence of quadratic nonlinearities in Eq. (99), avoiding transcritical bifurcations for hexagonal patterns (Golubitsky et al.,
1984).

The amplitude equations in Eq. (99) correspond to a pitchfork bifurcation, which will be supercritical (resp. subcritical) if 
r=νn o0 (resp. r=νn 40).

The term r only depends on the linear incremental solution regardless of the superposition of different linear modes
(Newell and Whitehead, 1969). From Eq. (97), it is straightforward to show that for a single mode (i.e. setting n¼0 in



Eqs. (30)–(33)) one has

β0 ¼
ρ
t2c

Z H

z ¼ 0
Ψ 2þΨ 02
� �

dz40;

α10=μ¼ 8λthz 2Ψ ðhÞΨ 0ðhÞþ2
Z h

z ¼ 0
�λthx 2ðΨ 2þΨ 02Þþ2λthz 2 Ψ 02þΨ ″2

� �� �
dz ð100Þ

For multiple modes the resulting coefficients are the sum of the ones for each superposing mode, i.e. α1n ¼ ðnþ1Þα10 and
βn ¼ ðnþ1Þβ0, so that r ¼ �α10=β0. On the contrary, the nonlinear term νn will depend on the orientation of the superposing 
linear modes, and will be calculated in the following for the three modes under consideration in this work.
7.2. Derivation of the nonlinear terms in the amplitude equations

Imposing Lc ¼ 1=kth ¼ 1 as the unit length and using Eqs. (43)–(48), after lengthy manipulations on Eq. (97) the nonlinear 
term α20 for the cylindrical mode can be expressed as

α20 ¼
1
4

16λthx
2
V ð2Þ
z

2þ8ðλthx
2þλthz

2ÞΨ 04þ4ðλthx
2þ3λthz

2ÞV ð2Þ
z

02
�

þ4ðλthx
2þ2λthz

2ÞΨ 2Ψ ″2þΨ 02 8λthz
2
V ð2Þ
z

0 þΨ ″ 2 λthx
2þ8λthz

2
� �

Ψ þλthz
2
Ψ ″

� �� �
þλthz

2
V ð2Þ
z

″2�4λthz
2
Ψ 03Ψ ‴�λthz

2
Ψ 2Ψ ‴2�8ðλthx

2þλthz
2ÞΨV ð2Þ

z
0
Ψ ″

þ2Ψ 0 λthx
2
Ψ 2Ψ ‴þλthz

2
Ψ ″V ð2Þ

z
″þ4V ð2Þ

z
0
Ψ ‴

� �
�Ψ λthx

2
V ð2Þ
z

″þ6λthz
2
Ψ ″Ψ ‴
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þ8V ð2Þ
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2
� �

Ψ 0Ψ ″þλthz
2

V ð2Þ
z

″þ �ΨþΨ ″
� �

Ψ ‴
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ð101Þ

where the terms Ψ and V ð
z
2Þ are given by Eqs. (21) and (53), respectively.

Similarly, using Eqs. (55)–(58), the nonlinear term α21 for the squares (i.e. setting n¼1 in Eqs. (30)–(33)) is given by

α21 ¼
1
2

2Ψ ‴ �2λthx
2
Ψ 2Ψ 0 þλthz

2
Ψ 4W″

2zþ9Ψ 0Ψ ″�3V ″
1z�4V1z

� ���
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Ψ 0 3W 0
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where the terms Ψ , V ð2Þ
2z and W ð2Þ

2z are given by Eqs. (21), (56), and (60), respectively.
Finally, using Eqs. (65)–(68), the nonlinear term α22 for the hexagons (i.e. setting n¼2 in Eqs. (30)–(33)) reads

α22 ¼
1
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Table 1
Coefficients of the Ginzburg–Landau equations.

Lcap/H r ν0 ν1 ν2

0.001 1.001 8.54�1015 3.18�1015 9.61�1015

0.025 0.999 �6.73�109 �8.72�107 �9.23�107

Fig. 3. Weakly nonlinear solutions of the morphology of the layer's top surface for cylinders (left: n¼0, A0¼0.08), squares (center: n¼1, A1¼0.0025), and

hexagons (right: n¼2, A2¼0.025) with ϵ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�gthÞ=gth

p
¼ 0:001, Lcap=H¼ 0:001, kth ¼ 1.
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where the terms Ψ , V ð2Þ
2z , W

ð2Þ
2z and Y ð2Þ

2z are given by Eqs. (21), (66), (70), and (77), respectively.

8. Discussion and conclusion

This work aimed at investigating the nature of the elastic bifurcation undertaken by a growing soft layer subjected to an 
equi-biaxial strain. Considering a skin effect at the free surface, the instability thresholds are found to be controlled by a 
characteristic length, defined by the ratio between capillary energy and bulk elasticity. For the first time, a weakly nonlinear 
analysis of the wrinkling instability has been performed using the multiple-scale perturbation method applied to the 
incremental theory in finite elasticity. The Ginzburg–Landau equations are derived in Eq. (99) for different superposing 
linear modes: the resulting coefficients are collected in Table 1 for cylinders, squares and hexagonal patterns using two 
different values of the dimensionless ratio between the capillary length and the layer's thickness.
Considering the swelling of a soft gel as an illustrative example, recent experimental studies report a surface tension with the 

air at about γ C43 mN=m (Tabuteau et al., 2009) with shear moduli ranging from few to hundreds of KPa (Trujillo et al.,
2008), which give a characteristic capillary length Lcap in the order of the μm. Since the typical layer's thickness H is about a 
mm, this gives a dimensionless ratio Lcap=HC10� 3. The results of the weakly nonlinear coefficients in Table 1 reveal that all 
the bifurcation modes are subcritical. In practice, the wrinkled solutions are found to be highly unstable beyond the critical 
threshold, therefore the layer undergoes a discontinuous transition towards a state which will be selected by nonlinear 
effects of higher order. As depicted in Fig. 3, the weakly nonlinear elastic solutions tend to form sharp folds for relatively 
small amplitudes, suggesting a nonlinear transition towards a creased free surface. This finding is in accordance with the 
experimental results reporting a quick transition to creased states with significant hysteresis between onset and 
disappearance (Yoon et al., 2010). The theoretical predictions also suggest that the emergence of hexagonal patterns is 
energetically favored, as reported in early experiments (Tanaka et al., 1987). Nevertheless, although the wave amplitudes are 
considered all equal in this study, beyond the critical threshold further transitions may occur to states of lower symmetry for 
the hexagons.

On the contrary, the bifurcation becomes supercritical for higher capillary lengths, such as Lcap=H ¼ 0:025, which means 
that wrinkles can be stabilized if the capillary length is of the same order of the layer's thickness, as usually found for fluid 
instabilities. Accordingly, it is reasonable to hypothesize that the formation of stable wrinkling in layered materials is driven 
by a competition of different elastic length-scales of the same order.



In dynamic problems, the Ginzburg Landau equations provide further details on the post-bifurcation evolution of the 
selected patterns compared to existing static methods. In the proposed work, in fact, inertial effects allow both fixing the 
velocity of the near-critical elastic waves in Eq. (27) and deriving the correct scaling laws for the weakly nonlinear 
investigation in Eqs. (28) and (29). In the case of a supercritical bifurcation, i.e. a continuous transition from wrinkles to 
stable folds, it is noteworthy to highlight that the static amplitude solutions found here could be equivalently derived using 
the classical initial post-bifurcation analysis formulated by Koiter (1945). Although such a static method has been recently 
proved to capture the weakly nonlinear solution in a wide class of elastic problems (Cao and Hutchinson, 2012; Hutchinson, 
2013), it must be reminded the dynamical analysis proposed here might provide further information on the post-buckling 
behavior after a subcritical, i.e. discontinuous, bifurcation. In this case, in fact, inertial effects cannot be neglected since they 
drive the transition towards a stable solution determined by fully nonlinear effects. The system dynamics has been found, 
for example, to have a strong influence on elastomer creasing, where sulci can nucleate in a finite time for an inertial or a 
gradient-descent dynamics but cannot get formed spontaneously for a viscoelastic material (see the Supplementary 
Material in Hohlfeld and Mahadevan, 2011).

Future work will be focused on investigating the effect of small imperfections within the system on pattern formation. In 
fact, the presence of material defects or small deviations from the perfectly equi-biaxial state could brake the symmetries by 
provoking different growth rates of the unstable modes, thus creating disordered patterns, as observed for Rayleigh–Bénard 
instability (Cross and Hohenberg, 1993).

In conclusion, the weakly nonlinear analysis presented in this study proves that soft layers subjected to an equi-biaxial 
strain undergo a pitchfork bifurcation driving the onset of the wrinkle-to-fold transition. In the case of growing gels, such a 
bifurcation is subcritical, and higher-order nonlinear interactions should be considered to investigate the formation of sharp 
folds at the free surface. Hexagonal patterns are found to be the most unstable modes in the weakly nonlinear regime near 
the instability threshold, albeit quasi-hexagonal patterns might later emerge because of an expected symmetry break. 
Finally, if the capillary length is of the same order of the layer's thickness, stable folds form with an amplitude scaling in the 
weakly nonlinear regime as the square root of the difference between the growth value and its linear stability threshold.
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Appendix A. Second order solution for a generic monochromatic mode

Let me consider a monochromatic mode directed at an angle β with respect to the principal direction x. The 
corresponding linear perturbation is defined as

uð1Þ
x ¼ �Ψ 0ðzÞ

k
cos β A0ðτÞeık x cos βþy sin βð Þþc:c:

� �
ð104Þ

uð1Þ
y ¼ �Ψ 0ðzÞ

k
sin β A0ðτÞeık x cos βþy sin βð Þþc:c:

� �
ð105Þ

uð1Þ
z ¼Ψ ðzÞ ıA0ðτÞ eık x cos βþy sin βð Þþc:c:

� �
ð106Þ

Considering all the interacting modes, the second order solution must be expressed as

uð2Þ
i ¼ Uð2Þ

i ðzÞjA0ðτÞj2þ V ð2Þ
i ðzÞA2

0ðτÞ e2ı x cos βþy sin βð Þþc:c:
� �

ð107Þ

Accordingly, the solutions of Eqs. (34) and (35) with boundary conditions Eqs. (39) and (40) are given by

V ð2Þ
y ¼ ı sin β

Uð1Þ02
z �Uð1Þ

z Uð1Þ″
z þV ð2Þ0

z

2k
; V ð2Þ

x ¼ ı cos β
Uð1Þ02

z �Uð1Þ
z Uð1Þ″

z þV ð2Þ0
z

2k
ð108Þ

while the other fields take the values previously calculated for the cylindrical mode in Eqs. (47) and (53). Such a result 
allows great simplifications when considering a superposition of linear waves, requiring that the second order solutions for
the self-interacting modes have the same displacement fields.
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